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ARITHMETIC. 

V 




*i - 


1* A RITHMETIC is the science of numbers, or the art of 
C a. computing hy means of the ten numeral digits, or 
i" ' n t ; f)kvr v l one, 9 3 thrjc, 4 jour, 5 Jive, 

• J • „ 

0 w / f ; >_ »c7/, 8 &?ht 9 9 nine* 

1 • */ i •*• 

* ? V 

All numbers niify be denoted by those figures variously com¬ 
bined. And the rule which teaches the : >r different values accord- 

* # 

mg to their diilererit places, is called Notation, or 


NUMERATION. 

i r ,*„ ^ 

I it the number 4 444444444 44 be prdppfced : then the 
diflerent values of the same. figure 4 will, be as follows : 


tn 


C 

j 


L 1 


to 

■<* 


<1 .. 

/J *» I 


*35 


| «• -fg =J | 1 ? 

'{S 

3, '4 <7, ° *4; ft £ 

“ - rJ5 i rS A '.*>2 -2J 


* 


c. 


k -«■ 

a 

» -x 


u 5 *2 S « ^ -a F S a 

4 4 4 4- 4V^filvSsib 4.4.-4 4 
'< ^ 

The first figure on the rightl^taa^ls 4'OvJ'our Units, bring its 

«sA<Alm ft.nl a ^ ^ A f-i. _ —AA- J*. ^ J J. . ... I*.— 
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ARITHMETIC. 


fi < * 

its simple value; the fourth for fotlr thousams, or a thousand 
times its simple value, &c. and the four together or 4444 denote 
four thousand Jour hundred and forty four* , . 

* . * t 

Felice it appears that the values increase from the right to 
the left in a decuple proportion, each figure Standing for ten 
times the value.of the preceding one. 

It is also evident that in reading of numbers there is a con- 

K r 

stant repetition of hundreds , tens, and units, at every three 
figures: thus, the three first on the right, denote four hundred 
and forty four ; the next three, four hundred and forty jovr 
'thousand'* ; the next three. Jour hundred and forty-four mil¬ 
lions; and the next three. Jour hundred * and finty four 

& 

thousands of millions , &c.., 

1 * ^ 

* i * 

%" * / 

Therefore in reading of large number^ if^C,divide them into 
periods of six figures caftji, the first period to the right will he 

units, lens , hundreds , and thousands; the next period will be 

«/ 

millions; the next millions of millions, or li-millions, oi 
billions ; the next tri-millions or trillions , &c. &.c. 

i » 

* •» 

“> * 

For example, jeldSSOSHGCfefftK* u. 1906709 be a propos’d nuinbc’- 


J280if 4J0U07S1J 10*500 7 0 ^ 


\ V - 


Then dividing i( Li4operiod~ tsaho.e, U will be read inus : /wth* vi 
eight hundred atuUyxijtnt’hns, four hundred ten thoti&nd und seven bilh ■//*, 
eight hundred and fifteen Shetland arc hu'idttd uraLJan? ndliUnu, nine hut* 
dted and ux thousand , seven hundred ! 

i > 3-.fi 

1 i w 

3. The digits., 1, 2, 3, 4, 5, 6,, 7? 8, 9; are called signifioqit 
figutes, because .each has arvaft^hy itself, but the cipher o< 
O stands for nothing, if when annexed however, du 

the right hand to other figures, dr any numbr r, it increases the 
value ten times.* thuc 7 djhotcs only sej/m, but 70 is seven tern 



*r seventy i anti 700 seventy teut^kven hundred; alooij, 
mimiffes only eleven , but 110 ei&iftffitens, or one ^hundred 

b ■ ' , * ;,*> . w ;& = ;> 1 .osj+jr . 

and ten; U-oO of en'e- tmitsait^ime hun - 

\ *■ ' f - ■ v*' * ^ *f! ■. 

area ; &c. 

f g, 

1 

"And therej&ji^m setting tlow|l a number, the opiate 

of significant figures must be supplied l^fej&effi$fjien the former 
are wanting, as in the follow ng example: ^ ;^r‘ * 

:•. ••. •.. - 'iM%. ;■.■■■'• 

Nine him&cd and seventy *tx ,• 9T6 

Nine hiuidiwl ftud ’’v-* 

Nine hundreld amtMX....... ; '' 'PQtiL f , 

Sewn thpusaftaaihe' bundfe^FantJ six..'' ’ 790G 

Seven ^jisawr/r, ... tiOOO 

Sn\e'nfe*ry't&fttfsand'&iid sfa,;... , TtOWJ - ‘ 

'l>n thonj,jfif«fw T .. . . rtooo **V : 

Oin- i.iiiidr&tl ten thousand 4 lk$l,*ix. llOOGfi 

One hundred thousand tnidlS^mtsid . 10010 ^ -,/ 

One hundred thousand JuagOo 

• One inUfitWi^Ud opie * UWU 

One million icoopoo 

V;.>' r ..■■**• 

lj ' i •! t 

■ , ' * ••* \ 

Of The ROMAN NUMERALS or NOTATION. 

- ' , 

r * * 'ti** 4 

" ” 0 f? ! « . 

t. Th e Romans made use of seyda, .capital .letters to express 

i.uubew, ' ' ■ ’ : ‘ “ 

i 4JSii' ^'V' - ' 4 V V - 4 . JT 

Nanil-Iy I. V. ■*- VSyT'Di M. 

Value if ■■5. 10- 40." «); 1000. 

^ r*? -"Tv. i ' 

The intermediate sm Other numbers'! are deeded by two or 
iii-.u 1 of those letters j()lnoaj?r%peated'till the'Sum of the whole 
niAo up the proposed the cbflractefS.of the greatest 

value being jp 1$) tfljwi i? 6; yjfcjr » VIII, 8i 

snd MbCLXVL'', 16CG, ,Syi»£&m« a less eKaticter is put to 
the of a grea^'r^ and th^b;:^ represents their difference 
as Tf* 4V*X, 0^ XJ^ # 4^ifc^9O} CIH.400. Also ID , 

itattd& for D or ,^oo; of -lOOO. '' Every C and ^ 

* v 1 ^ r - ‘ i(P ■* ' y «■ 

D 1 ’ annexed oaf each side ihcnlps ;the value ten times; thu* 

jtV -', * a \™Tf ■ vv. , - ■ : v 
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i AAIT.IMETtC. 

* 

CvIOJ 14 IOOOO. A bar or stroke o\lt a letter increases the 
value 1000 timci, as X is 10000 , and C 100000 , &c. 

This notation is frequently used for the dates, numbering 
the chapters or sections of books. See. 


, , SIMPLE ADDITION, 

o. Si aipll Addition consists in finding the sum of two 

or more numbers of the same denomination. This is done in 

\he following manner : 

« 

Pi i.:e tiie mirdu rs under each other, so that units arc ex:>cti\ 
under uni's, tens umkr tens, hundreds under hundred.-. \r. 
and draw a line under them. Then add the row ni nml t >- 
•reth.-r, .md Jind how many tens are in the‘sum.—Su down 

V ■> 

exai tlv under the nniti 0 \\liat remains mhre than thinc ten., 
or when nothing remains, a cipher, and carry one nil every 
lee to the second row.—Next, add up the second row, togcthii 
with the number earned, llun j i<k ud- with the sum as ho- 
it.'-e, ’And m this manner ecnliiu.r the operation till the v hoi*, 
is finished. 

j 

A i amp. 1. Let the suin'Oi* and 2\G be requirul? 

- ; . «J 3 

Stun. 0 



t •. 2 . Ju’tjt, tod fieSi: i of jTf-jl, ,if«J ’(‘o'' i 


‘l 

I'-'i 

► . 
l O J 

Kiiiu j n J 


;■ , .ia!iLi*!i I |..occ«’d ilfa"—".tvlOjvndl i.riko 1,1 width is 1 ten 
«vd ■ «».'■!, li'onioiol put >wn the ,j un«4 1 *.’' h» the rank oi ten*; 
i Oritid.v'.m K end j mehe Ut and \ f criu'--': ....] e 'Je, * ItUh is* tons 
M»l0ovei, : h-'u f' , jo I put clown > e‘. ( ;,ei aii.< iMiv °j iiiium, 1 nndut 
n„:U: il ami hao } J and 'l tinit wtio wJu "j, which .s 1 to put 

t * 



AbmTioN. 
* * 


\ 


r 

> * 


a.i) «;nd Z lobe carm rt; next, the 2 carried fiu' 7 n .ike i?: UmL, 
r .. . 1 * iv nothin" carriedto tlu* b it becomes tk<£ fastii^'in m ll.e sum. 


as 


The reason fo|pplacing units under units, tens under tens, 
hundreds under hundreds,' See. and carrying the tens .to the 
left, is m.mihist from Notation. But because the whole must 
be equal to the sum of all its parts, if we add together the 
unit, in one sum, the. tens iu another, the .hundn es m a 
th^d, &c. and add the several sums together, it will prove 
the addition ; and perhaps the reason for carrying the tens will 
appear more obvious. 


TJ o sumcflhe units... *U 

the ten a. ro 

Of the ! iiiiilu.d, .. 1.“ 

Ut the ttio\i'*ancls... s .,.. 7ooi> 

Ol the 'Ciis of thousahd^s,-- M'arilO 

V lOJ ;j'> licfoie. 


r 

6. Another method ofrnningaddithvA, i*, to cut off the m pe» 

* 4 O J 1 1 

bn*, then having added all l!:< other lincj together, add the 
upper line m the sum. 


S im 


!>87(U 

Proof. 

r ii :ix \ 

"o.l.l . * 

"J ^015 

■>T is 

ft * i 

720 k* . 


A* x 

70%(} *■ 

i t?0 

i 

, 1 1 ■“ 

, 1 * •> 

8 1 <50 


sum without the 
ffPsT64 upper line. 


A A 


S ’!i .'ii'S o>l as holme. 

^ I 

. \\'h*.n the numbers to be added arc large, and coiv*M,of 
u .it.y rank.', divide them into two or more parts, and find 
the «.n«i of each, part separately, then add the several sums 
to&clhrr. ' ’’ 





AR 1 rilMSTlC- 


V 

* 

AR 1 fUM£Trc. 

r 

r 

Lx. 4. 987- 1 

Proof. 

1 J3 i.) oT S'„) 

S876M.J. i 

M» »7fi.JI8i 

J231. f >6”f>0 

7* iH) 11376 

M) ''/i?3184 

M'S 572867 

I70JS7i286 su.s 

»!>, f , f l£> ’ 

fik'lfl 7VUJ 


v 7.’ 001J 376 

J00s'"fi7 , >3 

MIS 172867 

.‘■UtS7hP*» 

r, SJ7£W‘. , f) 

^un ’) , 27 S iiku7 5 

' _.>7 h) 1 1212 sum 

(>j777MM2~ 

] 00221.7: 1 3 

MM 37 (-2,5 

)72n»j;';>is sum 



237.;;? 1 1 2 W \ the tine** sums. 
i?':0o7<ni8 ) 

Sam ^ T't'i S >M07 '> .u. before. 

But ilic usual me thews) of proving Addition is to begin at the 
upper line and add downwards, in the same-manner as it \v as 
added upwards, then lfVthc sums agree, we may conclude the 
work is riolit. 


SIMPLE SUBTRACTION. 

s. Simple Subtraction is the operation of taking * 
less number from a greater.'or finding the difference of two pro¬ 
posed numbers: thus, I b:ra cted from 7 leaves (>, which n 
the [inference cf 1 and 7 j n sidMiactcdgboni JO leave? 2. the 
duTet. nce of 8 <md 10; 22 subtracted from 33 leave.- il the 

difliu-ncc; fra 2 unit' take, from 3 units leave'. 1 turn ; *ti:d 2 

* £ m 

lens taken kom 3~uns leaver 1 ten: therefore t ten and ] unit, 

* »• j 

or 11 is the difference. And hence it ih ..evident that in placing 

> 

numbers for subtraction, units must stand under units, tens 
under ten?, hundreds under hunch cds, &c, as m addition. 


, Ex. 1, 1- ion; ,13 J e 

'J ako 2S : . - 
■— ■» *• 

Pi fit; ence or remain tier \ 1 



SUBTRACTION. . 7 

» 

y. The method of proving subtraction is to add the less num¬ 
ber and the difference or remainder together^ for their sum 
must evidently be equal tp the greater number if the'.work is 
right: thus, let the difference of 4356 and 3213 be required* 

Ex. 2. 4'ljfi ‘‘ ' / V ' rS 

Difference i*H3 

Proof *1356 the sum of 3215 and 1143- 

ii ' 

10. When the figure to be subtracted is greater than that 
directly above it, the method of 1 operating is easily derived 
thus : 


Let the iljffuence of 41 ancj 13 be required: 

1 

13 

diiiVi. 2J; here 8. cannot be subtracted from 1, but if 10 I. taken from the 
i Mild added to the 1 the ^iinr i; 11, then 8 from Hand 3 remains; con- 
'icqiieuiJy tJio 1 w hich'stauds under the 4 m'o*t 6c subtracted from 3 (or 4 
likened by 1), and the remainder h 2. Jk like manner proceed with any 
oth i nainhei ofli >mes. 

i 


£\. 1. FiGtn 323 

'iiitke 0i !} * ‘ * 

Hun. is:: here o from 15 (10 added to 3V and 7 remains; 

X I 

■ ir' <n 11 (10 ad.led to 2 lessened by 1) y trains ;~6 from 7 (H h-ssened 
i; and 1 remain 1 . But it evidently cornea to the same thing it we 
augment the lower figures by 1 instead oi lessening the upper figures; 
thus (i tram 13 and 7 remain**, 4 iroin 1 ?,aiid 3 'remains; ’ non: & and 1 


'"in 'ins. 


Horn M010 
Take 3051 


Kern. lUitgy; hete t from 10 and 9 remains ; 5 fiom r? (10 
adihid to t ksseued by l}nnd 8 remains,; 0 liom 10 lessened by 1 and 9 

iemail]*; d bom 4 lessened by 1 and Q r&mams: lastly as there i? um ,, 'r" > 

\ 

to subtract ho m the I, it becomes the left-hand figuie of the remainder 

If we augment the lowei figures by 1 instead of diminishing the upper 
opgis, the'piocess will be thus : l fromM0 and 9 remains; o' from H and 
3 refrains; 1 from 10 and 9 remains; 4 from 4 and 0 remains. 
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Ex. Li. Finni 

Jake _ij :U 

Rem, irKi'OT 
. 1’ioof 10'or 11 


AJUTHAl K‘I 1C. 

, 4 

£v. 7. T'i< m SKU^I > 
Take oojuin 

lienV;fi01Uf)T35 

1 k > f . 1 __ 

Plot)?* hi010*2 15 


* 


I ^ 

1 ]. Or subtraction may ho performed by setting down such 

figures for the, remainder that when added to the number 

* »» 

shall give the greater. ’ 


Tims, fiom f ?S75 
'Jake 'j',01 


Hem. V j7 i.; hcie 1 and 1- make 5, tlierefoie 4 is the 
0 and 7 make 7 foi the mnajiukr; y and r> ;nak'*8, therefoir 
imiiidcr; and 7 inak'S*, dnm loi.* 7 sllie remainder. 


ilMll 11! i» l«*t ; 
f > i 1 ii*- 


• l 

lien llie lower figme is greater than that directly ulvue, ii i. m.d.mt 
that tin* next lower 1: ;me nuiu be augmented by 1, 


Thus from 10 l ?i 
Take 1 


» 

t 


♦ 

t 


Hem. ft ? i*, fieri' " 
a nugnu e’ed by i} and o rn. 1 •' 
by l) and 7 ii'.d.c II, t! eru.oie 
S make !0, tin it-fore b remains. 


a ml o make Ifi, therefor'* o remain ; 0 / m 
1-, lit- 1 fore b lemaiws, t for i .hijjiik nn*d 
7 i. me,.,-.; 2 (or 1 aiignii nl« d by ■ ) m-i 


SUfiBitf. MULTIPLICATION'. 

T 2 . Siuimj Mur.Tr^LTCATio ^otnisfs ill finding ihp 
sum or amount of a proposed numberTaken or rrpmlt'd a oiveu 
tunnher of timet, and may he denominated a ominri. !ii 
mol hod of Addition : for example, suppose 0 is Jo be tab u j 


times: 


6 

(} 

0 


then the addition gives 18, tyjtby muU:pb nation we say 3 times 
6‘ make 18. 

• ’( 

* * 

The nnnjbcr to fce multiplied called the ■hmlMicbndli 
dial by whLh vou muit»plv, the multiplier; and the result fef 



M U LTlPLlCAriOW. 


§ Z s* 

< ailed the product. The multiplicand and xxiu]tin2ior are witliout 
distinction called ih&.terms or factors of the multiplication, 
because they make product or number sought: thus 3 times 
5 make 15. 


13. But in tl)e first place it will be necessary to learn perfectly 
the following Tfthle, which contains the products of e\erv two 
ol the <) dibits. 


MULTIPLICATION TABLE. 


i lT.§ 1 3 ! 4 I 5 | 6 I 7 I 8 | i) 
‘if 4 i li I ITJ to I 12 I i 1 I To 7 18 


1 3 r« 

9 | i*2 [ i r> 

| 1S | 21 | 21 1 27 1 

I M * 

12 j 10 ! 20 

21 | 28 j 32 \~Zr. | 

h i to 

15 j 20 | 25'j 30 j 35 40 1 45 

j r> | 12 

18 J 21 | 30 | 3(i 1 12 | 48 J 51 

| 7 | 14 1 21 | 28 | 35 

t 42 40 j at) | 03 | 


S I Iti l 21 J 32 |_4o]>'| 50 I' e» 4 I 72 1 
<J\T$\ TTj M \ 15 ft fVfj 72~1 81 i 


I. ) find the ;'’odu<.t <>1 two fij . i this table, look for one of them in 

*i\i* Jell-hand colunm. yiul loi t! ■ .her.al top, then their psoduct will be 
tonncl when* the u-itnal column Irom the top intersects lhe hon/ontal one 
fiooi tin* l-ir bet o' .uul 7 be po,posed, tfien the columns meet at 42; for 
t, tin.es 7, or 7 times t> make 42, ^ 

a 

II. The* rule* tor multiplying by a single figure is detived from 
addition; tlms : Let the sum of A times 875, or, which is the 
;_imt Liiiug, the product of 875 by 3, be required? 

ST i Multiplicand 875 

bit Multiplier 3 

_87£ Product 

Sum -iiJj 


'topt.'.iim the addition; 5, 5, and 5 make 15, or 5 more than 1 ten; 
7, 7, aud 7 make 21, and i make 92, or 2 more than? tens: next 8. S, 
and 8 r.-rtke 21, and 2 make £*. But in the rnultiphcation wc say J tunes 
5 make 15, oi 5 moi« than 1 ten; 3 times 7 make21, and 1 make 22, or 
SJovci 3 <cn?; lastly, 5 times 8 make 24, ami 2 (Ibr the 2 tens) make 2Ck 
Tlicrefoi5 in multiplication, 1 must be canied to the left for every 10 io. 
the products, and the overplus set down as in addition, ' 

VOL- I, C 
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kRKT HMETIC. 


Ex amp. f. 

Multiply' 937 <100313110 
Ify _7 

Product C0r>C?(OtfO'.H7n 


£r. i. 


Multiply lJ3r»ijaP 

i FiTiTi 7oi 


*- *T 


15. When the multiplier consists of one figure with ciphers 
on the right, nujUipty by that figure, anil annes the ciphers to 
the right of the product. 


Ex» 4. Multiply II 

By JPQ 

Product 33'0 this is evident hom Ni 4 at ■<.« . 


fflien the multiplier consists of several figures. 

V 

1G. Begin at the right, and multiply by each figtiftfscparar-' 1, 
and set down the products sq that the units o£jdie second In.'’ 
may stand under the tens of the first, the umts^of the t’did lin- 
under the tens of the second, and soon: then ! f(dhjh all'the pin 
ducts together for the amount. 

£ tr 


Ex. j. Multiply 'j m 

t> '■ 

. 1 I J J 

Prnd'sct 7 mi 5 


'I lie re sou fur srttiug diuviv'the piodcflj by tin* md/iO litres i 

nunm r will i>c manifest, if vvr consider that the wium* amoiu t mi 

/ 

tt)f prtatMii vxjuipli) convict of - times Ui 1, ‘2 0 H&iitr> ill, *ih I 3‘ h 
.*11. wJ*tn 'iMvii lowilur: 

w « p 


■i t‘ - 
nt Mi* 
ti.S 


3 time, j:j I . CDS 

2 1 ' UiiiC'* J>1 . 4- J) 

Z‘i\j tii’ics J7.1 . ft9 U>0 , 

>Sum 7t<>.'3. Here if tin 1 t, arc cm - 

» 

Celled (as having no value in rlv add.lion) ■ die first jig-ire of my line, cm 
product by a siir^.V figure, mast necessarily fall ojv* place to the lull of Hut 
above it. And hence the mJe .'of multiplying by se\eiul figures i-. 
educed. c *' 


17. When ciphers are between other figures in the multi¬ 
plier, neglect them, remembering to set down the lines pf pro¬ 
duct; is far loathe Jefuas they would be if the ciphers were 
o'.htr-i fioures. 






MU I.TIPLICATION. 


/*». 






l’,'i iply . . 577'* 

\ . f300J5 

*VSSoO 
i ;ius8 
173 Jo 

' I134A_ 

food tic t ■ 13‘>7^y7 JO 


is. If ciphers* arc at the right hattSd of one or both factors, 

% 

tile product of the other, figures, to which annex all the 
ciphers on the light. * . 

£’. 7. 


Multiply 63(1#. 
Uy 7v'ot7 

4 Tl 
!?:>2 


■■ Product ‘"voooin,o 


19. W hen jOp^/Of-the factors is the product of two or more 
single fjVuves^thtr^hcr factor may be multiplied by one of the 
Inures, and the product another, and so on : then the last 
ri .11 will be the answer. \ - 


» * 


f-. I.ct 46 15 he ijiultiphi d by : orS times 3. 


i.l > 
*)• 


1 - 11 > 
) t \ 


8 


Product 33v so 


* * 


I f i* !■ n-oii of f.i^ operation is obvious; fo®.*).times ar.y number repealed 
ii k .i t vuU'ull) that number repeated,72 time*?. 


i Id hods of proving Multiplication< 


J. 


l 2o. Make the multiplicand and multiplier change places; 
tl 'u if the products agree, the work is right. 


r \ f up. 


Multiply 68<1 7 

il>* » 7S0G 
4 1082 
5V?7G 

Product .-jUs-JYdsa 


Proof. 

7806 

6817 

546 ' 12 
313C-4- 
6CHS 
4fi8.Tfi 
Ml 




15 


A* 17 RMr.TlC. 


II. * 

21. Find v hat is over the exact nu j.’ner of nines ;n the 
of lhe dibits :A each factor, then multiply the excesses' tognhci, 
and fin 1 t'.i except ahovc nines in the digits ol this piotfuct, 
which i eco s ouolji m he the »ime as the excels aho\‘. nines in 

O 

the digit* of the whole product or nu-v <*r. 


f \-7Wft. 


cv. r si ‘Tf’s 


MultipU — 

I’y i ’7 --y tv.in am u * di , 

•/ _. ' 

, r .S 'J 
1 (> 7 J 
js:.3 

Product <‘0777 2 - 


5, o.v res above niiu u 


7 (.*' proilii.'t of the <rt<» nn' ses s and 7 is b *>, which yi'f ' i •) i r 
rv >' ■. ala. e nines, die as tin: lv.css hi the whole mo im t 

aiiiwunt. 

This nu-thod of propt'h fmnidcd on the following propel I v of t''t> niim- 
ber 9 ;—wzi ?, twinber, the o.o / oj whose dibits is on croc/ nnm'er of , i>, 
is' ilstlf an c\hCf number oj nine' ’l Ins * "*oii\ proved h I oa, . 
nu nher cont oninganexact i imi'oer ol l- r.s i?.*' »1 to-i-iit i»t tin s-'r .e a ' 

of in ncs and of unit,; thus 1 ir*’j ■. 1 i nnu mke l ic 1 ', *2 mu . 1 

uji'ts make 2 Inis, 7 nuifiumi 7 vii ■ . m •' e 7 lens; <’0 nines and O' i o 1 

niaki i'c tens. &<-; coiiienuent' , n l< n t k,noistoi thet .'i n 

any nu.nbei, the remainder s\i*. i be as m. n\ iiii.t.-. .is (hue a»e t- 'b in <i..d 
mimbci ; lor example, the niijes t u ken fiom the km, m i” 
md toe nine., taken from the o ten, in hi mil 1 ■ ni* 
ttitb t ! 7 i) ni , make 13 the r mi ot the d" i> in 070 . fi. 
r .< . ..r* iv toot'd ‘,70. the -’ma'ndu ' 'it oe *1 ;i!.i 

t 

; and b. mi c V w iv.U l> of 9, it is ovid. el I! at Gib, ' C 
its di'j'ls, £ 're» ! ,.i ".l juii.b’rof nineo Ar.bl’e .■.. 

prool will I'.tnifl to othi nuniL'i-'. 

w 

f rom hr-’icn it follow , 'r'd we- i. thr n;n^. am cast i i't ? ' , ; v ni.i hi r 

*■ / 

and al-oout rf the iiini of it-. i’-^U', the run ihi.li - - iM be t i sj ne. 

r * 

A r f) in ifiillipl'catton it is id o evident, Hint when tlie ‘■inn of the fiigits 
in one ;. t r tori',i» r.saet mnnlier of, nines, f t)f sum ot the digits in the 
piorlmt wdl he an evact nnud er of nines* 

Inthe foregoing example where the excesses abme nines in the factors arc 

and 7, the j«yi<.i.t tlhlTtS is the surti of S3& luulliplied by 7120, and 


hi iro *w,i 

l 

i 

d\ r H * 

1 • M r f» iiw! 

! , 

t ,» 

.» t ’it/, 

) , fJ,< r . »' 

A 

.■Vi ■- 

i (i» i J i 11 i 

4 .J 

• ^ u 

, • d c - 

• l t.I iM 

1 1 e .1.1 e 

* 
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f' . less bv H multiplied by 7, ahr! $ multiplied by 7; the two fornpr 
; <‘i(> aiv exact nines {one oi i!n* f.n tolfi tn t-jiCh bt*in , j nii:<*>) am! "it! t «* vo ; 

put (S multiplied by 7) is the product of the two excepts in <’«' 
factor*, tin* tinth df ihe fol^-is muinh’St. 


IV 


This method of proving multiplication by casting out tin* ninca, h pro¬ 
bata \ <is .u • icnt as the pi- fill system of arithmetic, lot ve lmJ u in 
L - ■, cl* I huso’s Summa tk Arithvu tic a, &c. printed m li'U. But 
ti ■ h a < nnwmi‘r-1 ml.*, them are cucumstanccs mvwhtch it urn bid; 
t )■,. uia M"ii,hould he ti.imposed in 1 he product, or the .alio- of one 
f, 0ll - - i ai .ii. <1 art'tliei as much too little, or a„-9 beset down instead 

oi fi. >>t the . oiiii u-v : i,i all these cases, the excess above nines will til 
d< if,!> la* i"„* 5 aim* as in the hue pioduct. 


SIMPLE DIVISION 


Si-.ii’le’DivioION consists in finding how often a less 
- , jo named in, or may, be tekcti from a greater num- 
[j - . ,o ^aic denomination:; end is a compendious mcfliod 

/ * is. '' 'nji. O ■ it i > Itie im i! .d of resolving a given n Linibc i 
I .,o a proposed number ot * -'1 ,parts. T. Iius, if ‘2 and 10 

/,.<* the numbers, the forme- ,. comamed .» times in ihc l.ii- 
t.i . or if in be uv.uuJ mlo 'J cquu/ parts, each pm* v\bl he 

Is J f 

I • 

Tin ’lumber to be divided *s called the divlJc/’t! - 

lt i [ ,■ \ T i.‘di a on divide the dirU‘jr. - And the number oi 

•* >* 

. .* ; tin Dm. i f contained in the for mu’ ls called the quotient. 


-foivi-u nd, 

* " 

J.htiii&r'&'k-, d'O (■') 0,‘jo 'lent, 

* * 

• it 

s 

2 i, f' t>er!<.rm DUhtun, ^iadyhow often Die divisor Is con- 
♦.aiued m o- - .1 * i v of the loft handflgliKS of the divide ml is jn*.t 
neccs^aiv s winch will give I^k* first figure m the quotient. MJ- 
tipiv th«* divisor b\ tins quotient figure and subtract the r.mluct 
from the .fontfaitl figures of the dividend, then bring do vu the 
r ( e.xt figure of the dividend;to the right of the remainder. Find 
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how many times the divisor is contained in the remainder 
increased, for the second figure *of thequotient, but if it be O 
limes, put a cipher, and bring down another figure ; then pro- 
coed as before till all the figures are brought down. * 

( 

* 

rijrrp. i. Let 33101190 ho divided irio C equal pat*'.. 

m 

Dividend 

T>,visor C} 80401190 ( 1I7G0!A> Quotient 
P_ 

3 F-oof 

£ 417<JO>p> 

- — 

I i _-I 

II 83401 j:hj 


in tii!^ example liift quotient is InTf the duidentl, thrr''.orf i* "> ir:i iti- 
,.H 41700e°7 by C, the i>iodi.<t mil be S.ltOl lt'O. 

‘2"). Hence to prove Division, vvtliijrhf the divisor and 
nvotient together, therttif the prodtn 1 the same as the di- 
V id end, the work is right . , 

i i 

r i 

When there .is r ^ remainder after the last subtraction* 
the quotient will be a whole number, as in the preceding ex¬ 
ample ; but if there be a remainder, place it over the divisor 
with a line between, on the right of the other figures, and you 
hau; the fractional part ot the quotient, . 

1 />. 2 . Let 101 be divided into 2 equal par’s. 

'-L \ 

t V- V !> ’ 

~) 101 (70 j quotient'/- or the half ol 101. 

' 19 \‘ ' * 


II reminder 1 * 


< ^ * 
* \ • ' 


The fraction I cU notes half, or I divided into C equal parts, and h the, 
fractional paw of the quotient. 



DIVISION 


it., 3, pivide 713391019 into 1 equal parts. 

7) 7I339J01P ( 101&13P07 quotient, or tl'ic a WWW. 


Proof. 
101913007 
_7 


010 

49 

/a. *1 9) 32:7576 (917508* nuettm/.' 

x v ^ 

SI 


Pi oof 
y 17^L3 

M 

/ 

' H-JiT'-M J 

+ remainder 

^ » >i 


Hon under l ^ 

* 

tl ihe hiieirr.il p.ut of the quotient Lie multiplied by the liivi&ui J, jiW 
Jie io.minder 1 added to the piodiut, i.ie spin u the dividend, a-, in the 
/rci'/. 

. .r( 

'A 1 , -n the di\ '.soi lit)v.ever, is only oi!ij.h"urc, it is usual to perfonn th * 

vioi'-iaioa menially ami »et down the qu^'cnl umlfcr the ^.lnuieuil: liiu>, 

# 

y;s ;-.7 77 d 

tUlol'SJ q.wiisht . In this division t proceed thu->:— 

the nines in Sd are i 1 , anti 1 over; the nine> in 1 jja 1, and 0 over; the mm * 

• '! >. ’ . r .- 7 , ai.d 4 over; the nines in L> are j, lie niu's m 7 'J iunr>, a?,*^ 

7 o;j , , tie ai ."i in 70 are ti, atfipfrovi t 

s ,7 <* 1 * 

J , Let i 7 j 5 C» 5:17 be divided into J! 1 equal pails. 

# » 

VI1 ) 07 jj039 y ( 34QU5 or anstm . 

i 

40* 

JtO 

iM 

8<U 





ARITHMETIC. 



* 


To find how often the divisor (211) i-. < ontained in the numbers of tfie 
wveul steps of (he operation, fiivlniqirrv how many times - (the left figure 
<>f the d/visor) is contained in 6 (the left figure of the dividend); this gives 
3 for the fird figure in the quotient; next, the 2’sin4 are 2 for thu -second 

w ■k 

fiyuie; r thni3li, :J11 the divisor being g'eater than 30, a cipher orO will be 
the tluid figuu-, fourthly, tho‘/s iu 3 give I; next,’ the St's in 0 give 4; 
*mii lastly, the J’s in 10 are 5. 

i -1 

27 . Bufwhen the dividend is a large member, and the divi¬ 
sor consists of several figures, a table may be formed containing 
the products of the divisor by the several digits, as in the next 
example: 

£r. 6. Divide 1447539710-178 by 1753. 

fl’ give 1783 

05 6t; 

631“ 

, * 

1783 multiplied* by -< j . 8915 

... 10--98 
.... 12181 

8 . 14261- 

(j .... i60-17 


1733 ) 


144785i*7M478 ( M'J'iJ.iTiy,* *j quotient. 
14264 


2 143 
1783 


3629 

-3563 

'637?' 

5349 

10250 


801 5 
103 54 


» 


j:i8i 


, 8737 

7111 

It/'j? 
< - ■ 1 pfi ;7 

Remainder 1 • 


Proof. 

8 J 303 -7 ft) 

rs'i 

2 HO 107217 
Cf9fi2839.vs> 
568 ft'70243 
812036749 

1447869710167 

11 
pM«. 

1+47869740 ITS 




r 


*28. Those u ho are experjt in the practice of division, some* 
times omit the products, and 8<ft down the remainders only. 

1 

Thujj, (Ukipg the last example.) T .. x 





VU,tOAA FRACTIONS. .. ... 


'r 


) * 

^ j 




IT 


^ f I* ^ 

■0fl '2£f 9 ™«*' &)&$*&"'"’ 

i.m $!&. v •• .■'>• ' ■ \ 

VT*-wW ’ 

' \jgit£XZ+, 

P-.%m7o 

i \ .*\ - 1 , 

s?a7 - 


f i _ 




' * * * 
* « 


t uPafr 

" T Vil remainder. 


i I 

> « V “> 

And the diwsion is sometimes performed withdqt bringing down the 
i* .figure* of the clividebd. o 


,?;■/ 


\ r , 


Thus, 1793;} 14478597*0478 (^5035749 x fi T . 

314232553? ( l 

366Q331Qi 1 * / 

11 86 


"f * 


/ 

r > 

•ft 


1\ 


* *"ju -* 

u». A * 


S«l . * 

, i ' ^ " 

»•>.. w r * ^ I jV 11 , 

Where the reimunders &ian i .under the corresponding figures of the di\i- 
t’.tnd, as before. ' * Xl'VY, . ■' 

. "VI 1 ' '* ■ , $ ■ ’ ’ , . 

In these contracted methods, £bftia»bainders are obtained by performing 
the subtraction while you moUij^y?" Thus to find 214 the first remainder: 

8 times 3 make 21, and 4 make 28, therefore 4 is the right-hand figure of 
, the remainder*; next 3 times 8 make 64, ^nd 2 (the tens carried) make Go, 
and 1 make 67, consequently 1 is the ncii figure; again, 8 times7 are56, ,,, 
and 6 (the tens carried) make 62, and 2 incke 64, therefore 2 is the other ' 
figure of tltf remainder. And in the jafne' matfoer the other remainders 

are found. * . ,■> ;* 

» * * 

%’ h t “* , * 1 

n, 1 

e * ' 

20. When the divisor is 2 ntimber with ciphers on the right, 
cut tbA off, and also the like number of figures from the right 
of the dividend, then divide the remainder of the dividend by 
that of the divisor in |h»$fetal manner, and bring down the 
figures cut off from the^jljsjfend to the right of what remains 
after this divi^ion^ ifahyf«in^ ^5r the whole remainder; othefcjLJ;*; 

. wise the figttifcs cut off will^.4h&4{&e remainder. 

» v * ’ 

jf*- ^ ^ ^ N V K 

*;/, &*> 7. Djvivie |4tl35 *y,jW^ >v **' 

i' «foob) 2 * 5 w ( 

223 ' * 

J : - 

* ” V „ C. V -J" A' # * 

. . ' -} ' ' 
ft. ' -4.) *» W a £B y>i 

tU ".v* W u -'‘ ‘u'\*Wr^ 

«■ M A ’* ' V "-VI x 5*. * A Jf J 


\ ». y 


SDSiBif' li. ' 

1 f 


1 / I 



(8 


i & , ' 

j y t* t j 

■ v * 


AStltll M * Tic. 




9. Divide :!«'£* ifc/MOO. , 


'‘>,00 ) ?> V-* ( 99,’V vw^/tfrt 

• I > J ' fc' 

il'u . 

{.'<);» 

Kein. 3> 

*. Divide 71ji;40 by oooo. ■ r 

I * % B 

c,uoo) 

1 qtutk'Af \'.f b vi£ 

^ * 

* 

10. Divide C4yi by JO. 

1,0 ) 

l> j ffuoti.'itt, t!uM ,, nu?t'(Kr bung 1. 

i i 

oil. "When the divisor is the product <d’ t'vp or more -u 

t ^ 

JVnrc% dmde by one of those [iguics, and the quotient by i 

” i 

ther, and so on, 

m * 

'* s * 

Ex. II. Divide 33v'«’.0 by 7J, or 1) lime? 5* (See' Exa.tp!c 7, i<: 5 
IrpliLMtion.) ‘ 

9 ' 'Vi rw . 

S) u>i'”d 

4ul.\ ovo'.c •, 

» 4 i 


■J- 


• T 

e *r 




'fhe nv*l hod of fifttlit?* SfhetriiB qnnti'- ft vben tlieie ate ramd?:tte& be¬ 
longs to \ i-l *cir >'jftctiubvtc> wliicli vie roiei for an cxanmltv 

*- ta? * sy "* 

proilu^v,of b e d’V:-,>r and quotient fvithoitt the 
fractional pact, sho6fdthcre be sny) gives the dividend lessened 
,, by the remainder, it i* b 1 .'i\t that division uiay be proved by 
caglixisr ou;. the 9’> exactly m Uic rame^wuer as mnitiplieaiipti, 

I . * ' 'j ' » * ^ ' *1 





tiP 


OF v; 


- /ft " 


v ** 



,0-1 


.', >■ \^h. t 

• t'V* s -r ‘ » '' 



VULGAR FRACTIOUS." . 



pstMH irto or supposed to, be divided, am 

Jrqt/b/ii of ' t ' 

’5 . *■ .V f 

fc ' _ * * i, ■* ' if / 1 i it*. s 

‘ Tfi'i ; i 1 jT>n!tf'flj^i ( h«, into Coequal p.vrb., Iti£ 

!■ * w>i lt w£iH)< a reprcseaW<f)>y the ffttg^jou *f, (c,t& tufen*. 

h’ > j ; ^.>*1 " Nlij.in?” b\ t!u k ;fu#.tf^a ^ CvcWU'tyw$%ipfJ+ if a foot ift’ 
i i t >‘<v' \ n passion for-1 inofi will tone t&rfjth) l»nt 

J j >vk * a ■,.'i i i,u'.tiw t ;rr. 1 inch w»U bo denotedby ^ thirty -■ 

fc ^ * n - ^ J 

4 * - •' 1 J, l >sr up* tne ht» maf.« ? } £r<J, •. , 

r>:. A fraction'also division in -whole numbers 

v lien ihc.r u a miiaiudcr: or when the divisor is printer then 
<hj thvnici 1 : ift .the form t case ii is part of the quotient ;sf,e 
• %i‘i’]s ,,, j ‘J, 4, fcc.-in simple division i, and in the latter, the 
. ithit i^vih ' ,. j ,: 


^ / 


** * \ 
** s *\ ' 


i’. t i'' V oi by ? tin* lyxatiH 4 !•> V-, And-S divided by 4- giws 
; :■ dm siuoi. <it* iion .‘tm /ucUr J,-, tire and £: the former (J) being 

I 

J ^ . l»y ‘J: :.ret tl»e Jattt t Q) tlui'C-fbiirths, or 3 divided by 

e>' *! e 4 1 : t/i J. 

y«, 

:: \ The lo ;tr t. ukc of a f. action {denoting the number of 

j* ,t - hi f o .vl.iti* t*i*. i*,h-t;t.T yr^is supposed to he divided) >s 

* t’.h’d L' t. -cottn - f riiid tin upper figme {winch sIkwvs the 

*. ■ - 

, jnsb» , r'. : !■*'■■ > v-' e.vmwcJ hi the fraction) the numerator ; 
V'wa 4 i' ti t d* ■. -.iiiit -i. ami 3 tin’ numeratorofthftfraction ^• 
»\»*o both .ir. rally named the terms of <Se fraction. . ■ 

s ' * 1 - 

a, r’lvcttons ar. either pr i . r, improper, simple^ or cam^ 

• * ™ W /»"*r 

'•V*‘ ^ 1 11 A 

^ \ ' 

.a j ffprr. frjrt!' : [•} when,the nnmcralor h Ic^s than the , 
■ denoroj .at->r, *as , **r f a or jW&v. and tlicreforc it is always 

t, ► i / » ^ 

h j 9S th.rn i. * *■ V;: 

, r * 4 

l'( 

S * ^ * 

, * * f 

An improper fraction Has the numerator equal to, or dppllar 
than the denomihatorf ^fsd consequently its ' 

to, ^g.jfctlter tltift 4 is an impfep^r fraction, 

-I H t V ‘ 



20 
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* I \ 'f' ' r ^ r- W 1 1 v * •* 

simple fraction is apy fraction having .only pne numerator,/ 
ne denominator* a? i^ or- jV r p , * l/. v & 

1 r% ” , J< ‘ , 't> f 

A cortipoimSfraction w the fraction of a fraction, or several 

single or simple fractions connected with, the word of between 

them r thu.b f of atgj f &f $ pf \% are compound fractions., . 

Also if l pound be the integer, the compound fraction 4- of rs 

will denote sixpence/ it being the ? of I shillingor of T 'ff of a 

po’md. ' V/* * 

\ 

m ■> ^ 

A mlxt numler is composed of an integer and a fraction, as 
Aj, 20 t V, See. 



A whole hijrtiber may be like ^ fraction by nla- 

^ i v '* r ^ o ■; , 

cinff I under it as a denominator: thus V denotes 12 Units, 
or ,12. , ' . 

1 * h w + r 

1 » 

» 

< 

A prime numler is that which can only he measured by /J, 
or Unity : thus 2, 3, 5, 7,4 Jf'.&c. are prime numbers. ; 

A composite numltr is th^y/bich can be measured by, some 
number greater than r i : or it is the product of two or more 
numbers: thus4,‘6, 6, &c. are composite numbers. 


K 

,¥ r*> 


36. To k familiar use of the chapters ~r, 4-* -aif will 

* * 'TTs . , •/ - *v *»* * **■ 

greatly abbreviate the' operation?.mVidgar fractions, 

^ ^ * <* " 'i % * 4 * - . ^ ^ 

I r | ^ 

r 

S5j dignifies ft\* 


* 1 ‘ f“ f ' 

, 1 , . 

4.' *.-*>- 


tU'.'A* t 2 pence ss 1 

■ ■/>?■« vjpa** .*#■*<£ ’’ 

” -Ta * feet 1 «& 


V 

<r J 



■ , i *s. •»' 


» J- 


J an i*our 99 

r % f 

* t * ■< 
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• f r 


V , 1 I - 

r $/ t *" ^■'V r v i ; " ^ - 

"S- /’ plus) ,lhe cliiractcr for addition: 

Thus S skT ■ ■ ,, 2 added lo 3 are equal to 5. 

1 4 *K faspi.t'ffc'X- 4 added to 6 are equal to 7 and 3, 


' 

<• i *• 


, AS 


minus) signifies subtraction: 




As 5—3=2 




A 


- l 

$ subtracted from Sis equal to (or leaves) 2. 


4 — 3—2 — 1, the difference of 4 and 3 is equal to that of2 and 1. 


X the character for multiplication: 

» - * 

Y 

2 x 3 — ^ 2 multiplied by 3 is equal to (or produces) 6 . 

£ X 3 x 4 = 24^ the cohtinual product of 2, 3, and 4, is equal to 24, 

7 X 3 2t V r .. 7x3. * , .. 21 

r-- = (he fraction - -- is equal to the fraction 

5x4 20 S xt 20 

f • # , 

— the characlei’-sORietirnes used to signify division . 

V 

' '/ 

As 24 -f* 4 =q^£>, 24 divided by 4 is equal to (nr produce*) 6 . 

5 -f* 2 5 divided Jby St is equ;*I to 

3 -r- *1 = ’,^,^3 dlvidecfcby'4 ^ equal to f. 1 ' 

37. But the proper method" of abbreviating division is to set 

down the quotient in the form of a Iraction by placing the divi¬ 
sor under the dividend; thus, 3 dfrjJcd by 4 gives $■ for the 

/ J 

quotient; 5 divided by 2 gives the quotient 4 ; and 1 divided 
by q produces or a quarter. In cvncral, every fraction should 
he considered'as the quotient arising from the division of the 
numerator by the denominator. 


REDUCTION of VULGAR FRACTIONS. 


** V 


V- 


, v ' i-y „ 

,. 3d, RbT»Uc¥ion of Vdtpr-Tractions principally consists in 
changing them 'to -a more C 0 ioihq#>us form for the operations 


of addition subtraction, .* 


H \ 1 T* -xff* ' 

t - - - Vj. 

■ Case l. . To ttfylrevi&te ; arsSBfce fractions fa their lowest 


' Oritur. 


* » 


■» 1 j ' < * i* > 

* * * . < • 

1 


r** >* 


^ V 


4 * * 1 * T » v * ,j ™ 

3g. If $he terms of,ai are multiplied or divided by any, 

•« . T " * 4 J f J* 4.II«b * * • 1 

* * , 4 * v 
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•£ Z, or divided by 3 V 

*■ *' * J nrarz' . pavT"" .,- V~ T " *< " w«i=w- 

^ . o ,- , < • u v r •?&,* -yi» 

as ! v or 1 herdpre to reduce a Frft^t^tJo/its f6vfe4-Ternis, 

divide the terms of the fraction by ahynumberthat wig$#a?$v. 
no run.iinilyr, and the cjiiotients again by $ 1 ? name, or anv'ftther'- 
mimber, and. so on, till 1 is the greatest divisor; then tho hac¬ 
tion will he in its lowest terms. 


£o i, Kedure td its lowest terms. 

* 

This fiaction m,i\ by reduced bv a continual divide?* b\ 2. 

* 1 , - W' 

t-nr, - 




1 I'M 

i Ud \ 




o » 
Q * - 




i it; 


Tiwrsvfon? -“-Is vcauA to 

lut>i 


~N 

i " 

J 1 | £l 

1 I 



tr /err* k’ ti rn. <■. 


U’ 



& * 


V* li’Jt C fails as a ciiviiOf, ti^3, or 7, hV'*atf?i£-jfn. irmulirr is drvi'Sible".,„ 
,y any 0 exi eplctl) it imidt bc^iviudjie by cither % b, os V. 


J£*. £. 



. H70 . *- . . - 

tk.c»' - -- - to ib jov.fcjt terms., 


l^l f ' "^4 d' / 

1 * ' ' fW f* 



3) 7) 7> 

h .-H70 234 -4 3 , . ' '* . '' 

■S) Anr* = « ** rn? «fiTi *= v 5,3* 7,7* aDllMtivi^rs; 

- ^ ^ <ssk^Sl«2 


3, Reduce to Uwftrt terms* 



> ** Vw 


1 
»•«■ 


J k \ ?v 


4 ' v 


.Ofll 17 ( II 


‘ ‘ - , 
Af„ ■» j ^ 1 


s 

'•i k 


_i . « 


o MsOr&. are 


231 “ E w - 7717 ~ 70 * ^ ' ^ h fv^ 

■ ^100, % and Vt. J* . s 

I^p>ber?» •* 

ArTL ^*S#' ^->aL-5uy. 




If the iwurerajor and 


; find their greatest divisor^ or 
• ing rnle : R'wde the, gnety&Mthe 




. % the last r%fi,$qidet 4 

: tK&J&ft dwiMkf&Jh^ 



M 


UIH 


nator (having 4 i 



*3 


it± be other; and the fr^sijoh 4s already in its* 

* ' J * , " £~ * 

lowest term $£g'c£;.\ 

' ■*' V W^^' r> ' 

>) P.tJMl terms* \, 


Vtffc&Att Vll ACTIONS. 




$Mw£: 

-Vr ' # v 


.wm" wi r ■ 

tpH^TdlSreat terms# \. 


^ -" *VM ^ ' r . 

J, k. - -. V'. ^ . 


631 )?fii'r*(3 . 

ly, gyJ!) --,,'v ,-..'r 

%¥- rsss) ? <& i' or ‘ v ‘ -' 

’ „ , 7M4- 

' J - 587 ) 3T22, ( C 

3;>&? 


r / ,-r’ ^ ^ ^ ^ ,- ' , ‘ 

‘Vi-fcerefore 5ft7.^tljc grCAtest nutt^j^ Jhat *% 4£y$de itiQl 

and 'JtfilD without tfea^jlguny remainder. *' v ■ ‘ ’7 . ’ 

.^ 1 h * ! 


'>* V ?r ^ 

s f l - - ' ' 

£| ?/;<?ftecifoti in its iountd terms. 

*, r 

t ^ f*" ^ r *| 

T t y. nh J ^ - - —* >/J - •*■ 18 .1 l ..b-ni. r .%‘Vfe-'. /VH |-f1 |T>- 1. tl l*U /*i 


\7 ^ ^ v w,3Si ■ , . 

;md another at the lunqSta, and^^a^5W> us h^e-fflSaqtefrt COW 

’ ' ■ ‘ ’'-■' .' '■' -' ‘V*e •'wftV''.* ' ' . - a. 

' measure ui u>9 j, £ 10 / anti 600, ' :'?P r, , < -r', J ' 


common 


The forcing ytiV lor finding the gslatest common divisor of t,» T 0 h^m« 

I V 1 - ( ■* 

tictsj? tetunded on Du* following axiom *, ‘fa rtfamher measures another dum» , 
t<jr ','amf. aUo a pert t iX/ tlu t number, it mi! measure the j’otriairtingpart* >, 
Thu* * measures -IQ far j is conitiuicd m 40 an exact number of times), 

... ' „ . . . . ►' v’ 'V * 


jmemttifir x J + 3>>‘.’7 (by tho method of pj'ovj^ commoti d?vision): 
now‘i ft 1 u* ;j £. grcaie* 1 rtjvAor than “>547 which measures 7631 j'and 
"■■*’! x 3-; ifemufct the preceding axiom) measure $622.- And 


, ' , v ^^ v 

'' C Asti, w, 7b ired^(r£ an Jr action to its equivalent 

*L‘hri}& or *A *.»*£ ■’'' ■ . v * .. 


- VV *•'■ 

. . nr.^1' r *_ vJ-j * __ *. 



' <4 ^ 



ARITHMETIC. 



Ex. I. Reduce to a whole, or nrixt number* 

> 

43)957 (22$f Answer. 

86 t ' 

'Ut 

' 

u 


2. Reduce *//// to its whole, or mtxt number, 

2740 ) 54800 ( 20 Answer. 

5480 


1 T 

3. Reduce f r 5§| to its whole, or mixt.nurnbcrl 


l 


1000)7200 (7±.Ansuer. 

7000 



j 




Case 3. To reduce a mixi number to Us equivalent im- 
proper fraction. 


42. This operation is the reverse of the former; therefore 
multiply the whole number by the denominator of the fraction, 
and add the numerator to the product, then place the sum over 
the denominator for the fraction required. 

F 

* 

Example. Reduce 22$ j to an improper fraction. 


22 

43 

flt> 

KS 


a 


5 10 
I I 


- \ 


:»S7 „ 

-.15 Ama * r ‘ 


I 


♦ ■* 

Hence to reduce a whole number to an improper fraction 

I 

having a given denominator; —imilhply the sajd number by the 
propped denominator, and make t^ecprpduet the numerator of 
the required fraction. , .s 


Example* JUt 13 be reduced to a fraction whose denominator is 7. 

1 - s ■ 

1$ X X- iraeSt the numerator. Answer y-. 

For S 7 X st 13 by the preceding article. ,* ‘ , 
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$ 


Case 4. educe a compoundfr&eiioji to equivalent 


‘'in,pic one, 


t T 
* * T «s \ 
-"J ' 




43, Multipi^ aU4be numerators together for the numera • 
tor, and all the^nominators together for the denominatoi* of 
th® fraction required. 


r-i *i 

f* *■ 




If part of the compound fraction be ft mixt, ora whole num- 

% 

her, reduce the former to an improper fraction,'and make the 

latter a traction by placing 1 under it as a denominator. 

1 

J\. J. It educe j of* to a simple fraction* 


\ n . V X 


-X , or — = ' theftut!ion requited, 

<t ^ A 9 it w A U J i 

aj I 


X 4 


IWuce of n ,\ >f 4 to a simple i:a< (ion. 

1 list 3 - — ; aiuf A ^ - ; 

- - 1 


n \ 40 * 4 

'I'.CU ~ X ;= X J.x ] 


40 4 4 DO 


oJ 


awwer. 


41. When alike number ol * ike factors arc found in the no¬ 
rm utor and denominator, cancel them in both. 

^ i '}. Jt educe j o/ J of ^ of f of ; a simple fraction. 

■» 

I y | y ] y 1 V J 

-' -heie camelling >.anci5>in both numerator and 

.3 X 2 X * X i X i 51 

I X 3 

'k'Pomsn.iloi, thefiaction become ^ \ = - the tf/ttzeer* This is redu- 

f X * 

« 

' liV Hi** iiaUian to lower Inins by m • ol the divisors C, 3, and 5. (3l>) 


j- 

s. V 


i.io rule for i^ducingconipsOjjnrl Iraitionijtitey he dmvccl as fol!oxs»i-- 
SujijM.’se a shilling to be tile integer; then because IS iaithings nuke l 

shilling, the simple fraction denoting 3 fm things is —, and the compound 
fraction -*ult be ^ of '--y |or ^ of a and the respective products o{ 

1 ’ r n * ? 

the numerator#, and tlie dcnonalnfttoft gifre of, -f*- the Simple fraction. 

VOL. I. .*'* S 


t « 



as 


ARITHMETIC. 


O more generally thus: let , <f J be tin. compound fraction. ‘Imr, 

*1 / 

'J r ) | ^ 15 

»'■' i ,s e , ^ „ is= the fraction-p^ — will be g/ - , con cquenLly 

O y *>3 5 

-„ v\ill ne 5 time -- ’ - or- rW And in the same manner ve mav 

4x7. 1 ■ x i 1 

pioeerl with mn number of fractions, first reducing two of them to a sim¬ 
ple lia< lion, ai cl then taking that and a third, and so on. 

lleree it appears that the word of in a compound fi action signify 

muUipln. turn. 


Case 5. To reduce fractions of different denominators V> 
equivalent fractions h ;* "iga common denominator. 

4$. Thf gcneial mle toi fhi<; piupcsc may be derived thus. Tetthe 

•j 1 

fi actions l, and be proposed. 

J t I J 


v 

Multiply the tenns of the liaction by the denominator 7, and we ha 


2_X ? 
3 X 7 



And the terms of the fraction - 

i 


3 X 5 _ f > 

3 X 7 ““ 7* 



bv the denominator J cue 


Therefoic* the fractions 


P Y 7 
^ X 7 


and 


^ X * 





r * - 

common denominator 51, a--- re.pectiu ly equal to the traction * and » 


Next, taking ■ ’ and-'p 
tion by 1 1* and tfro-a m t!< 

1 xJ[_J. 
lTx il ““ it’ 


urn im/i j living ihe tcims of the found frac- 

, . , r, v 11 1 > 

Ul'u by 51, we g-*» ----- = ,,, a-->d 

i X 1 1 * *■ 


Tha''oir the fr.H.l onN -7-'' —J and -.-7-^— 

~1 x 11 it X,p» 

& 

l r ) 

nominator 51 X H, aie ic4'Ulively equal to 

‘J 1 


having the common dc* 
and or f and \. 

li 7 11 
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And if the terms of the fi 


■n x 

lion - — 
d x 



«ue multiplied b) 


11„ wr 


a * vr 


IjX 7 XJ_1 X 7 

J xTx iT :j x 7 



Con*-rt:veil 11 y the thicp 


tractions 


° X _'. _X II 
.j ,< 7 X 11* 


J i y ' v ; t ^ ' Y j_ 

3 X '< i 1* J X > X 1 1 ’ 


h.-um/ the common denominator '5 x 7 
•noMneiv And lW ‘hime n* r *t!iocl itm\ 


i ^ I 

x J I, ate etpi.il lo \ ip- 

* * ’ 11 

be cMt’iuled lo ni?) numljcr of 


lltK [ t OL'*m 


I feme it appears that the new numerators are found by mul¬ 
tiplying cat h numerator into ail the denominators ewept its own, 
and tb.it the common denomm dor i-. ilm cmitimud pioJnel os 
jll the denominator;?. 


/,r. K vluc s* <r ’. aim ’ to cf|f'n 11 i'Mt fi.n ImiJis having a coil.’. on 
e.o.n i.jior. 

i a '> X I “ 102 f 

7 X 7 y 3 — K'i 1 1' i ,>i,•>-:! \fort. 

•J X X 7 Jiz 1 S 

7 X '' X 7 1 ;i - o~nnu(<>i'h nmn.a^r 


,.'i " i . 


It • m . 1 ■, ;,1 . . 1 > , , , . , , 

: :<■{.*'ns , , or ,, - , — —, vhcii abbreviated. 

I s't I /I O" <); i>„> bj 


When .''.y factors m the m ’ numerators and common de- 
r.onunaloi ha\c a common impure or clmsor, resolve them 
.i 11 o oilier factors, then [ 30 ) topet the like number of like lac- 
■ is in the numemtors and denominator, and tin fractions will 
r'duced to the lowest ter-.s winch admit of a common c!c- 
■ 'Minator. 


\ .V la! t *, am! T , he reduced lo a common denom nator. 

* t 9 7 l / 


‘i fractions with a common deiuniiiii.ih.r an 


t X fi 


«. X '» 


4 J 

“ * ■* 


Cl 


x ‘> x y’ 'i x "X y» 


“ ' J X o <"*■’ IU ' W ~ 1 an, l **» aie.the respn tive divisors of 4 and (>, ..nd 

e aie! thuefoicif Cin the first and third fractions, and C, 4 and 9 in 

* * * 
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the second, ate resolved into tliefatto, s 2 ,md 1, the fractions will be 


2X3x!' o / 


X ) 


, and 


4 X 2 X 3 


4X2xJXD' t/2 Xi/tt’ 4 X 2 X 3 x ^ 


—, and rejecting 2 x 


- in the numerators and denominators, 


9 


we ha\ c --. 

4 X i> 


2X3 

4X1)’ 


and 


4 0 ^ 4 

—.-r, oi" -r — , — , and , , ; where the common denominator 36 is the lea 1 1 
4x9 3o Jb 

common multiple or mimbiT divisible by 4, 6, and 9. And in the same 
manner the le ist common multiple ef other proposed wmbir* may be 
found, first making them thedenominate s of fiat turn > Inning 1 for each 
numerator. 


46. But the least common multiple is readily found by the 
following rule. (See art. 212. vol. 2.) 

Write down the proposed numbers m a line, and divide by 
the prime number 2 a-, long as it will divide two or more of 
them without a remainder, and net down the quotients together 

with the undivided numbers in a hue below.-Divide this 

second line by 2, and a^so the third line, ike. in the i-ame man¬ 
ner, if they will divide. This done, proceed with 3 the next 
prime number, and so on to r >, or 7, ike. till there am no tvo 
numbers that can be thus diMiled : Then the continued product 
of the divisor--, the last quotient-, and the undivided number-, 
is the multiple sought. 


Examp . 1 To find tlx least comn.ua multiple of 7, 24, JO, 4 >, and 7 


r ' v 'i \ f n i \ 7» 

* 

9 , 7 i 1 ' ■'<) r •, 

^ J ( i > ' 1 ' i* ix 

! i 0 

5) «■ i i h 

: ) i i >7i 

7 i i i i 


Them? x 2 x 2 >; 3 x 3 x 3 X 7 = ^0 is the multiple requir’d; 
or the 1« .nt numb* i d usiivh; by 7, 24, 40* 45. end % 


STi 66, 135, 275, 


Bump. 2. Required the least ooinmon mi 

»ndjftM V‘ ’ ,, , . , » / ■ . 



X* ** 
A^s K 

•Jjf 
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m u y 


3 ) 27 

G( 7 135 

37 5 

675 

) 9 

■’2 -r> 

91 ) 

•m 

3) 3 

1 1 ' > 

J7) 

7‘‘ 

5) T 

0 ! ^ 

»*■ 

• 1 

c l > 

5) 1 

r /'j [ 

- h 

>) 

> 

11) I 

1 

11 

t 

J 

1 

1 

1 


fc 


]'!,( 11 3 X ' X X J X„J X II x 2 = 11850 the multiple* sought. 

■V 

% 

•17. When the least denominator of two fractions exactly 
diudes the greatest, multiply the terms of that fraction which 
hath the least denominator by the quotient. 


nwi'fi.iie. <iii.I 


•■v hierg'il lu a co.mnon cKui-j,.» i .. 1 '■. 1 ’»y imi'fiph 1 >{■ liif- 
ili , . 1 o’ , '*»..U)i ol ’ hy C ( no tp’oU*..it 'it 3 diuded Ir, i";. 



Ih- ‘ ii'i-ji’i 


\[ are bimi;>ht to a common du-nomhiiitor b) multiply mg 
; b\ J, 11 . ii tii/ 01 l by 2 , flu* liner icquurd liucLi',n„ 



iy. If wing reduced the «>en fractions to their lowest 
ierm-., find the Last common multiple of the denominators, 
which dn.de hy the denominators, and multiply the numerators 
lv ihe cm r< spending quotient’; then the products placed 
o.l-i the ..ml multiple gue file fr.idioi.s 111 their lowest terms. 


r l 1 



.1 be mpuied to iedm c the factions 




'i i,t tractions having the least common denominator. 


I '-r least common multiple of 1+, -V, and 


1J1 


IS 


I. j"+* 



121 


1691. 

22 

\ 

1694 



l » 


tlie three quotients 01 multipliers. 
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'then 3 *121 =363} 

5 x 77 = 33j (he three nui.ics.ito!*. 
10 x II = 1*0 J 


A ad 


r: 3 38" i4o 


1 alc thc fl - : ' io,w re( l uiretl 


ADDITION op VULGAR FRACTIONS. 


49. Reduce compound fractions to simple ones; and all 
the tractions to a common denominator. Then add the nu¬ 
merators together and place thc sum over thc common denomi¬ 
nator for the answer. 

When thc frictions arc large, or numerous, it will be best to 
reduce them to the least common denominator. 

Evah’p. I . What is tlui sum of * } and ■} > 

i ’? ~~t~ ZZS. (>. A?l\m J or l 1 . 

2. ! -t il tin- <nun ol f T , and T 5 , ? 

'I* 1 + ) '" II. Ans. { [ or lr 

*. \Y h it i> theaum o» 1 , i:id ' a 

-i * 'I » 


Tin lr r-’-ticii'S when bimigiit to a < 0 . 111110:1 .’"iio.uinatci ;u ? l Lc 




,n 


;>r, 4. 11+ 12 ru 1 7 . A'l 
1. ]' i.p red tiK-'iirn o( ?, 

» 

3 Of - '- I • 

1 V 4 — r 1 “ 1 ♦ 

* au.I ; brought lo.uomir denominator are r 7 ? and 4 * : 


then 7 -+• 12 := l'\ 


Ans. = I A- 


.M) When m>\ed numbers, of mixed numbers and fractions 
arc- to be add* d together, bring tin? fractions to a common de- 
then sa down the ii^ger^flR;fo, common addition, 

£j) 4V12#'1IW 'Ah ' t 


fright tod . v , _ 

* Add the fVactioflsIbgether, and calry t1§|integers (if any) from 

r'V '*• O'' * 1 ^w.Yjl • ' 


1*1 -n * . 
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\ 

tlit sum, to the numbers on theleft, which add up as in common 
addition. 

Ex. 5. What is the sum of 42i£, 67|, and $? 


67 5 r 

< t 

490 \ Akswtr. 

6. Required the sum of 1000?,, 74$, and «*v 

Hie fractionswhen brought to a common denominator are 

q zs 2 - 
4f f aj • 


10001 s - 

4 

7 l> 5 

1 u 


tJ *S 


Sum 10H1 


SUBTRACTION of VULGAR FRACTIONS. 

51. Let the fractions be prepared the same as for Addition : 
then the difference of the numerators set over the common 
denominator will give the difference of the proposed fractions. 

/,’r. l. What is the difference of { and i ? 

The duTcK'iii.e ol the numerators 1 and 3 is 2; thercfoie the leqr’ieU 
difference isor 

2. Required the difference of $ and ^ ? 

11 11—2 


19 19 


— 1 Ans. 
iy 19 


3. Required the difference of J ar.d 

« and | r brought to a common denominator, are }£ and J$ ; theiefore 
! j = lV ^ ns '^ " * t 


v ft ^ ^ - 


4. What is theIff f and 

J and HI] reduced-denominator p ate .y$$f and 
therefore thejmtms arifflgttk $ $ „ . .y|L ; * 1 * , $ 



ar i rii m iz nc. 


5. I'lora *■ of\ take * oj 


4 C J * 

1 «/ I) 


- 2 "» 
j d 


2 ,/? - 5 - t 

.> / -i — V2T - 


£ ami }, n dm . d id i i oinmoii tb’iiom.iiaior arc * and l , 

a 0 0 

. ]ji jii e L Am. 

9 '> O O 

52. When the difference of two mixt numbers, or a mixt 
number and a fiaction is req Aired, bring the fractions to a com¬ 
mon denominator ns before; then place the levs uumher under 
the ineater and take their difference for the answer, But it the 

O 

lower fraction is greater than the upper one, subtract the nume¬ 
rator of the former from the sum of the terms, of the latter, then 
set do\Vh the eh fieri :i< c for the numeratoi of the rcuunmu> in c- 

C 

tion, and carry 1 to he suhtt.ietcd. 


jfe>. C. 


I ’lDIll 7 r J 

hake li,'- 
A'jih. 5b i 


7. F mm 59101, 
lake a ! 
Rem. Mii •, 


S. Rceuncft the ih.uTeiv t* of 17 ? ae ! !' 

* / ~ 

Uhefrad-'M ' , ; sciiiiu* 11»», <■ van on d> non/.ii it 


*■ t 10-11 101'-" * 

1 u.vO V’ ■ , r 

A'i")i In ii> i « ' "’H’le I la!/‘ _i ,M a ] J- oi 

I. And in 'I. ,.'(*< nl"’i ■ , np! ■, 7 i k<ii t’.oin 1 s (\>* , m ei the 
lerms, of tin* !im i u, , h i tn«* ov* thing Mibti n ling -.J t li./’ii 

* added to ' 1 , h., i.i.i!' « : . e I mu '..m, ami evinentlv loi tin: 

same nx.iOn tl.ai vr io in t 1 .* vd <i .arm •■! vliole number* when 

the figure to Ijc sniioaLti’D j;.'* ‘ < u. i; •> l above It. 

53. The reason v h\ frac'ion* must be brought to a common 
denominator foi the pm poses of addition And subtraction, will 
be evident, if we con'itkr that in ojttldr to’^eo^j^are their scvcial 
values, it is ntecssa ry to exhibit fbenr^illdl^fpArts of them* 
fegef.- •; » . > ' ** 

’ Tfolft tc .. j jiftWr'1 to be divided inti/ 



VULGAR FRACTIONS. 


33 


?? equal parts, f will be and |VilI be now the 'values being ex¬ 
pressed in \2tks (instead ot 3ds and Uhi ) it appeal’s that \ is less than £ by 
: also, that both together make 


MULTIPLICATION op VULGAR FRACTIONS. 


51. Re d uce niixt numbers to improper fractions; and whol« 
numbers to the form of fractions, by putting 1 for the deno¬ 
minators. Then multiply the numerators together for the 
numerator, and the denominators together for the denominator 
of the product. This rule is the same as that for reducing a 
compound fiaction to a simple one; for when the multiplier is a 
fraction, the product will be a part or parts o/’the multiplicand : 

thus -Vo/’t' is 4 °r —— ; and 4 ofl is -1 or ~-; and there. 

J + 2X2 s J 3X4 

fore the fractions to be multiplied may be set down in the form 

of a compound fraction, aud the product found in the same 

manner as that is reduced to a simple one. 


I'.xamp, 1. "What is the product of 1 and £ > 


3 x i 
7X8 


. sins. 


2. Requited the product or £ and 


1 x IS 
'j x iy 


4j(2_x " 
lx It?“ 


4 X S 
lit 



An*. 


3- What is the continued product of 4, f, and £ of 4 ? 

» 

First 4 = \; ami 7 J y. 


Then, 

4 X 15X 2X5X 6 4X15X 5 

7x1x3 XCX7 3X7 


4X3 X5 X5_4X5 X3 

~3X1 __ 7 ‘ 


100 

7 


ss \\\ Am . 


«* * 


4 . What jto f of i?/?» .. 

•' ***,- - 

4 X tmstur. Therefore to €bd the 


product of a fractional! 
divide by the denomirUtfei. 


multiply by the nhm^twy and 


vol. 1 . 
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i 

55. When one factor is a whole, and another a mixt number^ 
or if one L a small fraction, and another a large mixt number, 
multiply the parts of the latter separately^ and add the products 
together. 

tf i' 

Ex. 5. Rcquin d the pi oduct of CT 1 2 r \ r by 8 ? 


* 


674 2 t *t 
_ R_ 

53S3C r ] Am. 




Ci. * What is the product of 597* and 2± ? 


597 x 21 = 14-328 

4 x ci =_m 

.Siini H34-T 1 Aiis. 


1. What is * of 96 11273^5 ? 

961427 1 
_3 

4 ) 2881 2819 ' l of jiy — T \ z 
72 1070-1 -? 

4 

7210701] 4 3 ], = 7210704^7 Am. 


50. And \\ lien both fat tors aic mivl numbers, the product 
may be found by multiplying the parts separately, as in tliv* 

i 

next example. 


Ex. 3. Ii''qmr(*d tlic* pr of ‘»7 i-l 185] 11 


>“ i X Pl '> ~ 
1 y J S . ” 

1 X ] 

Si m 


■< f, ;> 

’ i 


a ins. 


'r& 

W 

I tfb 


DIVISION op VULGAR FRACTIONS. 


Pr.*PA 4 tE -,thc fractions the same as foar‘^multiplication ; 
therp divide Ithfc Jerms of the dividend by'. tbeVjWpjft^ttve terms 
of th* if-noC then in- 





* 


VULGAR FRACTIONS. 


33 


the terrn^ ew ll\ divide, tin? truth of the rule is manifest Atom 
I in* principles of common division. And the reason for iiuci ting (lie divisor 
>n i!u: other case ftiil be evident if we consider that division is the reverse 

t 

of multiplication i thus the product of \ and > is \ x | = 2 oi the half of 
1 ; but 1-divided by willgive 8, because \ \a (outained S tunes iij4, th£,-. 
quotient being ^ x where \ is the divisor \ invcitud. ;“V' 


Ai a second example, let f be divided by f; or suppose it is required (a^ 
limi how often § is contained in . Now if we divide 5 by the quotient 
will he J x -f oi J5, (bee ms'- ^ is contained Ii> times in 5); but when the 

dnisoi is twice'-, orthe quotient will he only j of 15, .or - ■ the 

quotient of f > divided by consequently the 7///. of5 (or£) will give but a 

rv *• 

7//i. of ih.it quotient, or f ^- X -_r; liieicfoio the quotient j divided by * 
is tiul> cvpuved by -- 1 i unal to l, 1 , 


Ex. 3- Divide bv * 


*’) ' * ( 1 quotient or anstttr. 

1. Requited the 5 th part of ‘£ 

-1) Am. 


j Divide -? 7 by 7 


* V «- 


■» X 9 


n 


7X5X5 


7 x J 


.//if. 


c. I )ivide £ by £ q/ •* 5 

Tne dn i^or £ when in verb d is ' < ~ ; 

* / 7 x 3 X 4 7 X __ _7 / __ 7 

i» X -i X 4 X 5 6X1 3 X - * J X t 

7. Let 31 be divided by ]; ? 


J ^?w. 


r " 

•v T 


, ■ 3 7 S? V* «»*#&=* y» 

, . fig «*•. 7 T 

1 ** j 1 , rf \ A2sf.v>f 

? x 4 = * 




_WU 


v. w.. v*. 


- YV* 


■ V ■» 






9. Div ide i 


t 


V, 


1 v 



ARITHMETIC. 


3 6 


y 


,*■*£ X y = is quotient. Therefore to divide a fraction by a whole 
number, multiply the denominator by that number, except it will divide 
the numerator, as in Ex. 4. 


58. If the divisor is a ztfiole, and the dividend a large mixt 
\('MUmler y divide the parts separately, and then add the quotients 
together. 

Ex . 10. Required the 5/7/. part of 456I4'12f > 

5 ) *361412 

9 122S2£ the integral part divided by 5. 

- 3 *\ the fraction \ divided by 5. 

Sum l>ia9S2jl the answer . 

50. When the divisor is a small fraction and the dividend a 
a large mixt number, multiply the latter (without reduci ng it 
to an improper fraction) by the denominator of the divisor, and 
divide the product by the numerator. 


E,\ .11. Divide 6421 07S hyp 
6421078-^ 

t> 

■5 ) 3S i'Jn-J w )-?-{■ product by the denominator 6. 

770j 2W3+ the whole number divided by j. 

_ the fi action T 7 i divided b\ 3. 

Sum 77i>3293ff Am. 

1 » 1 

60. In like marine 1- the quotient is found in the contracted 
method of division of whole numbers when the divisor is the 
product of two or more factors. (30. JCx. hi*) 


£x. IC - Let 8783 Le divided b's jo, oi 7 turnb S, 


7 ) 8783 

7 _ _ ? 

8 ) 1 *- quotient by 7. 

136-J the whole number divided by 8. ,■ 
j^r the fiactjofl f dividedby 8. / t K 

Mg-Jfis. '' '*"•* 


' I 

h $ 


m 


7?V 




f \ 


- j tT* 1 • x i 


-Jfcr 



* \ 


r 37 i 
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DECIMALS. 


til. Decimals are Fractions iri the form of whole number^, 
out whose values decrease from the place of units progressively 
to the right hand m the same decuple or tenfold' pto^uprtion as 
the common scale of whdlenumbers increase,to*tljeJeft. 
are usu dly separated from the integers by a comma, or dot, the 
decimals being on the right hand. „ - " 



Thus the mi vt number 21 T " y when the fraction is set down 
decimally will be 21*2; the 2 on the right ot the I, or dot, 
denotes 2 tenths, whereas the other 2 on the left are 2 tens. 
Another 2 on the left will be 2 hundreds, but on the right 2 
hundredths } ( T ^;, and the whole or 921*22 is 221-rVtr* be¬ 
cause -A> am!-j ^ s together^fflake T Vo • A third figure on the 
left will be thousands , but on the right, the like number of 
thousandth parts. Thus 500S 005 is the same as 5Q08 t W Vw ; 
and 5000*005 the same as 5000 io ’^. Consequently a decimal 
haetton has always cither 10, 100, 1000, &c. for its denomi¬ 
nator ; viz. the number of equal parts into which the mleger 
or whole it. supposed to be divide#. For example, Jet a foot in 
length he the integer, and conceive it to be divided into 100 
equal parts ; then *2 5 (or 25 with a dot on the left) will be the 
decimal part of a foot denoting 3 inches or £ (to-V being rr 
And 1 ‘ s incites or -g- of a foot will be *125 of a foot, because 
12. is x °f 1000 r the fool in this case is supposed to be divided 


imo looo equal parts, 




•» 


Therefore to read, or set dqmi a proposed decimal, it is opMI 
necessary to, reraenphkffhoi the denominator is 1 with as 

>"j 's_ l * M * 

ciphers annexed a\ there are decimal places, or that the same 
number of fi^ires tbj^, llw ^0ra#!:’.always 

~ tor. of the - 


the same common 



ARITHMETIC. 


m 




fractions *3000, *0 71(5, *0005, is 10000 . And hence it appears 
that the* value of’ a clrciin.il fraction is not altered by ciphers on 
the rit-ht hand ; for *jOOO (or Jg-) when 1 educed to its lowest 
terms is the same as *.3, each being equal to 


► 


ADDITION and SUBTRACTION of DECIMALS. 

62. Place the numbers so that the decimal points may stand 
directly under each other; then add, and subtract, as in whole 
numbers, and set the decimal point in the sum or difTeu m < 
directly under the points above. 

r\, l. Required die "‘i■'> of -7, *J11, and ■] ’id' 


• < 

Mil I 
I'.Mil 
r?i!in *''3Su 


Bv placing the ii* i "u.i 1 
Under tenths, hmidiedih. e. '--m 
addition become:, the '.one u a 


« under eat li oilier, lem re lirt.ud,' 
'■widn 1 Am. mI'I'm, ■ ■ the me dud <u 
’ ."nr "vholo 1.11 I' >i . 


The decimals in th' ii," . ue; ' . » u \ r ■- s . r i.tM 

are r V U> ‘ * llui t « a \'fa - v ! ’ • “ ,, i‘ !>■ "i-.'n j i < o.ur ■! vbomo o- 


Will Ilf* r i 4 . 

mm ue T 0 Oo7r> T7Tir6< ., «i 


; J - 

1 • o »j •» 


hence 70uo 
MO 
I''in 

h 5So d e -um of the numerator,, end - ,:1 * 1 ' r j w/vi . / 
th<> fri-dioh t J"in Inn*’ lu’i ill.-, ise\oh ni!% notlimgiiioicilniu m di>< uu> the 
ii i iiiis j to <a tt-iiMiion <|i :'U i:ii.O >. 1)^ annexing cipher, on il«* i 
hand : 


Thu, ■7a.io 

■0 1 U) 
•l-’d.) 

Stun -K.lSr, 


mr 


~ c 


' ■■* 


? ^ Jyp* £♦ WIiatthe sum of '01 >!>. j4*7and 9*2D9t # 

*'»!"» ' l f. ' * 

.#!$» . * 

fa- 


** V^Vr ♦ ' O* 

& , , * * 

'*'l I * *A * ‘ 



4 < 





DECIMALS. 


*9 


7?i 3 Required the sum of 9 tenths, 19 hundredths , 18 thousandths t 311 
hundred thousandths, and 19 millionth parts f 


' 'V 




•9 

•19 

r *018 
•0031 I 
•000019 

Sum 1-H0129 




i. ReqviireJ. the difference of *406 and *11 ? 

•r v 1 

v 

*406 

ML, ’ 

(« Ant, 

_ « I 

* \ 1 ' i■» * i i « u * ; •{ » - v )‘03 and '9078 ? 

»i. 

0 ll, n7* 

'H » '<> An\. 

* i al ■ ' tljii- u|,M* M l iliicl 1 j'L 


. “LM',' 


M * . . 2 

1 / i.' ' 


# I 


. Ri ,\i 111 <1 ’iif li ' fi 


I ' S ’ 1 


. r.jul*?4’9# > 


.'it,i /t A, 


i 




MULTIPLICATION of DECIMALS, 


(i.L Multiple as in whole nombers, and point off as many 
i laces for decimals in the product a? there are decimals in both 
multiplier and multiplicand ; but if theie should not beeomanyj 


put ciphers on the left tp pupp|y4hc defect. 

jt ^ r 

i. -03? 






40 


AR1I1IMLI iC. 


The decimals "2 and '('3 when set down a*? vulgar fiait.ons will he * T \, 
and ylr, am! their piodiut x xU = roVs or 6 thout.u’dlh I'^ts, *n 
before. Hence the tinth ut the i"!e is evident. 


Other Exumplcx . 

Mwlhply ‘tin 

Hy ‘003 

Product ■OOiil'J 0 


Multiple -onjs 
Uv 1700 

lul 

Prodmt •'iilL 1 ' c 

Multiply 

By 10'too 

Product ot’Oiii.d. Therefore multiply ing b} 10, !■ o, 10'0, o^« 

• 1 1 

is only removing the cieumu! point so many plaeo to ilu- nJit as th< ie 
aie ciphers in the multiplier. Thu* 82T multiplied hy 10 is?J. ; 1 1 mul¬ 
tiplied by 1000 is 1400, &c. 

64. There is a method of contracting the operation . : o a- M 
retain only a proposed number of decimals in the product. I <; 
*584Q he multiplied by 7*2(5, |and the prod tic' have only 1 dec 
mal places. 

w 

•SSt9 


Multiply *6?1 

By -9* 

3720 

1942 

Product *>6U() 

Multiply 021 

By_ Wj 

.>7 Jt» 
IJ i 'J 

Prodmt 1 ■) I ■ I '5 


<U)"i ' .> 

; i i.l- j ie ii tpu red piodurt is 1 * J7t>. Rntt° 


omit setting down (he lig.-ie-. on tin. right of the perpr».h' ular bar, vft 


retail* the product to the left, it is evident that the multiplication by the 
integer 7 must begin at 4 in the multiplicand qr the 3d- pi tee m tin 
ffA- foi ni trom the le't (J being the mnalftr of decimals to Ik, ictuiiicdj; 
ilicr multi plication by 2 nut'll bi gm at the 8 ; and that by t> ;.t the j y ie- 
ciembering to carry (rotii' the figures, omitted^ cm the tight luml, .is »n 
common multiplication. But.wlfen the figure djf the multi]> r aie 11 do .u. 
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v » 

in a contrary order/and the units place (7) is under (4) the 3d decimal 
from the left, the figures m'the, multiplier will stand directly under those 
in the multiplicand, where the respective multiplications must begin*' 


*58*9 
6?-7 

4094 * ' 
117 

*'*&& * 


'* . W 
*■ ir r' 


'’S 


* 










YN m # 


*"246 Here 6 is carried to 7 times 4, because , 7 times 9 (the 
tigure omitted) is €3 ; —1 is carried to 2 times $, because twice 4 (the 
iiguic on the light of 8) exceeds half 10.—-And 5 is carried to 6 tithes 5, 
since G times 8 make almost 5 tens. “ * 


vt • * 


As a further illustration of this method of contraction, take the follow¬ 
ing examples. 

M 

Multiply 8467*73912 by 0*725184, reserving only 4 decimals in the 
pioduct. * 


8167*73912 ' , . 

_i_H ij '7*0 Here (0) the imit^ plice stands under,the 4 th decimal 

jii'jT Ji74 ,■ from the left.' 

1633548 
423387 
8468 
6774' 

338' 


*- t 


u 


6140*6689 Product * 

..— 


4 .N -At 


f * 

Multiply 3842*63 v\$#*654£, retaining the integers only. 

* 

381C 63 "V . ; 

3456 97 Here units ^and under units, no decimals being required 

in the product. ■ 




263984 
3*584 
;’306 
J92 

1j 

] 

i Product. 


I N ( 


• f 


t V 


t*'.: 

1 1 *¥ 
„m- ,» s *• 


s' 




DIVISION o*. DECIMALS. 

\ Vt' * ^ 

C5.- Divide as in #rh?% ttumb'efitjjoiiit iftjuHbitosjr de *..1 
cimals in the quotient^ftfehumberla^ife^^lr^bdivid 

exbted those in the UlvisOt- But if the jef ^ - 

J- „ ' j ’*/' , J . ’.'a 

rf U- : * © 




vt* i* 


/m'. 





AR l IIIMR r sc. 


, the quotient aie not so many as the rule reqpreeSj prefix ciphers 
’ on the left to supply the defect. - a 


A * If the number of decimals in the tfu'^jp^exceed those *‘n tfeje 
dividend, ann^''^i^h t ' rs to ti^e letter beioi.4 you begin the di¬ 
vision. ' ' ~ 


* . V/ ** « , M - M 

v 4 If. tJ . ^ 


: ^•- * 

' * ^ ' 4 V* ( r ' 


*«*v*ti 


When the divisor is. with ciphers on the nghtliand) ‘iemove 
the decimal point in the dividend as fir to the left as ilicre aie 

, i ,1* * . * \ 

.ciphers,—But when the divisor is aqy ptjbernuniber with ciphers 
annexed, first, divide .by 10, 10O,Vpr IOf^,&g r , according to 
tho number of ciphers ; then divide the 1 quottetl^oy the remain¬ 
ing figure or figures, (60) . 


*■ 'V-'A 

A 4 l-‘ 

<. v ** -t 


1 4 


t '1\ - 


N. B. Should there be a remainder* after diyt&iqpy ciphers 
may be annexed to it, and the division cohtihuM a^^r as is ne- 
ccssaiy. ^ « >&>• 

; , * f * tj. * v 

. .. ■ ■ ,’»> •. . 

V' Divide \)i72&J# 14-4?." i f * *+n.< 


**3*“ 


* V> ' 

'**A 'f 

V 


I .ft I IP 




* » 
» i „ 


- . f A 14*4 ) -01728 (-0012 quotient. 

■'V V}.. S&s 

, ,««#•■* .1 ' ' - 


>. . , f 

* X * 

■* 


u. ''v . FrO^f * * • * ^ 

t4^V/ 

* 0^19 ^ ^ * ,^ v ■ '*"38 

Product 


y** , ij5i.ii 


r^TTa «*■. 




iber of (Ic'i'iinnla ui 
fjfdeiul ; ,j d t!r,*rr- 


piygej^by 

, . 'j i -it ■* 


■iV ' , 


* , 


. / ^ I" 

1 ^ 




a&SKI 1 i 




TfegfiS^ 

W , ■ 

.. 4 ■ > 


/ 



DECIMALS# - .'*y„ 4$ 

. If . /Jr. * ,'j£r' . *«■ ,*y ' 

5ivUk*iT'^;fiy.^|? Divide4ftHT)y 5*4^4^..; 1 

’ *«* ) ! M'OOOa-’c 3.5-4 


Vr \ 


- '/l I 




Divide 6-48 LjfaijtSt’ J>ividi‘§^^li4 , OQD ?* : . -,\ 

, **>ftfiL. ’.' y * woo) i :■ • 


, ;<W) )’6-4S 
5 ■ 9 j •oiftT 

> K-> 3SW?n 


W0Q)M'9_ 

f ) *0649/ quotient by 1000. 

' aJVA/V> J .. A __ 


' wmju t IMtw i; ’ T ’ , ? / « I -I -VW vl UUU" |] L LI V 1UV 

* ■ ■' . '. .tffiSSa* &iv Atm . 

r>j',ufe, " ’> ’'’V,*,* . Divide 290'G by friOOft? 

ini 1 O ‘ 107 TEW^St’ ‘\r'^ __ _ ‘ . h t . 



y v*i ■* 

\ rf ‘ 

> “ » *■*£##**■; 

“JWrt' i?**-' 

■< •<■ wra - *' 

* rMBERf * ' “ 

-'iVBaKw 

«' l *X 


"A ' 


2flC v* 

. v"* 


. *Y; 

-Y -W > ■»»- TtAjK-'p^p'- * * „ A V A ■/, V i “ 

w;. wt. #n »-«c«^jw^ j^i ?M ^Ady areWanied tf' 

#• mud nt friA /if ir* ttiAtfE .4*1^ *»♦*►,* I_ xl_ . H»'4i • 




divKlomluiave^ 
mc»ml>i;riftg to ciuSry 
tli c contraction oil 


E -#'ju.i 
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ARITHMETIC. 


V i 
- /, 


i 

The number of £gyres In the quotient will be 6/yjfc. 2 integers anil 4 
decimals, therefore we must tajee 7 figures -for' theelivisdr. 


S’946712 | 81 ) ,94-78000 <• 33'3945 }quotient. 
,#”■ 8340138 t 

>" 7 2846? l'tf '937 862 '< - 7? ** '■? - 




“ » % 


.-\V 

** J.&VV 


' V 


- <« 


„/, v .2846?tJ '937862 , 

'' 854014 ., 

28467 } 83848 

, . ''' . ■. 56934 ^ ■ 

2846 ) 26515 

25620 • ‘Q 

• • 284 rm 

1138 4 
142 , 

tr 


% id " . f i V 'j v*. 

* * »'S, t ^ 

f , u 

*-. - 
' / 


r r / 

The two right hand figures fal) of the given divisor are cut off, and ,9 
are carried for the product of 8 by 3» 4idd,instead of bringing flown each 

4* 1 * ~ a * ** ' 

divisor (as above) the figures may . successively be poinjlm off. It is 
also evident when the number of tfgyres in the <H v fepfc is less tlun Ihe 
number required in the quotient, ^ ciphers ;nust be added to the 
former. - ' . ■' 


i n 


- J 

*>J * 


1 V- 
„ 

* 


* 1 -1 1 ’ 1 . 

To reduce a Vulgar 1 on to an equivalent Jjecimal.. 

- * 4 *' J * ‘ i f *' i 

„ * ^ - " 1 ' *s \ 

67 . . Adi> ciphers to the ^umeratofnnd divide by the. deno¬ 
minator then point off as trtatfy. decimal, m tftfc quotient 

for the answer as there were je^phers af^ This is con¬ 

tinuing the division ofis a remah$* 
far, hy which means we get a der^flf 'fh the qnotient instead 

* * I *| I, m | _ 1 

jf a vulgar fraction. * *7 


>« 


yForeXHynple, if 97 be divided by 3>% fbo quotiurtfis | Jor ,3 3 * r , but if 
Iphers are added we shall have 3*03125 fair ioe quotient. 

' ,jr \ »*; } * - 1 t A r 

* * v ; - %; & * ^ *,> 

&*?.£'■ Thus, 

ji, v. y. «v . 






32 ) 91'pDbOQ, C i*0pji*5 quotient 
96 ' 


» In 
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1 he cipher* annexed only point out the number of decimal places, and 
tbt r efore 97*O00Wis the same as 97, consequently 97*00000 and 97 when 
divided by 32 Jiiust give equal quotients, and thercfoie the decimal *03125 
i^etjuivalent to Which also will bt evident by taking the decimal ft* *■ 

a vulgar fraction, reduced to its lowest terms i§ ^ . 

Other Examples. ' 


Beduce £ $, and % to equivalent decimal?? 
**4) 1*00 * 


Heducc £ d^atnal- 

*■23)3 o<)0l>j(’0D4« .4ftr, 
J '00 

woo 

oo 


* - 

Beduceto a decimal* 

10%0 ) 910 

0'lt^ A'ts. ^ ^ 

'** * y 


* IMP ^ 

• li -to*. *5, and 75. 

' Seduce rtmi tcVdecimal ? 

J ► 

12500 ) 2*00000 ( 00016, Ails. 

1 *500 

75000 

75000 

Rfduce \° t to a dcumat* 

12 ) 10 000 (*333 See, Arts. 

’ 9 6 

40 

40 

36 ^ 

4) 


T 

J)nid. 98by^4000; or Minch is the same thing, reduce to $ 

dfetmai? **5 > h 



+ 0040135 &c Ant, 


n * j *i ■ t 


Reduce f ip a decimal? 

n ) 1*000 &c. 

112^71423 Sec. Am. 


Reduce £ to a decimal ? 

9 ) 1*0000 &c . 

nilTu dec. An *; 


The dccirials in the last examples are called circulating, 
rectn ring, or repeating itaimals, because the same figure or x ’ 
figures arc reguUrly repeated* 


3 


* * 


4 *t 


will be a *P«t aurobw*^ _ 

YJtc# ^ * «** t 
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ARITHMETIC* 


60. If fhe right hand figuie of the dcJ^tyvnator of the 
fraction to bt i educed is cit ic< K 3j» 7, *}F j^,, ij i-» mahiit>t 
there will always be a remainder ifi&f and ocm p } 1 «Uv 


the decimal can never be brought exactly effdajl to the vul^4^ 
fraction : m such cases continue the division ta as ir un \ 1 iees 
of figuie& as may be thought necessary. 




l* * 


■V v 3} 


a* 


OF 



At 




r* 1 



DtfOfrXSIMALS ate \ uljx.tr fli<^tioWiWr»Oscc!enominifo ♦ 
arc 12, or *£*> oi 1728, 6cc. xfe division and sub tii i*u n 

jr |* p ft * 

of the tnfegei being in id&r instead t*r lO/75» as^n ihc decimal 
scale. The method of opening wi-tH^tse f actions ($mn time? 
< ilkd t/cm jvk/'z /icnftori} «■* ijia id nivc beei mtfoduci ’ 1 ir 
the pm pose of com, uti lg the cofttCi^p of artificers woi’ 1 h i 

in he s, and 


the dimensions arc n\ feet and i 
Sines oy 12/At of an inch. 





* 

* 7,1* #«£<?. Setdonn the dimensions tab' nluUipheJttogUh - 
## tfc&t feet nuyebmd u^dettr feu, inches under mdres^&c. 

Begin with rhefUt in the multiplier and th^/owcat&Qicn- 
sion m *|^ multiplicand. to $$*£ r ,t fyt t eyeir^is in 

^ach product, setting dot* 
corresponding terms of the* 


underthe 
multiply fis 

the inches, and carry t for e\ery>!2 a|/before* remunl i ino to 
set down the result one place to the tight of the pmduct by the 
fedt. And m the same, manner pjfucped.with a tbjrd rfimbtyHon, 
ike^ Then add tip se^ral products together, t irrjiug \ Jot 
^^ery 12 as befoie, and^he sfum wdl be the fitteutr. 




rib 




pfamr. f> 


*# 




r v . faneti 
7 1 0 

5 h * 0 

Wirjt 
.jfeiSUJt * 


*> 7 j 


* * 


,i *» '•*»+ » +• ** t "r 





The reason-; 


rule wtf^pe e 
i se*parat^ 
tom): ' , 


- „>#Jbl? ( 0-PECIMA L S. • • . 47 

A# ' . 

""v t* « 

I down the products in the manner directed by the 

& ,v . <■ r . . . _ 



denominators, bu£ multiply by the 
3* the multiplication pf yHfpf. 

/ v,» I 4 - * i i7f5Si¥ i 

*■ f i 1 *' • I4fak' 1 M* ta^ri, 


- H, 

*•< l A/ 

'S ' Thus, 


1 


iP t ‘ifiuQg 


: 'V ' . ’ . 

First, r *. x ^ssT^aju 4 T ^-'pr 3 to bp partied and'^a^ toset down, 
and? x •> !=3j3j whiefr with Unmake 38.. .*■ ‘£\ An , 

' ... '>’^A ’i*r ■ ,'i'i'L .j > 1 '”' v^.', 

^Secondly, x tx ss pr-^'-to be carried and to set down 
fb- .use 1‘Jdfrany denomination ma^e 1 of the neit superior or that on 

t'j- MV-: 


rA.fr 

* 'a*-* w ,, , , * . , 

* ^ »,f > * & , j 7i*v 

And 7 X T-_- = TT >vhicji;^^ : J{S»af wfre cam^tj&ifjk or 30?' 
t^eFdown. •*A '''* V A'A'I’' > ‘ 




• \ 
S' 

* I V 


’N 


V -* $*2 

K &ii * 


<* 


t * . ■* r 

A 5 * 


The alte$^J)6q$vt r, Jn this example, i^watwer ofcit&Ti^ 


v* v 1 
,,W ^ 


teethed of.ypi£itf fractions, th.:s. 

t 1 r • \ \ 

T 4 * * .*.1 *t ^ r- } • • * i I r — '■*f< 

■^v O 1 \y_ >, <> ,-h ? 4 ir. *^_fc ^ T 

„ i • » 1 v A. 'tf .Sl i I 

.'-. 4^.^ V - = - f-' * 

, J it* ' S»i - V ■-■ ’ __ A.S 

*>*// TBfcr a. 



" ^ 
»lfc 

w 

"» f s 








{ 

*5 arithmltic. 

• • 

Ex 5 Require! the number of cubic feet in a reijtangu’ar d tch uhosc 
breadth is 8|, depth l* f and length 1-1 feet* 


Here the three dimensions must be eonthruaUy rtfbitfplied to^etl er 

F, In. * v" “: 

4 *8 

* S 


£T 

2 


4 

4 


39 

121 


3 

O 


*v*SJ 

t 


47 Oy s, or 4799 tt» cyhxcfeet 


Or thus. 


121 

-ii 

484 

40' 

jSO} 

( 1 
H 


cproduct by 4v 
product bj | # 
ditto 

= 121 x \\ 


,j| } . product b> S 

S^x* .. , prbduttbj ' 

i the <2 nucr, as before 


n. * TABLES/ 

OP MONEY, WBlGtiTS'-XND MZASVRLi*. 


OF MONEY. 


Farthings . 

4 Farthings. . * 

* IfJPence .. 


* * 4 




% * * i r 


' S& §)uJlmg$ . ,. 

P^qfrj, ^g ffo Partow*^ 


* * 


Marked* 

• ■ • » • . ^ a. 

- l Penny ^ df. 

zz l Shifting s. 

— 1 Pound ■* 

ZZ lft. 


T 


4 


ila - i(' 




r -- 


/,j ; „ 

**- 

** -i- • 

r r 

#■ 
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v Jirte r * ‘* „ ^ * v 
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4o:v. 3 4*%/, 
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7 Vrj* ^ , *• • ... a< 4 -* 1 * 

■ S(k J, ^&,->' 6 S’-'-- *'•** ’* 
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2 i Grains.j Pennyweight *dwt, f 
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\ i' tf •»' * i J ,< *■* 

v ^ f < f 
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■ ^ *•?* ’ - r **jy 

ui fM ,»< with^Ioy, ’^hd' J$ gcueisiiJji U'Ca to denote iw 
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^ ^ < > V 
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<ri> 

* 1 ** 


^ t" 

» 

' V ^ 1 
X I ' 


Maikcd.’ "‘ 


Grains 


i * i 

* . ' x 

• • * • *\i • • • *i> **•*.•■ s' 


' 't v V* ' JI * • i • * • *«T£ i s j*^ * 1 O* " 

’ - 1 "** '' y . 'fttofoke I Scruple sc. or g 

.-y ^w'Snn’E ■ . l Dram dr, or ? 


- ;■ *i „ 


1 Ounce 0*. Ojfj 

. ? Vr . .i k _ _ — fc V Xy* . .v fV I 


■fe|i''\ ! 'Oujfiet''.-.\,.,l• '&aad U.M0" 

1 * *&L.i ftk* V fl » ( . t s ' ( ^ s ■* # .'V ^, 

* ' T;?pund is'-the same a? onlypdffiirenvy divide/,-' 

m-^r' ^ii:<rk' .. 









\A i I :TM i'.TK' 


\ , i!,, r <. t ; s. . nji ! { 1( i < ni .'"■h 5 cii t.utr 1 >.t buy 
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-V* l 


. _ G- 


.* ' 1 ' Marker* 

1 'r i * 

Drams ....... dr. 

In Drams wn he 1 Ounce.. o%. 

Hi Oauces % .1 Pound IK ± 7000 Tr. \ 

' *' 1 J ^ * ' <■, 

. ’I Quarter * 

4 Quarters, orTl2lb. ! Hun dred W 
SO Hundred ! Tnn.,'CV^iftw- 




Aad 8lb. m a Stone in the London 
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14lb, n S:<.»u, Horseman's Weight, 

1/1 ^ ► 




p - Jte, . . 
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itidb: a T.-d 


R v li 11 Wi-u^it ari'Wi u’lM .'i rifnrrne^CiMi.'il ’ V^a* 
and ait McUls exceptGu<d -tiu!' ilua. 
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* 
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. . <■ . ! \yrd. 


/* 


/ 
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' 
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,r * UM 


S 7 S'« 
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40 


3 Fust 1 . 

(i Feet - 

v-.fis ..r je?.; .,.& -■ . .nr#'iw 
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Furlnu • , s 7b"u' Y .>, 5 > .. 

*Y{ 

... , v u 1 League 

‘ d&i‘ Mi?ci* (nc*ih) . .*i’ l&)<!£xre 
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> t y i ? e ** 
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CF.OT li .VEAJT.'RE. 

&?. - 

> I •# ' / <1 

2?- . ^ i X<ii'* 

4 Narl*.... i Quarter of <j» Yard* 

•1 Quarters ... I Yard- 

3 Qty&rters ..i Eli Flemish. 

to Quartern. • - . . * . t Ellli ii.Jish* 

6* ’ Quartets A *..' .vV* .. . 1 l&W&wh. 

«•.*:? t .. 5 

SQUARE Mi. A ST'RE. v 

* i/ i ' f« 

V. ' r ,, 

. \ I Scjini'f 1 * Tnehes" .,.. vwhe ) ^not Square, 

tj SciiMip 1 ■ a .. . . i V ‘i rdi; v 

* r V~ V *1 v 

soi ' !, t i . 'i . 1 ‘'"'4 

40 Squ-ue PA ' . , . . l Rood, 

>i K-t'hU. h’ . Sqtuie r<'!v'> ». . \ Av. . 

•I .-to ‘’■{liiu \ ip’s .. I \t rr. 

1 i 

lo h jiUH CIktIIH.. \ Arrv 

,'t ".ill Sotuu * ■ !.*» ..«»«. ...» t,'i\oe, - s r *.. 

' .« * 

. . . ' ", 

i 

, 1 y '! L'r I. , ( .u. _ ii , .. '' Ml.-, rtf.i-ih Ji4''fc-f4o$h.f , v 5 Ji > j^thA 

. iiu..:' e 1 S 

» 1 l r y 

. • 

l v 

- * *" 

1 A* „ 

CUBIC o k"R(> - . ) Ntr.AS'JKK. ' ■?•. 

■?■ , ,* ' 't,v 

t7j-i Cubic laches .... .. .•■<. ■ l A, , ■* 

*21 t ‘*i! ju* Ffcet *«. .. i \ d! J. 

. > , '- 

**■ V. . - * Y Z 

, f 

fty,!!''’' Measure, StpntJ* 1omT>' .i.i ..i; W * /- of <iu*:eatitji;|3t.v 
■■ t and ar* •ur ! 

w < < << • -V - v< * 

. C f O ' ‘j 

A. A 1 * , *■ •** 1 

.i »\ --'F , . 

« . 1 

s ^ 

' V/^^pRY 0Vj6oR>; 'TEASt 'Kill r' 

lirth <: - ,4,>‘ A,; r 

a - Pfou^'r . .1 

r J Quarts -. ., ,^ v .At fettle* 

§ fettles^ or i Qititfjg -**. .M^.i -3 Gdfioii 

‘ -j«5h'*' ' ^ A- 












ARtlftMETIti* 


r Gillrms.I IV^. 

4 1 BudlcL 

^ Pu"jn j '^. I Quarter. 

5 Quart ns, or -10 ISu.-diels". 1 Load, orWtvJ 

’ 2 Weighs .*. 1 Last. 

*■ \ 

, The Corn or \Yin< 1icsj.lt Bu bd js 3 nn !u , aid 13; .rr>s r 

oiameter, and tontdiii' cul-ir n.chcs; tjm efore the gallon 

tam> Co8|* But tf\e C(/.J i’unhel ino'! be iM uj s . . ' 
Di»j.!;da make, a CliaUm,. 


i T 

ALE anp I'd:I- R MEA*Vll&. 

v ^ 

•I Pints . waU j 3 Quoit. 

f 4 Q:: ’i i*- .,. J G.illofi. 

■3G G i£u. -. j [;„! J. 

J* 'Girei*. ... \ Ho">in . 

C 

2 I5aTt ! s .*. .3 i'l.iK 11 . 

2 Hogsheads. l 

- Buite. 1 r \ w\ , 


^ *1 ae A.c 0-*H->n c<»i rs/i Ci.i* 


WI\E MEASURE, 

I "" * 

1 ^ 

” W t ^ 

1 ^ \ 

' S PiMs . ...: make \ Qu&rt. 

4 ds . . . i Gsjtori. 

.*. .I T&cc-. 

# ■" 

l>*> (. .n- «•* ... .2 J-jt nd . J, 

i l ' 

s 2 'i'C't,'' . . 1 Puiudioo:]. 

^ 1 
? 2 K v fv; t '!s.1 Fij orP.^i, 

1 , ® ‘3 .. *.... .4. Tuii. 

'• A JThe Gallon con ,»,r j yr.l tuok inches. 

t „ 1 

j *■* ^. 9*6 *' " ■ ■?<*> .i I \ 111. spirits, flycW, Honey, &e. 


», c ' 
* s 


<*• J. 

, TIME. 


i » f'O S :ioruifi^, t , ^ % . make l Minute^ ., 

<£*■ . fit> .Minutes . I *,., M V iy,,„, i Hour, 
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Hours ... i Nature I Day. 

.'65 Da vs, 0 Hours . , . i Julian Year. 

, 05 Days, a A. 4f< min. 4t> ?<•.. .. I .Solar Year. 


JOREJGN MEASURES oe LENGTH. 

S i > 


. f. L l 


j ’ r i r 


he RhynlandFool.— , roi3jlEnglish 

K h\ njariJ/Rodd, 1 2 Rhynlsuid Feet 12:396 $ Feet. 


*■ *' v 


rV 


^ 1> 


' 3*j/ <&» 

1 he Frt> i c 1 1 T , <$d$’G P^rl s Fe«■».21315 

Common French Lea^";*, VO to Toi as *.. . 4263 

tr 

v minion I'wiiiJ) JLeasj uc, -V 3 to a (loitive £869 

3 l J 

JSiabant Lc.ig.ic, 2800 Lout'S ' lisjarl\ > .... 5‘jdS 

itjllm \M- . lio to a Degree . 2029 

I'* mm.i Mi'c, 1* fo .i Degree. 8116 


i ’.j - ( 


totin’ French.and the German Military Maps and 
1 ! ini arc .•> Mitonly in League, Miles, Toiscs,. or RhwilanJ 
.>■ .Vo. 1;ui Ok tc cn\ i . •* cwt&ntw” German Miles ' 
i .<■> )> - of no vf ^Tiii'iia' • !>'■' tUf; according to the Table 
„ i - : j'*! i i , they' vary from 19020 ter VfcuiJO 

And \\r Mimelimej dhd a scale denominated, f< a. 

■ urn's walk mi the mW* ' 


i Ir 
-* r.^ 


W/ ,f 




;i. I :tii . i.l ineasuremc.aU lately carried on through France 
■ M-rioi the frtUK'h. Mathematicians couciuoe (accord- 

# t » f K ' 

nig ;o a p.uiiv.. i.’t hypothesis' that V oi the whole terrestrial 

t *■ 

me aim is 31307-40 Tu/Atf^mdengih j- -uu* the ten millionth ■ 
fMrt ? or S5 'io7 40 of a Tbire. is d.i “ ~M(lre,” or standard for 1 
the ine-'ui-i - o '(’v.th nc^j^>pted in France, This Metre is 
equal to rm'OSjs English Feet. ’ . ' . ,. < 

\ " - ^ ' 's'*' 

, ’•'* .; Ot REDUCTION. '0 

, . t , x , 

- . , . A * , i* ' ' 

jhlh Yidi ‘'peration ot «.h.n>gm^ nniHCV^t from one # name or 

LO * lfl °oier wi thop^ajiterihg. their val ue, is called J- 


-(». 









AR11tw;;-* 


T& ■ 


I n m % 

;fh When a creator fl^nomiiiciiinn i* t6’ be reduced to alt't 

W./ 

(as ponfitls i(/or h\t to judies) the process is by 
Miihii liiatiou, ihit I'js.; d .’nominations Rfft brought to ttft’jo t 
*^i)y Division. 

, 'Ex. 1. Reduce «£*»■ to dnli prw f\ and farthing 1 ' 

i\ 3>y the first of the '.r^om; L/ili- v is evident that 
Pound* muloj'l.eil tn 20 give "Hillings. 

Shillings by 12 giv p pence. 

Pence multiplied hy 4 give fai things* 


C vn'equently, 

i'll riling divide*! hy l pive pmc**. 
iVn* <* divuh'd hy 12 give ■ ,ul <nps, 
Slijlhnv' i hy ;f’ give pound?* 
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?0 

- 1 » <he iilliil lif 


v' *» 
•S, > 


I?tiJ ■ > I hr UC3i'’L> 

Ik 

_2 

S(,N.io th« ttu fKt"g e , 


£r. 2. Reduce 80610 fas things ie i 


<* ) SO840 

i j ) 201 «»o t lie pence, 

20 ) irSO tile «ii*i! inga, <( 
1 "" th&'pbi*ndb\ 


O. her ' * i ' 'rc < ur.al in Wlhlftfl x'l, ,1 VJt' !2 
hy <i60 the ijiniie itv’-.ii b« tut ■ .inbef Oi poun'h ietpjir*.»l. 


k-1 * / 


'» i ' ' ,J ■ 10 ( %i'H$ iefarA 


r — 

.‘H4»> .V 

rjxto , '' 1 '! 


,Jn ■ 


Ex. 3 „ Reduce 2(^79 farlin <gs (o Stands? 


* *. » 

'a- V N { 
» ? * 


' J , 


4 ' C.' 79 ^ 

1 Z~ __ * 

' 12) h.*. f, 4—— J /’ / , "> 

' *° f i'll; ■ ‘' - T - rf - Ak,/ ■“ 

,*■—— ■ f -.7 i* ivlif 
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£ s » ft. 

Reduce 27 17 10^ to farllung? ? 


i - > 


2T , 

20 

540 

J7 the 17s. add. 

S57 
■j *2 
G684 

10 the XQd. add. 

4. , , 


1 - i 

\ 


« • * 


2 b 776,, v 

_ 4J r r the 3 farthmos add. 

< wjy /farthings, tlie Answer* 


f JL ’ !uc 


^P’ 


yuineas to pounds ; 


*4" I 

21 

««**» 

" II 
i 'I. 

0 ; 'I shillings. 

~~y7v—i i 


<£977 lli. 


Keduj c £! ^ to fadnmes ? 


, ’. and ]; x d'J'J 
What is * of a .£ ■* 






I ■ 


*1 4 


/ % 
A 


v 1 .«> 


" ' ""..i 1 £«,.. j 

20 >*, l ,^£-; 

— ’ ■■&*.■ • 

<■’ * i 


* *77 / < J 5 ' A 4 2 
' **' f 5 ... ii***n**< 

5 <W 
t: d. ■ ' <: 

') w c&'w : 

i * \ ' h * 

4 Gru 

7 ) 7, ( 2$. ■’ 

J1 


■s. d* qn. 


* ■ '^y:4ns. 5' a 


7* 

■V-t & 
*\ 


/- ^ n , 9 tr 

1 v 4 

Reduce «%£ 0 to pence,; or rather to the fraction of a penny ? 

J ' " * v * ' 


■*T 

rf 


' y ff » i ' 

fe^Ojss ffg'ss? 51 =, l Ahf, ■ Theref^e.Vi^ of a £*i$ a 


t O 

'/ & Sfc 

j » 


•t'i' 







* ,, 

, t 

AHIXBMAf 


v* ? 


«/. 


■ iV *. -~ 9 * Reduce to the iiuci:ou of a s!i 

llr.j 


tv, 

» f 


d. 


= 23, fqjrfhnjgs, wleidi Juuieti by la ;>aei$rtmngs tn a sni.ung; 

^ t * > \ *■ 

gives the jfjtfrr <v. 




„’" 10. Reduce r a r at a guinea to lli-' aem munition «»r f> jei'o i « .. 

cro-wn? 

i. * 

' r7» 

“ r x 21 = 'whiuh divided j give 5 Hie sin^m 

< “ mJ* 

* 

* £ 


11. Reduce* 0\>3 lo farth'Pg-^ 

»93 X ~ 8?2*8 farthings, the A’isilSt 


" 13. What is ol /;«'dr to find t 

k 

&f a pound. 

*353 

_ _, 

Shillings IT*-' 1 '' 

' .' ' . JV 

,i*ei!t.c j6*Hh) 


$ 


>4 V- • 


* <, 


« 1 ' » * 1 i 


t«» ’ 


t 

* 

• i 


“A' 


Farthings A'> 

a. O - 


• -1 
A 4 


J iJ< 


firing 9*31- ‘pe£c$ to the j?cin. / ‘.fa r£. 

i- 

>■ 

» 

' • ' « £■ 

* (Cvi « • 


f'4- 


f 

* *f 
i i 


,>X fif 

!*• 

. * 


) °*s to (‘04*r? Am 

.‘Jill > ' 

x v* > ? / s ' 

240 A- * \ 


77./ la fyke ms^n^r olLu* d 
. ■ v , ^ 

inesuis of the number** in the* 
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■* * 

* 


V Vis A>*» 

, f * ; xf j? f 

I r 


W yj ^ 

lions .<r. r.dnco'* ()' 

it „ • 

rles, reinenihcm|, tc 

r, .as the case 


^v 1 

.(hi.- ■ 


r% . <■ 


» : i 


r ;> i4w 1 How man'} 'g^iiteas' weighs a /^'froy* <s%Ch bring > 

, ‘'>Jv' ‘ ■''* * * 'i'» h 

’; if/.-; 7 * ■ IS X 20 x J24 *r tit, 

li«M r!ut. or. ■ jrr. <■ * >' * ' 


■% 

« 'v 

c 


itf', , „ 
■ ?J Sc *'+>1 


& r •: f - ■, ,,J 

* ‘.5 £>^ss‘i^^?|* r J , • :' 

, ’ .. Mrto siivided by %»♦ ) / ~ H t 
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s »■ 
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' if 


* ' r ^ yaSHr * ' - ' ■ 

j 4 ^Ss& i , ,v *■ v 

■ 1). IJ* J0^00/in-n;J^ye'each 4(J rounds of cartridge Wrtlj. bull, *hat 
is the whylilftei^l o Head,'‘the balls being an ounce each ? ' ’ > 

' ,v * ^ v * iv * if^U * " . *r 

. -v f :vvsfv-. vF*wJh* i- /• '*, 

‘ ' f/' 10000 X 40= 4OO000, 

' » rt v 


i V. h .’ 


.,-1 ,iS}£<»2 = 25000* 

* 1 f 


'' 5 


V. lb ton. C< lb. . 

■25^« =v.”'3 -m=s ii o V Wi ' : 


m an bundled welghj^ 




• *Vt - ir J 


, fVf' ^ 


*L' J 
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ti i o 


M. l>;:» dr. 
^AfA. ID'S *6 0 s l 
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^ wV ► 

‘ < l c, ,’\V 

r I • 
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* * »•» % 1 * 
MO ^ I i ^ -** \ * ** J -* 


- ^ J . 1 
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t / * 'Sli' *M|V i A* 
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V 
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'S >; — iTvfnnTr - '.4 in^ ; f" v . * /_ fcl ■ ^ 


"V ft?.* v<5"4:. -S“ 


. 50* Reduce SS;1.4 i| 6[vare -mcJics t&fbF d^lnsal qt ; 
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V ‘' V^ 5 " 59‘ 7 4 ° ^ ^ 

' k :X‘ *, 5 ±= 

s^d&a^&av -'. . t :■*'... •■ - 




- 1 ’■’'^r- n ^ 



■V J 


■ a iv i .% 

' 7 , * j* 


i*<v 

5S ■ 

* , ' - "* *i * ’ j 

,_, v • ‘ _ •**««»«■ ' ', 

'.HeJucV^ Qf a cubic yard'to cubic feet > y y\? t , ’ „ 

>. * * f „ M - **< V **’ 1 

■v \s v '7 = il ^ =; 224 v. 

.: f / u ■ * * ' 6 J- 

'i «2 •*Re^cfe'^4*‘954 cubic Inches,to the dec‘,ml, 0 ^%wjiq |Uoi? 

‘ »> • ■. - : \*.v\v 
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'• * ,t j 
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# * . , w 
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Ll? 8 -- £s *<3376 &c. Atfr.jfyfi > 

1 <- a . ■ . •* ’ ■ ’ Ay, , ,. 

i * ■ 4 ( .k* *i[ / r ** 

' M * f 4ftAfc 




23. Reduce 500 Illn aland rooda |o English milt**?/ 1 

■ ■ i • r'if&fa-Mil'i ’’ ” -*- 

" , , ° ' j *,*;'V. ’• < 4'life,'yards =; 1 roodx' ***? 4 »*,,* 

’ 1 < ' '* ' - 


# 


V \ . - \ t4^32 X, 500 ss 30d ^ ns * 
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/y ■ ^,V' ' 


| pm o/^ f / >* * * > 
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, ,£V / . vu yds.' , > ' O , 

- -- ,?- ■- ^gj&jyy ^ 
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f^**,^4^/3'd „< : . \ ■* , 


7/r^ 
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V 'j" 
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v % 4^ 
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&y5$SM? - w *' »" * * 1 » &/*: . , 
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* - V ' /* ~ k 
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. v. .;**»>.- '|(P life®/ •• -mi’.> 

• ■.. ■ ’ ■ -,.•■;■,:■ 4*'h: 4 m>- «•' ' 

, A ‘ - ' J '\; ( ^0 ig,:, JST , 5 

SL4t^^f<F , Vv>' r Kr ■ 

-■'■i * A a iAM - * <■*■ ,5.0 *, /, ■»! - • 1 s » 

A ■*• .* * -' ■■'■ \; . ,v‘;:.*,.T‘ ’, , ; . ;. ' 

Th<- number'of farjj^f^-ej^' vvfiich ’ttpk’e 2 p^Cf* fb carryM$,c^ 
erice, anil 1 fettjwngvftf set d^V,^,1'he p^nc.^ jji the jv^t columniW ^ : 1 
nd 2 piriH-d.-'iba^ ‘Jib'or,»I;foUrtgs.‘ The suf^if’th^ 
lullin^u'wi’th 2 wnied ‘^illingito seUlovftintt^ d&V 
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Lvr of 1 ii *runt. 




yds. r\ 

h :: t f * 10. 1. 


k r **. A V 

I * » • ‘ 1 M 


:*r 


(> 


- - “‘in. .AnJ 

i 


the rati > f' .> to 'J equal to tli .» of o ; or f ■*- l y\ 
The tenpi&v bupp ,, -JU , in oebu, *» atu S, u)'J :lut ji dem.'tTd J, 



: \o r. * r o p c r r i o w, > ■ . r 

■*>?. To whim a propo 'tion sshouM be wrought in*.; 

'V'T.seiy, consider if more requires lest, or less required wore, 

J 1 > ''l ^ W i 

or il one number incruitic? in tlic same proportion a$.AACml^r^ 

1 * ^ * K$ ' 

d;ifii.ihiips, tbr in cither case die inverse rule must beusediisfey 




F * I* 

i03. N. B. When the two h -m* of a proportion which are/ 1 
rf the ^ajnc kind, art givv.n in unh rent dcpominatfotis, rednee 
them to the same denomination. Thus it one is pounds, &c, 
and the other ponce, Sec. reduce them both to pounds, or to 
pence. If one is feet and inches, and the other inches, reduce 
‘hern both to feeL or to inches, And the fourth te»*m or 
answer will always be in that denomination to which *hc g v hn 
term of the same kind is reduced, 

j 

Questions in Compound Proport:on or the Double Pul of 
Three, may ah’ rr ,<■ he answered by two or more single silting. 


/ i. r t 


J # ; i) /lUu d 


vc'.om umai i. / and j** 


1 ' * )*' 9 J 

^ * * * c 


) «*i -:) 


pi i. . 


■to ! b\ reveui:;; thiyqts 'ittui;*—Tli’i‘ u> ij„u : J. • 
- l > „ 


■k \ *■ 

i 1 * j m t» i 


*> I y • 1 

. A *, *»** * • J i\ ' r 


aiT-h 


5 the Aus, 


fv ».J a i'/i. pnporlic-flal to 11*5, *07 69 and 30<V 

v- 

.V .( * 0 1 * *. tOuO * X' ✓/*,, 


} T".‘ • tn )0 l k.> f&69 
tc* 0 


4 i-'uf 

*. < .1 


*. V 
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ARITHMETIC* - 


V>'>- 


a 4M. proportional to the three fractions ~ V> , 'and 

'.fe-te required. 

*' * 

S&fc-'H;* H :; cr 1 Vi X \{ X -/r = t r X 3 V 2-=s iS the 


£ 


* ; B. Tt will be adtfcakle in most cases to set cIova t»ic •!///- term in 
* J ' the form of .vulgar ti action, and then reduce n to its lowest temis > as ju 
the last example- 

A 

4. What arc coals per chaldron when three bushels cost 4 
shillings? 

36 bush. — 1 chaldron. Therefore we have to iind a \th. prwpoiIlona! 

, V to 3, 4, and 36 i 

* f. 

bush, skill, bush. v 

As 3 : 4 36:—---- ss 4$ skill, the Am, 

5. The quick time, or step in mw'l.mg In-mg 2 pacer per 
second or 120 pr?. minute .»* 2) !.t** c ch; ,u vvln.t rite b':r 
hour does a tioop march - and what imie a taken up in matO*- 
iiii r 0 miles •* 

1:0 X XGir I SO 00 fu-,. * .O'U :v / n. km 


"si ■/ 


?’J, ?/(/{. ?r</ ,,, , . r, 

A* j / 'j c o . - ' K < 

i i 




€r i 


4 V'.X^ 

A* 


?*<ft , /* 

i i > 


- n,u; 


jji 


(• \ * / 


/*; y* * -L 

6. What will the tjlV on old J5 bft at ! h n da pound * 

I 

& 


.£ 

c d. r* *. 

As : . 

} b it 1 * * 

d. 

d, £ f. 

Or a; 2 to : 

Oo r; 5H Is 


Oi (°'•) da ulmg the two f.rst ftrtiia bV -0, we j llt -* 


/• . r. 

„ A? W 3 1 i * , i i ■ 


.f t. 
M4 It 


b*. 


a „ « 


/’ r. d. 
yi )!;i .4*'- 



1 


p< d • 

A- KiO . 


tfC- r. p. * 

3 20 ss 22i40 poles. 

^ ^ A 

7 10 8 i=: 3G8 pence* 

P* l lfiSXV 7%40 ^ £ % s* d 

22540 : = 51842 = 216 0 2 tiV ar 

i 60 


• V r 


'AVer* 


8. A sets out from Oxford to London at the same time that** 

■V 

B leaves London for Oxford, the former travels 5, and the latter^; 

* **■ » <r* 

<J miles an hour; now supposing’Oxford to be 58 miles from * 
London, how far from the latter place will they meet if they : 

travel the same -o.«l? 

4 

ll i!r whole <Si \ i.ec bo cl.vidod into two pat is having the proportion 
of 3 to 6, it is evident tlmso parts will be the respective disunces 
o a veiled 



As . G 

‘j (t 


tj'-i • \> 

;>s 5 


m. 

'11-f 7 fi i'died by it. 
Jd—u t. .veiled by A. 


Ik A deuchment pets out at 6 in the morning, matching at 
d.o ■>. to of 14 Hides an hour;' 3 hours after, another detach- 
nun* from the same place follows B thf m> but their march is 24 
:mlo< an hour. In what time will the latter overtake the former; 
and what Jistar.cc will they have inarched ? 


IV. 


l 1 y i ■>: :h * cut detachment is a-head when the other begins its 

14- 


snare’ 


i * 




/it. in. m. 

T! e .defence of‘JJ and IJ is J, what the latter gams ' a the fuinirr 
pei heu*- 

VI 

Fut it In-* >• . i a 1 mi the whofe. * 


in. h. in. 
Thorcfou*, as | i - 
ur, a* i . 1 i J 


VOL. I. 





& 


T 

V: 


a ^ 

fc* & 1 21 f * T s: 1 the /to required* 

A v . h*. ..... 




f£ 5< ^ tat !7| mile^ the distant required. 


£ ' < 4^ Hie htonr and minute hands of A watch are together at 12 
? ifeldek i at what time are they next together ? 

* i* 

The mingle hand moves 1 circumference on the dial plate m 1 hour; 
but the hour hand moves onlv T * T 
the difference is which the minute hand gains per hour 


But at setting oft at 12 o'clock we may consider the hour lidnd .ia bung 1 
citcumference bdbre the muqute hapd; 

* f Therefore the minute hand has to gain l circumference 
* 

As lh * 1 4f&= tmsuer. 


j 11. There is an Island 2p miles in circumference, and three 
travellers ail start together to travel the same \\a> about it , A 
gpes 3 miles per hour, B 5, and C 7 ; when will they ill be 
together again ? 

4 

15 g ins 2 milC'i an he ir upon A; 

m, n in h 

Hieicfirc as 2 t 1 ±9 - 14* the time from stiitn { wKn Bo\e; 

takes A. 

C g ur.s 4 miles ah hour upon A, 
pu h. m *Jt 

Hence 4 1 23 t 7| the time when C o,ertvK{> A 

Ai 1 *ii c" 1 C will overtake A at t 1 • , end ofe\tr> 7^ nours, thn w II b« 
logeil ci l the end or tv »£e 71 lion », ei 14>4 houi 

fo c ill three will be togeth r again at the < tl of J l 1 I > trs fioni 
the time oi rafting 

12. Sdpposrt *clo k ha> 4 hands. A, B, C, D; and that A 
goe*» round once in 5(1, 20 h. B it) 7rf ilh Cm lOd. 20 h, and 
D in 18</ 23 b. Now if the hatjjU are all together at any par- 
ti< ular time, how long wiS k be bcfoit they come in conjunc¬ 
tion ig'in 7 ** 


l 




__ 

1$ 23 js£ .455 

H > .1 I * 


rV^ -£ 


* - IV ^5, ^ ^ ,, f „ - 

■ "'\^y'^f’>/, 7- vv* #**.*.J* 

NojW it of, any r numti^t 

common mul^ill^Qt&ty afid 455 ‘(tfie 
tKekmda b«f4he ^.common 

X 7 X 4 or l S20 1820 h<«4«*\ „ * t^- ‘f#^’. 

A -will hi«$&<>&&j3--. s * %.* \ - .. ^ . 

c.•;■:••,.'timestwrtth.. ,;.„> "7 ■• 

Vo* **tf «• • * • * ■ ajib^Uy; «\ T l ■" r - * « V ; » 

D V' / " jd I ' „ w ’ ,<Y -,«r- y 

Consequently at the end of eVf&y$#lj& 

Xpto. :■'■'■ ■• »"■ -*^rIplpl 

i * ' S t --< JU f **v ■* 1 : 1 > v /- ? 

, ‘ySKA.' i '« x #7 .y ■*, «»* . <* r?'affwa^mw 

m. j» * • • ' yr»uii«Vo©^Ct^U , > **kMj *j 1 « »\*& V - -\3T/» J 

Therefore since the hands coi 

' '*' 

13, 10, 7, 4 devolutions f^s t 

. _ -V*** _ .... J > * 


ionning entue revolutions • 1 Ini >, n we dmde 13, i<*7, 

4 }, 3}, 2}, 1} ievolutions for tKe elapsed time, or- i^*ji sa <?06| 

time required. v ' 

» 

* _ 

I 

Or thm* 

I 

A moves T * g , B T } r , C and'D^ * T of the circumference in lhour, 

ii^cclivcly. 

* , * - j*' 1 » ^ * 

Now if \ye proceed according to £xf?fff#. 7, ■ ■ '■" 

ne have ^ — aJx ==? ttW of t%umfer^Qcewhich A gainst D In 

ihoitrs ■ >i-, .'. - . i 

Therefore T -^ 2 -^ nrcumf. iVh-y. XcifCutnj, rjgfl^^the time in which A 

j a ^ w f- 1 £ fc , v **»«■,** st * *: F ' 

ic f i L ii»(V s i« jf j , r j x i? 


is overtaking D. 
And ^r—4- 


-v s - ' ' F fc - rt * 

' 4 / ’ 1 * r ■> 'it'V 

: ■' J ' ^ v a ;*,;• *.. ■ ^ ’’ 

h- = win cirfcumf. &4:in! 1 1 h« 

■ . a I. a! i ’ . IJL _ i * .T Tk ^ *“’ * . a • 


'fJO 


, v * ’ ‘ ii *« . , ' r ’r"’”v^' ■ ^ our! „ ^ 

’As^^ 3 - IV/. • l : 303^/i. the time in Much B i$ overtaking D. ‘ 

t 




•ai 

■ t ^ 

Ako i4„. — ^ s ,a, creumf. which Cg^on U iyf(tourj ■ y 

Aqd ^a^ • j h. • i j ti()fl|/i^the time in whtCh Cis overtaking D. ' 

r /■ * U t *«l , "V . ' 

* V jJ*S - V-'ifta 

' «ow it k cm ideal that |hc* le»Sf mi^ple ot 202 ®, 303^ and 

606! W 'U be l1lC time when'Ar3/a4«4G will fil# overtake D togethe^f l 
but 606} is the least coimnoi^ifnlj^ple ; for twice 303} is 60t.}, and thi( 
times 202} is 60J} j therefore 606j hours is thetune A as befoje.„\ ' t1 

4 * i * r ^ J 

M2 



«. 


V 


■fit 


■v v * i 

V 


„ 1 

>a’v- 


\ t 




•ARITHMETIC 


I jK * n, 0. sr\ 

«N' P m */* < 

* 




Wrf - S\A 


^’ia^-Whaf' ^^'mhstbe cut off a icctjngnlat board that is 
I'fi'JneJiea broad, to make a foot or 144 -square inches ? 

J . uij t •'ll ^ . ” •>■ 


* «<V» * U 
f r ^ ■—■ jj.^ 1 ^ • 

* ItVpther wbrds-What number is that whibh multiplied by 

% -IT f ihall'filter* IQ times 12* OF 144 ? 


% 7 ^ sjiairiAake J2 times 12, or 144 7 

V > * < t 

*. s * » • t 

* 1 \ 

*.>’ Here thepepportion will be inverse J 


1 5raw* long broad 

As 12 : 12 :: 7{ ; = 15 I' itlcheS ' 

r J4. A garrison of 488 men have precisions for 39 weeks, bow . 
Jl Jong will those provisions last if ,the garrison fce increased to 


r ■■ 

it 


t > t A jl i 

* a ■ l. ' - 

It h^tt^ent that the^rovi&ions will hut & less wnc* therefore the P l0 ~ 
.) portion must ho wrought inversely ; 


< * 

: -* 

* \ <r 


As 


“ .*»* x "■!> = c.i *cck-. 
11#-£ 


« I 

> 15. If *1000 men besieged in a town with provisions for 28 
days, allowing is ounces a day per mail., bo .reinforced with 
600 men, and supposing that tiny cannot be relieved till the end 
of 42 days; how many ounces a day mv-t each man have that 

the provisions may last that time. 

1 * 

1000 y J3 X 28 ounces, the whole quantity of piovisions. T! c ; i;an 

tity r. to la;>t 1600 men 42 djys. 

% «■ 

I non v is y 

Divide by 1600, and We have —-*— —' ---' cnncct, the \yejntity 

1 I 

which mu.I l^t X wan <V2 day?; this divided by 4 2 will jumi* Maw- 

ancc pet day for 1* vist* 

• r 

1000 X J9_x » _ 1? * X • ' ... ,1« X 3 X - 5.XJ , 

—icTox vt to x v 3 ” 1 4 u T* - * 

the uwwcr* 

^ aut* qri , s. 

16*. If the carriage of 3-of baggage amounts to 5,16 

for 40 mil' ■ ; what will be $f|^xpeiice ol hton ljtu'i, for 04 

nnlcsat the . nne rate 


o?. 


> v 



^ -** 1 - _ 


V ■* v i ■» 


f>H' "» ■* 

S'* V 2 

1/ V », ■! 


/ t sV- 

■• , s > £ /*i * 


f(W ml* 5;t 5 *p^' , .** , , .* ' ,l ''' 

f7^545V** ' . , 1 * 16a*U6S& 7 V; 

«»* A o’jv;*;: ' 

71 & ' s= f>S7 ?rj. 

■\ # 

?**• r-'. 1 sm n^' ! tm-cut./' ' '"AV-** 

:2S7 : 116:: 648' ;• ~~ the'expence of 6 17 fof 40 i*uK&. ; 


As:*S7 : 116 :: 648' ;■ 


• y /• 1 t * ,( 

ton . ctp/. ,' , 0 .-*, 


287 


V*- 'J 


Aa 40* : 548 X '» s V”i . 548 X Hjg XjH— 167 * 116 X‘4? ^ 

' * -b7 4 ‘ “ 287 X 41) ' 217 X -> 

X s. d. i ,- 

520./^^ sh 5=26 0 6 T ^ T tlie d?«t<Wr 
* . ' 

. 17 . If a company of 160 men in six day? of * II houts each, t 
can dig a trench 930 yards long, 5f wide, and 1 r.deep; iu how 
many days of 8 hours'long woiiw'another company consisting 
of 06 men dig a trench 220 yams long, 3i- Wide, and J deep $ 
supposing the loudness of the gfround in the former ease is to 7 
that in the latter as a to 7, and that 4 men-of the latter com- - 

pany can do as much work as 5 oft the former in the same 
lime ? 

i i 

C30 x j! x 11 -= ISJ7] (by meii'surjiicH.) the cubic yards in the fi.it 
trench. 

'20 x 1 : l x 1 5 770 the cubic yards in the* Gtlur, 

f if we suppose the labour w cc { ,sai\ to nhc a like quantity of euith 
»u !''■ 6 :■ < tiv jM'opoilioiiril to the ha)dne^sof the ground, it is evident that 
f it I '.’ii icquued to dig the former tremh, wJl bv. to that inquired for 
>' v. yds. 

the Lit- r, us 1807 ! X u to 770 X 7. 


7.i. 7ti. m. 

\i:d, i ;> . '-6 12U, therefore the labour of 120 menu: the tint 

'.ompau v, ,_q'uil to that o' the M6 men. 

Lienc' ■ qu^tioi) is reduced to the follow 

yds. 

If 160 w > i. ui) Hours (6 X II) can dig I Si/7 f x 5; in what time 


u . 

ivbuUl 120 m*.i* u<i /,0 X 7 ? 


/ t . 


.* m% > v l<'0 > 

As K»0 . 1*07 ,Vx 3 : 120 ffiTsJYA X J7 ° the vards mI nch 120 i 

* i<Jt> * ' ' 

men could dig m 66 hours. • 




«-> yd\. 


160 


6 



i , 1 , ■ ' vw;-* i >?\ >7®*; 

, .%■/ V r 

l \. , - ,✓ w v jJ! J 1 ■ r ( * v 

* a *■■* \"" v ' f ic * i> <* m ' .*> * ; ». 

.t'/A-iiJMMf X5’X l$?0 J; *S\. „ W * v 770 x 7 
- - .. 1 ! 66 :: V0 'X 7 f "’“ r^Xvr r 


J '<■ 

•» > 


x raa... 

, , 160 — ,,v ~ * r ~Tisa7f X s X 120 “ 

t * ■ --■ * ■" hours, which divided by 8 gives 6 tWy days the 

^ -■' „ '*”■ - 1 , 
b t ^ d '* , , * I 

' #Mwe/\ ’ ' , *■* 

* * ' * , r I*** + 

i. Questions of this hind however, may be unsyrered ?n the follbyftbg 
.manner: Set down the several proportions hi secession, remembering to 
make the term of supposition which is of, the same kind as the required 
answer, the second term of each proportion; then -if the proportions are 

i s 

r'impounded (14-0) it will be reduced to a single stating. 


i* 


- ,, middle term* 


> 5 ’ 

\r « 

• 

a 

d. ’* v ‘ 

r V 

* 

As IGOffl. • 

6 (inverse ). 

X 

11 A. : 

:■ v 8A (inverse) 


930/. 

•* 

:: 220/. 

V* - 

« 

$lbr. 

:: 3>. 

> 

> * 

V 

1 id- 

14 

(* * 

5kar. 

:■ 7/;«zr. 

* 

5m. 

4wi. 

.And the divisors arc 96, 8, 230, 5*, 1J, 5, and 




As DC x 8 

X 230 X 5{ X i' x 5 X 5 6 . Iff 


i r 


, v , _ ^ . fix lft»N 11 X2P0K34X1 ' v 4 , , • , > , 

1 X7X4* -■;•- - -'- : - dl^S, wh.dl U’lluccd 

!'0 x « x J30 X 5j l X 11 X ' > 5 

to its lowest terms is '////* days, the answer as before. 


The three last questions and others of the same kind, belong 
to what is usually denominated tfyc Double Rule of Three. 

lb, A detachment consisting of’4 cbtnpanies beings sent into 
a garrison in which the duty requires €0 men a day; what num¬ 
ber must each company Turmshdn proportion to its strength ; 
the first consisting of 4 l men, the*second of 49 , the third of 56, 
and the fourth of 03 > . V : ‘ 

, V*»V ‘ 


it ib e/uicnt that 60 Joint be divided into \ number having iheptdjp.or* 
tTi'* oi ■J 1 ** and 63# 


* . V 

^ / ; in 

” *'* 





„ , V 

*• 

J»j6 

'. , 63 

' * Sum ifto 


men 


»«» 


i 1 u V 


> V v w 

( 100 ) 




As 210,: "60 :j ,42 : 12 from the lri. company. 
2{Q i 60 49 i 14 2d. 

■ 2H) J ®S *v ^6 :"16 * 3d. 

210 1 6i) $63 ^ i3 - m. 


t • t 
* v 


f * •¥ ■> 

19 . Two troops of horse tent afield for which they pay j£ 92 : 
one troop sent 64 horses for days, and the other sent 56 

horses fdr 30 days. How much of the rent must each troop ! 

pay ? ■ ' ' v ’$P 

■ * t '? A? 

1 '’Ll 

Suppose 1 is the quantity of grass which a horse cats in 1 day; 

' *• ' 

Then 64 hoises \ ill eat 64 X 2 j (IGOO) such quantities in 25 days. 

And 5G horses will eat 56 X 30 (1GS0) such quantities in 30 days. 


tt! 


i iv*/ 


M**v 


Now it is evident that the shares of the rent will be in the same direct 
proportions the quantities cousumed, eras 1G00 and 1680. Hence the 
following rule for questions of this hind: 


Multiply each slock by the time of iU continuance, then divide the 
' 1 ole quantity to be parted into shares in the same proportion as those 
DtoduCls. 

(100) 1G00 

1 68o s 

32 80 

£ 

As 3280 : 82 1600 ; 40 what one troop must pay. 

3280 : 82 :: 16SQ -. 42 what the other must pay. 

The last question, and others of the same kind, belong to the 
rule called Double Fellowship . 


so. To uiv'de 108 into three such parts, that $■ the first, | 
of the second, and \ of the tfiird may be equal each other. 


Assume 3 numbers which shall be in, the same proportion as the required ... 

parts. / * w 

(2) 

Suppose < 3 V wherttl^, i, and I are equal. 

(. 4 3 , **■< jyl t <* . 



•*e 


, -v / - 

v‘ ,V 1 


1l A* - . . 

AUlTHMSftC. 


*> * 


t * Jl V '-T 

?Wioo) -'i--- 

[ A& 4.3 4 . 4 ($f) ? 103 :i 2 { 24 


_ 

■vv, <• 


■K f) 

9 


? J03 o 2 : 24 1 
: 108 3 : ‘36 l 

: 108 4 ’ >8 ) 


tr * 


the three parts required* 


vj 


; 21- A general after detaching -j% of his army, to occupy 4 
certain height, and T 7 T of the remainder to watch the eiictajijfy 
motions, had only 700 men left. Oflery the whole number of 
troops ? 

„ l 

1 

It we suppow^the army to be 1, then will be left when -t. is de T 
lachcd. 


y 


-And 0 /or -AX. will be,the strength of the 2d. detachment- ■ - ’ ■ 

• * 4*1 ** 

* * V 

l I 

And T x 4 ttj- ~ T \-\- will be both ddachments; (his taken from 1, 
and ,Vt of ^ ie ant, y ^nains which by the questions is equal to 700: 1 

y |7| X 700 

Thcrelore ^ x/r 5 700 :: 1 : — =30C> the number required. 




‘Questions which can be answered in a manner similar to 
the two last, arc generally classed under the Rule of Single 
Pun! ion. 

22. Sold a horse for 40 guineas, by which l lost. 4 per cent, 
whereas m dealing I ought to have gained Wiper tenf „ How 
much was it sold lor under its \ aloe ? 

f 

£ 

100 

4 ■'uhtract ' 


■•.I 


J, 

As :hi 


r C 

y leu x 40 . 

loo ■ 4o ■ - — - the prime cun 


4 

I 4 


C. G. 

A , ,, , f 1n 100 x 10 110 X 100 X .10 

And, as 1,0 * 110 ^ - 

price at \0per cent piolit* 


'lb 1 , guineas hs 


.. j* 

,v» 


**'h 


•• 


’ 40 sub. 

guineas, the a««,r, 


t 



' a” fs$^TOs&* 

fore ■ anotfier,Af fe&, 1 and. tlitf state 

' l ''" >x * i * ■ * Vftx \ 


%#StbfhefoM? * ,'* , 'V ■ V . *■ 

■ J ' sfsf-*y.> ' ‘ v ' 1 - . .- : 

- v* r J*T’ Vl l« , , " M S ,,."*y - _ | ^ t 

'• 1te/au i e ^val.to 1^ min’s paetfs/5 


1 mV '* >**,« 

- V» 

\ >} r-^. v '«? 


j, “ ' ^ «*“/* * ‘ ^ , 

Therejwd: thy"'' ,pares gains | of atria’! 

’ this tute tl.e.'jWty of B^toe^vi* <o gajn fOuO man’s pa£<#f 


5 paces of a torse 


tria’s pace: and at 




■ like ki 3 diys; in what tmife whdklit be done' if they vwrli, to*" 

* < t ' r ~, " • - » » f • ' Vs" » v 1 

gclher)- ,;,■ • . . .. • 

d. w -d* re. ’ , ’* * *„ 

Ai. 7 : K U i : ^ \vh it A can do in 5 days. . ~'t 

‘ f • * J VAV, 

' ' »- * 

■ft ” s 11 

Therefore both tope! her can do 1J iu 3.days! 
to d re. </. 

■ As J^- : 5 :: | : .J. 5 , = 2|*-dSv;, tlie aus^en „ 

*.'3. A and R can perform apiece of work in 2 day?; A and C 
bj ,'» davs; and B imd C'in 3 days . in what time would cadi d® 

it by lunibdf ? • 

> » + 1 * 
a. :e. a ., re. 

As j : 1 :: 2 ’: -J *\vhit A and C run do in 2 day*. 

As b : I :: *1 i \ WbaV&,a«k C e«n do iu 2 d ivs. 

. " 

- d. i .-■w, ■ - 

ily, A ami II it. j ...*., 1 , 

‘^y'A «tnd C in 2.v j . / "V 

'" fey A and C in 2.$ V* v 

, ,' ' gum 2 T r r ; hut in doing this, each of the thiee must 


thiee must 


jiC '* * 

<ryMtpiiy wo; Is. -i day’s, the more thi 'three together would do half ot u^ 
•r J days. »■* - ., v t , : 

’. ■‘VT , , Wvt- -. tfJ , ij . r. • 

‘ \ r . -'i J ' 1 


- Head j ' 3=1 to: c > * : 

‘ _ J liyV—- } =: 1 4 ^; wliat B V can do m2 days. 

llV — x '* =; Tff - wh^t A y 


VOL. I. 


• K, 



1 l 



I,! 1 1 V ^ ' | ' | W “ f V ^ ^ ^ 

. 

^ I I I ^ ^ *i 

T1 J : S ;: I : 3-^ . 

_, ■*■ r ^ * -. ■ 


■ft NA» * 


'TlU plan ,o£a forti&d%6V^ and Us enytrdns in the $e r ■ 
therlamk is 15 meh^s long'artd *8 broad*, vxqff^or- 

it is 800 toisefc;; and is 4*7 inches .yi dcSbgtb* »^l^|^%'‘the plan' 

Kjh unTfltvrO A ^ a OAotifi /\f A «vv/N^nd . IKtfli* trVtf a 



' w${9 of toises, 

/ 

_ •» 1 -- A 


*t *-2'' * lt * * s * ' 1 '• 

aqfcftd'sinfce'.the dimeifsio'itewiH .bclh the same proportion as the 1 ie<?i'cc- 

“Ch^tscales, ■ we have,'» ‘?. > h ■ • (‘ r *' 

# 1 
i 

fa-, ’ . r>., 

A.l?*jZ» ; 7 ,^: jiK?. * *. * . 1 ? = ,^3 the mjw™: 

ITU.j'icJ v . *k i ^ 1 t IjU 

* fl 


length. 


A . < ; 7 v nc»i)' '*> . 170.V2jOf PX' 1? 

Anti - w i v..- 3 to 3* 13 5 —■ |1 * ,J v^c~ rf, s-^-—3S I r M i i * ( /i tV*f 

* XLl 1 ktTvT'O 4 ' . id s 

¥ 

breudih 

“7< In what time wc&lid 


each con- 



rankj^fd'a? ._ , 

we have 170 x;i|Sf 
stunned evi 


shinned e\idat0lim*^atetfrhatt5lioit ? wwn ijiopen cOJaflffti; * 

, a n| f , * : d‘ ' r 

lrtf> Aftf. pvtrmi nf $ fhAl t lO CuC!l# 


]$> feet, f^vtbal of 2 ftdkl pie»s Wlf]i t tiwses to (inch# 

TrT 1 - extent of l ^ftabrjt£^hU' /jeVetep&ces,' 




% a. 


4&A4TP X J0 js^j extent of th(r 

OOI 9 />J.« Ot ££/<?#«& 

v § 0*0 

Jo f £ pan? sz j| i^iIes. 



s i 


€7 1 j paces y t\ti\Tt ot column and defile. $ 

, - 4 

As 75 pas t :? ffllSpa : 89 ^/nm. Ans. 

f* w J x # 

£8* Suppose 18 battalions each consisting of 500 men, with 
l & iifountcd officers, and 6 field pieces (each wfitb i tvr*.~) 
haye to pass two defile $ *om w-a4>ad road, ^ mile in length; 
ttyy$ifeher ft goodhroadj, m|l6s kmg*$ eAriy dcfilA admitting of 
3 i*Hjn to march in front; how^n^ny battalions 1 must pass C^ch 
thfile that the whole .march through their* mgy be made in the , 
least time, j ’ " 


>lIo\v mo 

3 


C 6 tcQt ii\ fiont to each tank of foot, * 

; 12 loet to a. rank of horse; 
j 80 feet for*the t \ttntoF a field piece with 4 horses} 
( 2 k feet the pace oi a man : 


And that f 60 pac-spe? mm\ie in a good road, 
ht int»*y limch £ 50 . .•.. m^a bad road. 


i t (III th U tl e \ holt »n ircli in iy he to de in the li ist tinrif*, it 
<■ d i i to OimJi* the IS Iwtl . ons. into two column w/nse 

lit P 1 < h 'n ct their reus i my c,u i the dfehL*^ it the s'* i.i time ; 
i tint n*« m i i t out co'unn through pm uehft, must Ik niadt hi. the 
a i lit li m is th it of t le oenu col mi ni thiaugn d c other duih Jliis w, 11 
t idem U U whui ina length of"one coliupn a hied to .i imh, ts to i'.e 
h»Uk*h of *heothei column added to if miles, t»>oO to 80, the ratted 

rfUuhi ig tnt’ie thliits. t 
* * r * 

" v J ) »D » 

la i ranks ri 
o 

c> Tl ’i extent of 187 ranks* 

* 

160 *or V neldyieees. r . 

IP'* Mr $ i mh? ofpfik^rs riding (wo ana two 
l j. o fat, extdU ofl buttahon^sSSG paces d J \fttt each. 






^ i * 


'.AS.*, r- V‘-» ; 

v 1 * ' * i,jxivw ^ w' K * rf 3- efts* v-* 

- , > VIP.,I o IsStefe .-, 

'£}£;). 1 ■'%')■•'■*£#> ptf- .‘a* i ii.il. ^N-V - - , •'. 

' ^ v-'' ' ? ‘ >Jrt. 1 >‘v'A r >> > . , 

'*■ -' ' ■ /J<Cfv =Z Ij 1111 in. 

Tsbjfes , pt.cesi v xunVuf t l oth t®J« hti' and 


-Vi i* 
i *: w 


Jt‘ V " 


I * 

' 4 


- V 1 
Jv 


^ - V / . t . 

; $--6CL-fr 50 - 130.* 

•» A * 


T t" 


* 


;^J00) A> j 50 ;* 3 r f : length o/jtfse JJ mile cte£l£ 

column* A 



6*40 /'ewer. tv 1 the 

irMife; this, divided by 55 *» give*' (V /the w.n^t ., 

, whole number) for* the, miuibehof'tea tfaflops \vlw«l. must, march' cluxmgh 
,thfitJ£m!c* iLiiii 


; 

fV > 


' , 5880 

i’M2 = 1 Pfrule. ' - *c *■ 

37 olT /?jcr.t, length ot the* column' to piss (ho ! mile defile. 

I 

I 

f)S - ' 

And - 4 , , — ^ (il e ncaiost^Dtf^er) foi llu-nuiubrrof IvAlaUoiis winch 

mu t nuuch thuunji the shortest tlii.le. 

v- 5 

2 p. Suppose the ftanie 18 battalions have to pass two th/res 
of equal extent, 'one«^dmi<tiing of 3 > the .other of 4 nun 111 
front; lio'v must the IS battalions be divided that the whole 
march through them niay .^‘"performed iu the least time, if the 
roads are equally.good? , *■ ' ■ 


v.>, *» 


t*Vc 


Sin-’e the rate of witr , 7 «An-e, the th$ 

columns must be *qjlid- Vnd b.eft^PSp.IJ^Wf i.im.Wr ol**-"- 

propor mn ap.3t|K4 


mu>.t be fiivded inlo’W^ pamhavi 

f , v '* "> TC*Sf* , • 

of a bctfalior. matching & men the length when 


in font. • 


* **>r . 


y r ^ v -v y* » f 





M into : IS ::*!t3 : 8 nearly** 1 

Oj'J : 18 ;; 558 ': f ?:' 




f»e ^ 

*Tftpf$fr>rr 10 march 'Uirpughti^j^ 

thiwgh U c other# 1 



,v ^ 

30. To divute’^O uHo 2 <uch parts that the product ot 

1 ' v *» l ' v V v ^ r C 

part by 5> shall be to the pfaductofthe other part by 
proportion of 10 to.3 ? , - igi - 

Jt is two pruned parts \vl’l be in the 3ame pro’xirtibft 

I *rv ^mlA. I..* . t/.vS&fcsi.? .fiVcl . j* _ _*• \ * ' I i_ _ j. _ 



: In < lif^uwn) her aoy other a proposm tiun^ 

be* of parts such, th*t tKir iiTOjtWjbU Ivy/Jj^fep npa^cna.m:Y obtain given 

"V *** * ’ i t. . » j *" ■* » > J *'* r f 1 

proportions, - „ 


V J v 


* I 

■# ? t 


31. Suppose 8 battalions have to pass, S*defil6* t one ' 

other 1 j miles iu lepgth; the former adipitting k 6, and thejatfef 

m ■% 

d mm (o march in froi.t; now if the length of a battalion * 111 - 

1 hiding sflieWl pieces be 330 Oate$ ot 2 j. f ee ( each, when 6 

men match in iront, and 4U) when4 »non march in front; how 

it> >ny hatt.h r-s must pa^s each dililc that the whole match 

thwntgh thun nu\ be made m the least .time, supposing the 

ran «>i nta «>mn{ in the shortest define is 50, and in the other 80 

paces ft ■ minute? i 

• '* 

% ' tr ^ ^ * 

It fniPv’.c fr>rtt 3ravt$-£&, that tile fetigth o r Q^e^oluma added to 1J. 


•t '*V ^ V 

miles nurt be to tin- length,,ot -the other column, added to mile, in t!<e 
propptt.On of 8'J to 50, t : :i& fiu •> of H»a|clu$£. 

V, s'-* ’> ^ ■ 


■. X^\ "« 
v> 

vy H 


a- | * . 


Vjtirkff*t So :• 3 <; 3 (J- : 2310 'V,’ ;</. 

" -'■■ - ijl* A*« ®3S!*...-'v- ;• 

,^53® P°i&j f '*!/• ” ®//<J ba 'ln!- 


V ' &»•><- ' * 

vy,' ^ j 


„ t Thc^'fi^, h the extent of S*/ ff b ''#£&&) be. added to the, 
ahoftot <(s/iio. tin* sutlt will be to the longest defil£> in the proportion of 50 , 
ial«^ marching. K ^MisetjuviJly batLil (lire <!irH rente 
COtS must be diyid^ i^to 2 web parts that the piodu^t of one ' 

J ’.mi 4^ ^ l 






byito, mfjtffo- 


of the oth 

40 ' .• 

\ W:: ;■ $;;> Hi* *•;• --vV’ 

c,~ ; , feit.ce- (by the la&Texttmple) t '• * * -#£’ ‘ „ 

/- * /’ ’ 1,4 *' 

^ ^ t * ' , 

■ r + AV ‘ H jck“ T*V a ^ (tbt' npar^t ifttcger) fordneofth** 

.^ijts requual ; (j 7 ‘Jf, winch part is tine number of battalions that must 
th&rcft through the kn>gcs\ dctilA; consequently 5 have to-j^ufth through 



thc-dcv^bfej* jty al 

r - r I ' * \' *' 

**# ’* 4 * f *« " fc S ' , - 4 

32 * Suppose 40 /£« of gunpowder at li, per lb, be mixt with 
iftyllt, at 1 3 <i. per M)A$n hat h 30 //'. of the mixture worth ? 


t • • ' 


4 Oft ,it U . 

UL 1 ^ v< to. 


is *J0v* 
i' . >*,» 

IJ >y. Therefore the vain? of I no//-. !«, n jr. 


Ifriae, ,jj 3 00/A. : *t!5i :: '2ulv. t C0.f. the answer 

J 

, * 

1 *,. , 

33 . If the strength or quality v of-three sorts of nunpowder 

^ ^ J§ 1 ^ ^ ^ j i ^ 

(or other ingredients?. be denoted by itt, 115 , and IGj how 
much of each must be taktn that the 'proportionate quality of 
the mixture may be '12 } ** * •/-' 

i * * 


'T 

..M 


Or, putting.the^jucsttoia in thqtefamtE^rterms,; JSntpphse 10,' 

... ii,> ...iUlki_■L'jE@iLq . ■y^hatfV-■'*■ 


, '■ * - mm v.r| 

15, and 1C peace, are the piesqrar~wnffid : what- 

s H «$£<?.> s*%iV« 1 

each wilhmak^ .aniHvaie worth yn/r pound 

^ ^ 4 ( h ^ 1 ^ T ^ * 

IM m^r^, aud ever, lb, at ^ 

m(vr * IM. 

in.ik.L- the it. ‘ f 


M 


s >„Tlms -Mb. at lthan Z!b. at \Ml ‘ 
^,<And 2l6i*t£ i Sri vj’l givft'Or/. moie than 4lb- at 1 2d. . 

' V f ” r . * 1 « v-«ui ? 

* - A’* f “J 




f ** a V 


fienc#, the quanUtie^llhe reciprocally a- A 
mean and "extreme prt&SEW^'h 


**"' '■ ’*’/ ' vJ '< 


> / 


Therefo.ro Sib. aiul gA> at 1 j</. will tbgeihw zw \\ovth * 


ill 1 nerhiheir I rt JF. «f<i£*3jK ■ 


Again, ihe difference of lOrf. and I 'Id. is 2d. 

and that of 1 Cd. and AfM. i% Ad. 

Therefore Mbt lOd. and 'lib at 1 <id Will together he yrctrth 1 2d, per Ikl?-' 


, V- J 
- ■ »/'!> 

^ , ,» V*v 

^ v . " r 

. u\ V ( J 

,*'■* T .<* 1 
it" -i* 




Consequently J7&1 <4 + 3)"Ut led. ) will be worth \”d, per lb. • 

; 2-..,-. it 15 J- Or any quajtfijks io• the fian.e 

-2 .' s ,Si. 4 'at^l^' 3 v proportion aT^f^anil 2. 

■f * V* •• 4 * 

^■r ■! tl-y^ *• ‘'-I _ tf* ■ l _ 

4 ' Veil * *c * 1 * r 

( V^? j ( V* J * “ b'ft * l^f yl j r C j 1 'j 

Add in the^me^anetr c^uaD^ities of apy ntoftftojgt *»f , 

j.igtHk.'t. :;.:;:P , \ \ ■ * v -^,* 

* tVi^y5^ L % V'/ * < 

, When trie whole mixture Ij$E9$& jwigto» find .the (maotltarv 

rrf each ingredient by jOwr -Thu^suppoSti in tie fore* 

going example a mixta, e oj 3S/ET. hftp^uw^d. , -" • ' , , , ' 

Then, 


,V’. 


V/; 


• * s " -t ° 4- 2 or il : JO :*■-.-7 : 


7 : H'lk-T 

(1 . r, 5>’"f ,. 

- » > IJ 

* * s-\ 

* ~ i A J 


the qua'ill? _ ? rpqiM /■'•) 


i 

^iuouiiir^ oi this kind uheu pro pc c.cu to be solved .irilbivt- 
1 1 ilv, come under toe rul;’ called Aliisdtior. It is ensv 
tu perecite that they aclmit of ? great variety oi answer 4 -’* v,; ik.u 
cijimo' \o ,k ,e*c». be readily discovurcd'^viihiHit AJarcbu, 

^ s I—^ 


IaU 

/ ^ 


:*.Oy INTEREST 


tm »‘ 



••jftsSF' 


at po much prr tent, 'ter 
cd the ra/j^gT^y if 4.4 is [>aid for the use of 

HRS’ fs fc "’’t • ^ \ 

pi -year. d,4 is the uiteftiSl^rfand the fate is 4 pci 

'Ii'jPT ' ‘ . - c A • -1 f > . r „ 1 , t 

y§£ °' if "69 is *1?**»4,-03Op.^for a >ear, 
^^itf^tcrest is tvpfrpmt. , 

th‘! -Principal ov snmSSjpftfft;^ 1 '• 

.^. jsfr*-i 9 ' is the Interest*^* • 

,4o-j^ is the Amou^t*('^b'. 

- ..a ■ *\ J 'sfV^ 




. Interest is distj|>gui^l>td into two kinds, Simple, and .Coin * 

J ^ 'hr. *" ' ^ 

pound. 


r x. 4 

1 ' »>/< . , 

. **<< « . 


: 106 . Simple Interest is the allowance for the first sum or 

i v * 

principal only for the whole time. So the simple iiUn.-t 
of 100 for 3^tiars at 4 per cent, will be ~ 12- 'j!uiet.«.e 
the interest of any sum for a yven tune will be directly j>io[ oi * 
tional to the principal. 

Hence, 

As .^100 

.Is to its interest for any; given time; 

So is any other principal, r 


To its inlet eat for that tone..'- 


y 


p 

SxJtitph s of Simple, hits? 


3. \Vh«t h the inters cf £ ,J ‘0 for 1 year at i per c. nt * 
C £ 


f r /• ’ £ 

. * L A X 70 

As 1 oO : *t :. - 0 : 


l o 


f r 

lu to. Atii, 


*\ Vvj.at is tli 2 interest of X521 iCs Co. j ye.rs lit 3 per > 

0 X 3 = Al j the 'n'.i’kvst 'A .4 ICO fur j yj.v 
X £ £ £ s. d. 

A.? 100 : Jv5 t: 3241 : 76 *3 oh y/Nr. 

* f . " ’ 

0. How much is the ini ^rest ^C £192 I j.n for 210 days at 3 /rr n,,*i / . k 

If 

»V -i-% „ 

d. £ d, ' * < 7 j ■) - 

A Jo >: 3 •• 210 i —^— : — the interest ©f ^ftpo for 2-10 ila\e. 


As of 100 


S ;< "to 'V v'^K'X 

; — — oCI 2 J£ ; 4- as., 4 036* An:. 

oea > -if. ;fc#fcir ^ 


4. What an»oimlto^J5^yran :*t 3* per ? 

't>V V r * ■>/ 


■ w o/-* <_ *.v; 


<*4r 




.j I J w* 


Kfl fJO fgr 2 73 jearaw^ 


yvv ■>, Vfp-A • 

Sum ) (^*iwnF' amsfet of ^lOO in 2 7a a ears. 




iaf'fr f &•'“£ s. d. J,- 

As 100 : :03 f’23 :■. 2 IS : 226 2 7 Sft 4uu 

a i i J V‘ 

- F -.IKK 


' ' ty*' 





wwm*p*i* , $/ 

iiaSS 


EMm - 

$$$.,.. 

Wper : '&n¥* ' , 


-- tow" "’ ■'- v VlffCoaait oi • i i , ,*j von 

< ' ■■ 15 >‘ Uv/^ i "ivcn i ' ' iln* Interest or discount n requited* 


/*i r 


/ * » 
l 

t 


« — » 1 Ih M i * «i fM : » i f ■ p 'J * <\;i5 

M . . 


‘ 1)0 111 i»i« i ^ I o«J 


LI I " ■* 

^ 1 - *. 


\s 1 * * 


t 

. /» 


/ I. 

1 : ! p ; \ O' mj^v i , 


Wh... ^ the pui 1 - -ij j..* j.i. #>>k^(Oik«ji 1 OtfJ/ter aw/- or wlnNi 

*-J r *i f .n 1 (M JL Ki j»uk K 


T i * 


'.P« i*« * 


As h 


X 

in; 


/ 




f. 


,'Oui) 1 j 2'T 10 A ns 


1 u» ... (.cnr. conwls aio. done at a»>', vh.it ;s the niterc > u* 


I'm ,- />v sew* A i:. 


COMPOl r ND INTEREST’, 

it*7- '^u r v ihc ,v Simple ! jp'ksI sa l.nlxirn, (lie 

■ -.1 .niNi.iii Ironi Jnr yam is <m lid Oonipoimd Iuiou -t* 
’■ fj.tr. l')j« 11 ' iiu Lpt-’dipir iinouiit 7n.i\ bt found .ism ill..’ U l ~ 

yjM'j/!o i Sunplt. Jm- rosL r t»nlv >i ji» itu)g the operation 


« T 


h \ ■ *// 


in/ 


t ^ 


A > 


v \ hat 


li.* xnfiintoi' l:o i a 4 ytiar-.u' 3 percent, pei « i 
•.impound ini *tet-L•* 


'Ain* any:ant flC,^KjO m l.year is £ 103. Hence, 


'm , J* r- { 

* ' *■ ~ 103** 


+ i 
**7* Vi 


too 


tfie amount at the end of hr. 


a . 1 ** 

ft _ 

v 


As 100 ! 1?0 : 

year. ... 

* f 'Si 

- » II 

/*■ » K 

Or dividing’ the t«w> h r ;L term* of* fie proportion by 100. *’ ( C ' G ). 

* \i M. : ~y • 

As l i I'03 :: HO 1*0.3 X l'^O, the amovidt at the end of the l$r. viv.x. 


i • r 


11 1-03 :■ J '03 X 120 : 1 03 X J 03 >< 120 at the end oftheSi/. 
H‘1'09 : 1*03 X t*03 X 120 ‘ 1-03 X 1*03 X 1*03 x J20 at the end 
irtf the 3d. 

VOL. I 


Jr ' 





1 

feX 1 ’03 X 120 * 103 X 1 03 X 1*03 X l * 03 / 


' <t ■CW u;i 

1 ll T ' ” 


X’4'8& at the 


i - 

•'Vf 


jff. 

■>?v ^<r '"“ 

v‘ .* ,;X' rv ■ 

1 : 03X 1*03 X 1*03 X f%5 fcs l-lCii (lOtaimi.g 4 decimals only) 

rjo 


Arts. £ rij'OitOO, or .£135 L*2a. the amount. 


<€ y. 


What is thtf cOmpound interest of 242 10 forborn 2{- years at 4 per 
c&nt. per arm. the interest payable hall \ *arly ? 


* ■ 


The interest of *£100 for \ a year 13 £2, 

* * 
i' 

Therefore the amohnt of •llQOatihe end of ’ a year is £\Q2 

V- 

A .£100 : *£102is £&&&£: i 

i tv* - . 

h i' r “* 

Or dividing the two first terms by 100 J 

' Jv , 

As 1 : 1-02 242-5 : 1*02 X 5&2*5 the amount at the end of the fiist 


-1- year. 


And juocccding in the same manner for 5 half years, we ha*.e 

■e 

1-02 X 1 C2 x 1*02 X *‘OJ X 1*('2 x 242*5 for the whole amount. 


‘•PJ X i b- A 1*02 x f 02 xi‘02r.ii 1C..-3 'u bailing onl- 5 deiiinuls) 


A'l.t 1*1 G 1CJ x dCv — 


S. 


J'i . 73J j - amount. 

f'l •> i*)t• pm^ipal, sab'riLf, 

2 > I 11 ! the i>tic/c\L 


9 

P-«it the operations in £oir.pouou interest arc* much more ex 
j cditiouely performed by means of Logarithm'. 


OF POSITION. 


x* 



108 . Position or the Ryfafcof Faiie a method of* striving 
questionshy^eans ofagS Ate ji fe d 'Or false uuinberA!&£ra^P'HFtoo 
kind*, si ^ > v .. 

Oue8tion8^|%^^^G|^ but one assumption, jor^fei*©’ttiA 
results are pro^$pp£.f£f the suppositious^ beronjpfo sj^fe.- 
positiotv; such as the fiO th. and 21s/. examples in thtr%3|il of 4 
Proportion. 



DOUBLE POSITION!^! 

- 




■ rt- 

109. W hen two assumptions are made for answering the 
run. -tion, it i? called Double Position; and sometimes the me* 
thjJ of Trial-ami-Li 1 or. 

.L 

Rule, Make two suppositions and proceed with eat h ac¬ 
cording to the contlitu, s of the question, Tfren Ibid the 

differences between the results and the result jo the question. 

* 

Multiply the first suppost|j^^^ second- difference.or 
error ; and the second sttjpjfositiQlj: t>/ the first difference or 


error. 


* t 

r*' 


Then, if theeirors are alike ' fotz. both too great, or too 

> 

little) divide the difference of the products by the difference 
of the errors, and the quotient will be the answer. 

But ifihe errors are unlike (or one too great, and the other 
to little) diudc the sum of the products by the sum of the er- 
ror^ for the answer. 

1 his rule is founded on the supposition that the differences 
between the true and supposed mimbe/a are directly propor¬ 
tional ‘o the iL'ptctive deferences between thctrucaml erroneous 
results (ud. art. tQH. 1 vamp. 8.) * When that is not the case, 
ihe rule canuot give the exact answer. 


. Examples. 

/i” - 

fc ,f WfisUtittO numbers are those^vhose sum is 10, and the greeter di- 
gives the quotient v 

numbers are J 2 ° I bc^t^fli' 

r MS* their sum 


' their sum 

Mfm sum should be • aEvlimRNl 

L* 'jjjjereme ox fast error J_J_ 




O 3 


*1' *5 
•* 


%?/* '.V ^ 


XU* * 

- *V 


- Aj^atii^ support#.<£roq|j§Jf:is J 1 , l the quotient being 20. 

fi'i ” 4 ‘/’fy their‘sum ) j 

,* I >n ■ i he sum abouM *>,- io 


Did* icncu oi second error ton great. 


Xowth* irreali r suppositions CM and 10 v.ill give tin* giYatu of ( : <o 
two i equat'd iiumbt , i'>; and the otlnr supposition-, 1 ....d j v.nl t i j. T 
out the less. 


First supposition 20 
Ne< oikI error . ., '3? 

Product 61 o 


S« ( mid tUppOMliou 40 

Iiijiemu ... 11/ 

Piouuct ill) 


. 1 f 


m 1 rw n — > 


J'-ferax-j oC products’ g0f>frvhich divided by Cl 
the (non, and II, giv@t^j?f:E: i)^. the greatest of 

‘l "* • ' t ^ ' f 4 

nuinbiM s. 

. ' 1 ■ ■ - 
V ' ' 

B. * •% / l V 

Again (for the least of the two numbers). 

Fust supposition 1 Second supposition « 

Seeoini rrioi . 32 J'ust ( > r ror . ... n 

I'lOdlllt PiodiiLt 22 


the difference of 
the two icquiicct 


Dijj'.rw:*, of pioducts l* 1 ^hi< h divided !iy tv re-’.cc of ihe 

rrrois ihr least of the i\.o o guire.l ■Hnm'us, Ihjt when either 

luunliei B found, < lie other,will In-given, bn ansi tie u Man i-> 

To *-f nfythe rule when the ' urn , ,:ie n,iiikt, l < i tin- first suppositions 
he 2(i anci I as before.;* then tlie first t, i L » will be 11 A eg > cut. 

■ r 

For the ieiond sup mom lions \ , , * , 

It 11numbers be * . ... j l, ;° '!. . 20 ^ i, 


s™., . vr- ,• " : 

But this smn should be. I ft ' 

Inference or sac"4, cn pr /. too li/fle. . v ^ 


?c v ,V 
■ i, ' ,. ft 


T ir't sttppo^jpii ‘...v'2% ■ 

Sec olid er^ ^ ^ ^^ w 4 1 


S(' o'id I'pposf^taSHsjL 

1'nbt '.tilt .. 


Ptodl 


r J '% ' 9 ^ 7 - ' 

r^fhlSO' pft prodnetm 


l/ij rwn cf 



DO UBLE 


Then J- 
n >2 


'£{ the greater number as hdore. 



101 


2 . 


U hat number is that which added to its square shall make the 

Ciiiiu rj ? 

ruipi'ose the number to be 5 Next, suppose. 4 

Its ‘-quaie is 5 X 5 .= 25 Its square is 4 y 4= 1G 

Sum .. .UT) 


Sum 


yo 


Put the sum should be .... 12 

Error .... 18 too great. 

'V 

Products f 5 x 8 = 

i 4 x 18 a^J.72 


12 


£pw. 8~’/oc> great. 


fj 


Difference of errors JO ) 5<2 dift. of product* 

^2 quotient. 

j *. » 

But the required number is 3, (fora added to9, the square ot J, mike 12} 
therefore the lulefciis m this examjple;\»^etrue answer, however, may 
be approximated to.mv assigned decree of accuracy by repeating the opts 

ration, and constantly making the last quotients or approximations, tb* 
assumed numbers: 

r J Jms, 

1 et one supposition be 4 And the other supp. y -2 
its s-quaic (as before) Itssquan ,*2 x 3 1 = 10-24 

$ ,jm Sum 1.3*44 

_i? 12 

itrjor a<* befoie . 8 too great* 


Eiror... i n too great* 
Erroi ... 8 


Products 


Diff, error... 6-50 

S 4 X I-4 4 = 5-7S 
t 3*J X S — 25*6 

To‘84 diff. products, 


= 3‘02 the second approximation. 

* 

r ■ ' * 

making 3*2 ami 3*0# the assumptions we have 


== 91204 the square of 3*02 
* iKf Skim B i 2 l404 ; -; w, -iff, 

^ > JO v '*■ * l -*y " 



jOSiror 0 ‘1404 tcxPgreat. 

1*41- first error,fi 


t * T 'J. d* 




l ml 29U6 diff m 
— * 

products [ 3 ; 2 X 0-1404 e 0'ftll*^'. 
il „' 3*89952 flhjf, 





tot 


\S.. '' 

•j;-k : - ARITHMETIC, 

-J? .•/fen' -t.k 


•iil 



:a Then ^tagS T ^TiW50O5 the th .* i d approximation, 

■*$\j i ' i*2S«/© . t 


'*JW 




r L 1 <■ t| *' 

, Again, let the suppositions he 3*0? and 3*P00“>; and Mif next* approxi¬ 
mation comes out 3 000001, And il the operation he repeated vilh 
3*0005 and 3*000001, the result will be 3'C0000000002, &c. 


-In this manner the rule may frequently be applied with tilt err* -r: 'Per 
difficult cases. 


^ t 

N 

'y 


if OF INVOLUTION. 


110* When * into itself a certain* 

number of times, it is cafledln volutio|t> or raising of powers. 

■v / * - 
- * * 

The number so multiplied^ thfc^ot; and the products are 
e powers. 

r j . 


the po 

Thus if 2 be the root, 

Tlu n 2 X 9 - 

n X ' x ‘i ~ 
2 X 2 X * X 2 
2 X 2 X, 2 X 2X2 


- 4 i=: the 2<2 pow*i cr «quare of ?, 

— ft is the 3d p<> v\< o. < u’e of 

16 is tin* 1 th p u or bnpudK.‘», 

32 is tilt 3th p i <t f>r ‘-ur-uhti, 

Ac. 


Roots 

Squares 


A 

1 ft 3 


1 4 


4 

.0 16 


o 


j 


a 

3d 


7 

49 


8 

61 


9 

SI 


Cubes :l< R S7 64 IL'3 216 3J3 312 7 rt, » 

'V 


v*»r 
' -O"" 


lit. The power to which a number is to be raised if.t|S$rily 
noted by a sm*i£ figure called Lhe indix or exponent- &*£*. 


i. 


Thus •i 1 denotes the 3d powjfer or c 

'*0 


■ -4*6 power 


or exponeni^Mm 


foot 



square of 

and 2. 

* \ V 

~ 32 is the it 
poWer is the product o 




IN ^CLVTtO#£- fi 


10 $ 


For 2 * i — 4 is the square ; anu 2 tfUfc cubtz 

j 'O -T^v 4 ’* ' * 

therefore *xs 32 the 51 h power. 1 

Hence 2 e x 2 7 — 2 s ; consequently'the addition of theku 
dices Sand 3 answer to the multiplication cf the powers ; vizi 
SJ 5 X2 5 “ 2' i+3 . 

Also 3 3 x 3 1 = 3 T . For 3 3 is 27 ; arid 3 4 is 81 ; and 
27 X 81 is equal to 2187 r; 3 X 3 X 3 X 3 )( 3X)X 3 
~3 7 . 




Other V--.. 

► V **' J '*■ 

What Is the ‘'jurcc of 100? 

ioo x ioo « looocfr.'jfcr. 


What»: t re s a.t'rt of 3 > 


'**'’?* *"* 


' ' — 9 A {lK 

t t r t — i ij* situ• 

*lk Lube ol the dwinhil r 0l3 : 


ui^=vir :< 013 X - 01 $ — 000002157, 


hat ;■*, \ f i k Irt povci 


t 1 \ 1 3 


<* , I 4 


~ ‘i 1 * * l j*0l = 4*0101 the square, which 
■ i- #> i- 7 -M 1 — '-OJi 1 ' r \ 1 *'lul — ]i>32J4080J, the Answer* 


EVOLUTION. 


t- ■* 
*dl 


110 . Evolution is the extraction or finding the roots of 
fen p|#ers, being the reverse of Involution, 



i 'w* 

'iV 


j<fh is a known power will have a determi- 
§p&tional root: ,t th*uW^^ f 'W 6 iber 8 is a cube 
root is 2 5 and A &$0*r9 i»> Square having 
> but 10 is not be- 

1 ’ t can never be help 

Ills however, the roots of any ^S^^^Spproxi* 

any assigned ^d^ree of exactness : th^appfoxiniate 


W-W 





ARITHMETIC. 


^ ( w f 

Toqtj are called irrational or sukI roof*. Thus any root of io 

r9 ]I be a surd. And the square root of 8 $ and the cube root of 
0 are both surds. ' 


To Extract the Square Root. 


113 . Rule. Begin at the units place ami point the number 
into periods of two figures each. 

Find the greatest square in the first period on the left ha no 
and set its root on the right of the given number, in the same 
manner as a quotient figure in division. 

* i A 

> 

Subtract the square from the period above it, and to the re¬ 
mainder bring down the next period, for a dividend. 

Double the aforesaid root, and find hovv often it is con¬ 
tained in the dividend, exclusive of its rig -hand figure, and 
set the result in the quotient, and also on the right of the 
divisor. 


Multiply the augmented divisor by this last quotient figure, 
and subtract the product from the dividend, and to the remainder 
bring down the next period for a new dividend. 

Then find a new divisor bv doubling the figures of the quo¬ 
tient i and proceed as before till all the periods are brought 
down. 


The best way of doubling the root or quotient is by addings 
the last figure always to the last divisor. 


I. 


Examples* 

t* 

Required the square.foot of 41409225 ? ** 

1,4 1 C: 

v J 

V Gf 3 j toot of 

N 1‘ 



3U9 - 
13# 65 ) 64325 
' \ 64325 

^ It* j 



- * 


sau \:it; Rootiv^ 


103 


111. 1 he rale* for extracting the squar&lw^JS easily derive^ 
icom the following method ( f forming aNi<ji&re or the product’ 
of two lihe numbers. For example, suppose 0“L3 j x CIJj 
( the above square). * 


f>1 

the 


v /■; i .. { t-ll X 6U . = 

f * M y 1 J 

:sU - 1Ul ( OJ X 4 =‘- IXl = 


= 3 .'u> 


ot X 04 = 


4‘>., 

'k>‘To 


’1 he* sum of 04 x 4 aod GO x 4 beun <V same as-^multiplied by twic« 
.ul'li* I lo t, oi l’it x 1 ; lliereiore t > f I the difference of the squares* 
ot GO cMul i. f , add 4 to tsvat: GO and muHiply the sum by 1. 

In like m in *n*i the rlu Jemn. e of tlu* s-piapes of 640 and 613 "Hi be 3 
added lo tv»Ke IIW and the .,um multiplied by 3, (12S3 X 3). 

*\nd the dilUreme lx f'V'n the squares of 6t30 and ol33, is 3 added to 
twice ol JO, and the su.m mi-!‘ij,ln d by 5, or 10.303 X 3 ; and soon. 

Ujiui’ MJ3 x <>-133,, oi tin* square ol G133 will be 

(l)< 'I X Goon = JGOOOOno 


the turn til 


s 

) I2S3 

C i'.* o 


].,00 X 400 -= Itih’noOO 

o x Jo ns i" m 

>j X 3 -- (>13.’ 3 

4 r i .'3 


fi.<"e‘i),o as tin , *!» s one c'• ii* "ds of the products nOOO X on-' 

1*j* )d X • > ). 1 Oix M, i, ' I .■ *', x 3. tS 11 bi divided !., (mod, rt i.d 
tl t'.o . nil i. * i'\ J MI'G and I l.o ne\t # io. •■-•i. , trl)\ i JS.JM, niid the 
s'st remain ■ > 1 v 1. it**, the 4 * * 4,Lilli will be Gd >' 130, ,J0, ..ml J, win 


.i.i.i i* the 


Gl'iil' ) 1 ! ■!'' '33 ( ul/oJ 

3i)Hu ) .-I 


101 GO ) 3 J i)0J3j ( 400 

4VG0O00 

-12830 ) 440,33 ( 00 


:.s 


id 


y '/ 


*£»63 ) i:m * L 

* /. 1J if ' v ^ 

f V * , JL 



.Hhe roofo; 

S' »■ 


, , y., * r 

\ *. , *•** X«y 

tar-this operathn. -he hut divisor i« 

thousands added to the hundreds; the 


U^u^tids and humheds added to the tans; and the fourth iid^oble the. 

.j- P 




ARlTHMLJ'iC. 


106 

thousands, hundreds, abd tens, added to lie units; heme the reason for 
doubling the root. And because at iphei in the diwsoi, and ai other in the 
quotient, will make two in thc^rndud, it tin c ipluus are oniiitcd in both, 
itiscwdcnl that onl) two "■ tires inu«l be brought down at a time m order 
to foi'.n the diudend, which is the reason tor pointing the nuinbei fiom the 
right to the left into periods of two figures each foi it is manifest from 
the fbimation of the square, that the root will Lonsist ol asmar.v figures 
there ait* points or periods. 

2. Required thesquaie root of 100861819 > 


• • « % 

100861849 ( 100U root. 

] _ 

200J ) 008618 
4 8016 

20083 ) 60249 

60249 


0, W hut is the square root of 3 , 9049 ? 


5-9049 ( 2*13 not. 
4 

a i) r>o 

4 176 

4b.) ) Hi ) 

1 I J'» 

4 Required the square root of 3 ; 


S ( 2-823 &c. net. 
4 

4S ) 400 
8 3S4 

iO'J ) It500 
> \\ 2 % 
jiila ; ‘ilif'u 
'! >! H1 

I \ .■> 


Thus by annexing periods of two « ip’ e:s each to the remainders, the 
extraction may be continue! to any numbe.,- ol dec.mals in the root. And 
the mtegial part of the root ,wiil consent a» many figures as there are 
points over the inieggftjui tbfrhfimber who-.** loot is required. 




4 t 4 i 1 t _ f 

lift 1 Thsjrmtof a proper fraction is greater than t/s 
square] .' Therefore decimals are pointed at every second figure 
from the left-band. 


r 



SQUARE ROOT* IQf 

ft v 

» Required the square root ot the decimal 'A") 5 & 

t 

f 

• 

•lu ( -63SJ 6cc, rM. 

Ji» 

) «uJ 

3 Jfi > 

K’oy ) Jim) 

*' :>7ff 


» What i> the squuic .a I of •C'JO;3 ? 

• • * 

■OO'Waj ( -0331)3 4c. root, 

y _ 

(»0S ) )UUO 
H ■! Si> I- 

oio-j )• i./('6o 
iya M. 
loio 

11 Cf. To extract ti.c squate root of a Vulgar Fraction. 
Reduce it to its lowest 'em s: then the roots of the numerator 
ami denominator will fuim the fractional root required. 

Thus tin .a* loot of ;s 

I t u ■+ 

And fit- son Ur root of t r \ is '', foi ' *? -- 1 ’ whose root U 

Aho, the squareroot of *; \ _ i- ; loi r |/ Tj = T 1 )ff ^liose mot r. jV 

W! fii iii • ti'i iih of the ft u "on mv not jrileir squire , if may be ie- 
du. ed in .. <'<o ’iiK'I, .ind it-. root (.\tiar l r , d. m 


i ii n, mij pose tliL stphir. loot of ^ is required ' 


£—-,11 3S57 11 whose I out is 8 1 ’> 1 j &c. 


i x ^ 

Or be< .iM v J. = ■ - - = therefore t 1 -square root of 35 dc,.de(l 


r 7X7 

by 7 (the ,o r iKM(,'olof‘l£') will be the root squired. 


q « * r 

y'K 


The square root of 35 is 5V1608 nearly. k f Z 

\ f* 

• * V 

it- < 

} ‘ 11/',^ * l 

Therdore .----=*81515 &c.the refit,' asbefore. 


r - 


M, j. 

' ' mJI»* 

7 $ 

.. 


t 

A Numf'cr may be brought to ait 
it? root extract«1 a p above. • 


<*- 



hr* . 1 


:on, "and 



fot 

4 

Thus, to extract 


k'- • - JL 

V \ £ 



mMithmetic, 

“ 1 

c 

root of i 1 * : 


J r = y, which is’ei-ual to * - = X21 v liose 

»J ^ vJ 

I ^ ‘ ' i l # > f * 

root :s ——-r-'— — 3 41 jC r .> &i. the loot ieq:i'n d 


Or fl.c fraction may be reduced to atfuttmal, ami t.'icieot cfllie whole 
extracted- 

Thus 11? = 11 ‘GG6C> &.c >\ hose root r> 3 &r. 


To. Extract the Cube Root. 

A 

I 

/1 7. /5W*. Point th^ywjmber info petiods of three figure* 

each (beginning at ihe ujfjrh?) anditnd the greatest cube m the 
first penod on the left hand, and set its root in the quotient 
for the first figure of the required root. 

Subtract the cube from the period above it, and bring down 
the next period to the remainder fora dividend : 

Divide this dividend by 300 time* the square of the figure 
in the root, and the tviotienl figure will be the second fiourc m 

4 A. *3 O 

the root: 


Subtract the cube of the two figures in the root fiom tin* two 
fiist periods ori the left hand, and to the o mainder bring clown 

a /■ * * 

the next putotl for a new dividend : 

Divide thi'- dividend by 300 limp's/!be square of the two 
figures, and the quotic nt figme fely; third figure in tile loot: 

A t 
9 

Subtract the cube td *h r thofce figures in the* root from the 
thr.i* left hand periods; iboid pioeetfd as before till all the 
periods are fc 

► 

N B. Shq pjNjniUE-br after all the figures of 

the progl^ 5 ^ ‘1 own, period, 1 * of 3 ciphers 


ft?' 



ipoot continued in decimals* 


r*. 109, vol 2; onl> instead of 




Plinif ■ 


• i i 


of tSfitflividend on the liylil hand in nfaking the division, the 


.. u.u-e oft he root 13 multiplied by 30* of 3) for the divisor. 



* fc!\» Ci 

ruaE R0Q^&'\, 

• • ;o 


- .'i 


Etampte. "Z*% 


3. To extract the cube root of 4973940*213. 


H 



4973940-213 ( 170*7 root. 

divisoi 1 2 X 300 = 300 /%973 ( 7 

4971 .... two first periods. 

IT 3 = 4WI_J 

divisor 17 a x 700 =r «n700 ) *0X3940 ( 0 
iliusor i;u 2 x 300-= SlHUOOO ) 6091 '2-13(7 

“47)73; 7 four period*. 

1707 3 — 4973010 

0 " ' 


I lore 1 ie the gieafesl cube in 4 the first period. — 3973 tire first dividend, 
and 300 the fii>t divisor; now 300 ia^copt&kied more* then 7‘times in 
3973, but 17 3 = 1913 winch. is nearly equal to 4973 the two first peiiod# 
and theicforea number or digit greater than 7 will not answer. 

The 2/t. dividend is 60 “to, and 86700 the 2d. divisor, consequently 
0 lithe.3c/. j, me id the loot; in whit li rase, another period is brought 
do-, n to that dmdciul fin a new ch\uler.d, and the three figures 170 are 
ii'cd in hum:nu a new divisor. 

f » 

In tins exainp’e we hue 3 points over (lu 1 integers in the proposed 
mi '-b-r, and theiefore the i.degul part ol the loot will consist of the 
like number of li^en s. 


2. Tu e\Uai l t!—^ .L„ v i<k, 1 of e jS;3S00, 


( 1 SaVOoT UC.TOOf. 

1 . 

divisor 1 a y 300 ) 5383 ( 3 

t383 ... two fir.it period*, 
i m 3 — :>s32 

divisor 18^ X 300=97 CuO) £01800 (5 

6383300 .three first periods* 

^ 185 3 =6331625 * 

divisor 185 } / 300=10207300 j 5917 5-000 ( ftjjgy ^„ 

- a' y 

. ! 18 35 3 = WsStai 

divisor 18 *. “> 2 x „or, = 103'JJ<:7 
divisor l855o J X 300=. 103930750000 Jii 


, n 

A 


divisor #85506*X 300 = 10323742810800 j 
I &c* 



lOdS* 




A v - 




J 

lie . ARITHMETIC* 

The 4 decimals 
ciphers each. 

3. Let the cube root of the decimal -07 be required. 

Iiere the periods or points are placed over eveiy td. figure from the 
left hand. # 


4 - f 

il^thefoot are found by annexing 4 periods, of three 


• » 

■070000 &c. (412128 &c. root, 

4*= 6I 

4* x 300 = 4800 ) 6000 ( 1 

70000 
41 3 = 68921 

41 * X 300 = 504300 ) J079000 < 2 

70000000 
4jjgs — 60934528 

412* x 300 =5(^3200 ) 65472000 ( 1 

' ^ 70000000000 

4131 3 = 69935463561 

4121* x 300 S 5094792300 ) " 145 36139000 ( 2 

"7 0000i / 0 Ul) (11)0 0 0 

4-1212 3 = 699956536401 28 

41212* x 300 22 , 5095C86S3200 - ) 4346339872000 ( 3 

&c. ice. 

The reason for pointing the number into periods of 3 figures each is nia-. 
nifestfrom the principles of common multiplication ; iorany number with 
one ormoie ciplvis 011 tlie light hand, must have exactly 3 times as many 
ciphers in its cube. 

118 . But all the usual or common rules for extracting the 
cube and higher roots are extremely prolix. The following 
general method of approximation however, derived from the 
rational furmulce of Dr. Halley, (vol. 2, art . Ill) is more expe¬ 
ditious, and easily remembered. 



the Root of any Power . 


+ 9 U 




the true root the better), then 
^gfhose root is required, and call it 



CUBE ROOT*. 




Theb t«&e the sum of 


1i ' a "* 



* 


Hi 


Thfe assumed power multiplied by its index ad<Hd to 1; 

And the given number multiplied by the index lessened by 

And the sum of 

The assumed power multiped by the index lessened by 1; 

And the given number multiplied by the index added to 1 

Then say, by the Rule of Proportion, 

As the first of those sums, 

r 

Is to the second. 

So is the assumed root, 

To the required root, nearly. And if this root be taken 
for the assumed root, and the oj 
approximation will be obtained; 



ton repeated, a nearer 

jk ? 

So on. 




Examples of the Cube Root . 


i. Required the 3d. or cube root of 181 > 

Assume 6 for the root, whose cube is 216, the assumed power. 
Then the index3 added to 1, and lessened bj 1, give 4 and?. 

Therefore, 

At the sum of 216 X 4 and 134 X C, t 

Is to the sum of 21G X 2 and 184 x 4 ; 

V> is the assumed root 6, • 

To the root, nearly. 

Or dividing the two first terms of the proportion by 2 we have (OG.) 
As the sum of21 6 x 2 and 184, 

Is to the sum f>( 216 and 184 x 2 ; 

So is 6, 

To the root, nearly* 

As twice the assumed 
Js to the assumed cube added' 
go is the assumed root. , - 
Tp the required root, nearly* 






AKiTIIME i Ic. 


112 


Assumed cube............ 2 1 G 

_2 

4J‘J 

Given number,.84 

.$ utn . h l o 

As 61 G jg l : 6 : 3*7 root neat ty* 


Gn ju number.M> 

r l rr 'y 

3tf8 

/Gsunicd rube.21 f> 

5 tin .*■ i 


’ Now taking 5*7 for the assumed loot, its cube is lS3 193 the assumes 
cube* 


Assumed cube. . — 

.. 185-103 
o 

Gnen number. 

.•181* 

< > 


r 

J70 3fct> 


ItjN 


Given number........... 

.184 

Assumed cube... 

.18 c 

197 

Sum . 

,.5 >4-380' 

Sum . 

. ) * i* 

i o:i . 

AsSiMS'i • 553-1*1 

. 5*7 : 3*687734 

j <vV, which is true 

i.i ik 

e las* 


decimal. 

9 

^ 5. Required the cube root of the decimal *<>'i '• 

Assume -4 foi the mot, its cube being Ot t 




’004 

2 

■i‘j8 

•07 

"iTis 


■07 

11 

~ r i i 

Xiuii ol 


Sum 

As JOS : •-CH 4 • l1 /m\ i \j • 

Nov take "0G8UJI UiO cube oi * j l lor the set ond assumed <*; * . 

i. 

•0G89.M 


< I 


-1.178-1-3 
__*U7 

bum . -'?i;7sl ’ 


.07 

W 

TT 

•oi.h rj 1 
Sum... Loto-jl 


Aa 207812 : ’208921 :: ’ll . •4131283 root, tun’ to the Ust imuie. 


*£ > J 


For •4121285 , «¥ ^fv9S^St? -+\ (retaining S places of decimals on!;} 
which is less thqo'*0< " ^ ‘ .. 



tjnj truth. 


a Vulgar Fraction. Re- 
? then the roots of the numerator and 


v um yawr. - 1 . . , , , 

<jenomt'Ww05^ r Will form’the fractional root required. 


y < 





























C .»'•» .1 


* o<S W v * 

&. ■ % i * 

O* ARITHMETICAL Flit) FORT ION A N if 




PROGRESSION. 


121. When four numbers have a common diffeieuce they 

are said to be in continued arithmetical pioportion. But it’ the 

difference of the first and secoitd is equal to the difference;of the 

third and fourth, but not to tha^ between the second and thud, 
f * \ 
it is called discontinued proportion* 

i 

I ^ * 

2, i, 6> 8, fcoiitimied proportion. 

2, i t 7j 9, dis< oirLinued propoiUor. , • 

I & 

122. A scries or rank of the first kind form a progression: 

i o T 4 * ft fi ^ p ^ <, * i 

o', i, b l'i, i A, &<=• J ascending series or progirssions.: 

M, 2D, 2G, 23, 30, IT, Sir. ) Bro „„, s , ons ' 

104, lOi, 10, 9j, S{, 8J, &c. , “'••.cencim,,pro 0 r«.s.jn,. 

. X *■ * 

123. The first and last numbers or turns are called the ex¬ 
tremes; and the others between them the mean;. 

V 

Thus I and *.r<‘ the extremes; ?r,>.s,3, i f 'Iho jiu.iv.3 of iJiP rank 
h 3, l, 5j 0. 


*■ t 


^124. It is evident from tbf^ nature of lljs progression;, thar 
thfc double of any term is equal to the snip of tjiy two adMer*m 
term.;, or to the sum of any*tuo terms eqmdntant from s. 

l i 

Tt.Ui in Hir rank *. % 7, .■ *?, &r. 

t ,\ : ee 4 =s 3 4-'3 ass 2 4- f>* 

t ^ • ~y, 

■ loj. Hence if three numbers aaftA a rl t 

twice the mean S$ equal to the fromWiftc two ft^w^jes* ’’ ’ 

’ n ’ v r f f *i*% ^ ^ ** ** ■< -JMr* 1 

, , ..W’i/Vis/• . 1 ,.;T w/4 

Thus, iftlKlhrsfcif^cr srs iy v [a, ^ (*•%, 


\ “ v Then ', 1 

• r r -,3F*P ***■- -,. ; av «t .. ^ 7 ^ > 

arf^Mnciieal 

&bc sntBiWtbeTwo means is <-quai 



tion, 




Sv 




ARtTUMSTXCAt FROG'JtESSIOtf, 


■ »> » 'i 't*r 


us 


i* f 


Slt^SU u ft * o°, 17, are the 4 tnnnbsrs, 

^V%'} ^Tl.ui 29 + CO = 30 4- 4 7. 

I 4^ * 

■L fa* _ 

- -12 7- Since the terms of an aiilhmetical progression an found 
by continually adding or subtracting the common difference % 
if tbe difference, twice the difference, three times thedifference. 
See, be added to the first term, iVie several sums will give aa 
ascending seri<S*$*'or subtracted,, a descending one. 


\ * 


ft. ■* 

Thus tiis* tvrrtis of ihc progiessipu J3, 5, 7* 9, ll,&xv hift’ing the com* 
lid on dllferci’ce 0, will be 


r i-'K 

* V 


, A 


5, 3 -K2,3’H- 4, 3 -I- C, 3 -f. % &c*.*'»'^ ' 

• -f f ' *> 


And the terms of the s-.r.r, <*, .. *,5, 4JL 4, A*r where the common 

^ * <i 7 * / 

riufeicnce i- b ' 

*• 


'l* V 1 

1 fc •' 


, ls o, G— 'v 6— 1, <3-~ l-£, &c 


12Si Consequently- when the first and laut terms arc “given, if 
their ciTtfence tw divided hv the number of terms lcisened by 

1, tiie quotient vy.iji be the common difference of the terms, 

/ r 

% 

t'-w' 1 ’ impio, lvt Hit fir it turn be?, the hat 20, and the number oJT 

§ 

tv i l*t “ *" 


TV n Co — 2 =r !S the diiT»'renct»j which divided bv G (or 7 — i) gives 
' !■„, l..f-t uMinoii dilji'dreaec oi the tmm. And the progression will be 

*> r t f <i i i il * 17' i , *** , 

. ' 1 *, . ’* 

-i "* V' 

i 0. fn this niftnmr we can find ru v proposed number of 
arithmetical means between two given numbers; or interpose 
any number of terms between two given extremes, 

ir 

t ' ' i * ' 

,V'3*tH eXai’.nitf,' IcW arithi^fical means be . >.'aii between l and 2. 

‘ r ,,, 

■ ”W the vvholepuinbyi o£!$gf$S boiug H, ,th«*number lessened In 1 

^iOt ' -a , v ' . >' d' . ■ - * . 

*■ 1 ' . * y . *?»i> j, y 

_ m k i /fik I . ' * (- 
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ARITHMETIC 


v V * 
> “ -'V 


' „ ' i' 

. , ■aJyjjC ^ / 

3 30 . Hence it appears that the dtflcrcnce of 
vided by the common difference of the feints* gives the 
*of term*'Kss by j. 


<, * 


lorexample, let theextremis be2 and 20, and 3 thecominondidVrcnce. 

90_<7 

Then ——— =. fi; therefore 0 -+- 1 ~ 7 lb,* r,ember of tarns. 

J * 

# 

f 

/ 

131. * Therefore it is evident that the number of terms lo- V 

* * * 

1, multiplied by the common difference, is equal to the dilicr* 

ence of the tWo extremes, 

■* • 

Tims if tin* number of termrbe 7, and the comrnoij’fUYfercnCG 3; 
r fiii-ii 7 — 1 = 6 the number ot ii i n»o !e,s$by 1; 

And ii X 3 ~ 18 the difference of the extremes; which added to 
the lev; cMinue will give the greater; or subtracted from the me^ter will/ 
give the less, 

# » 

132. The sum of all the terms, in a continued arid rvl'ca! 
scries or progression, is equal to the sum of fhe two ex tie me?, 
multi plied into halt the number of terms. 


Examples. 


1 , Required the ?um of 2, 4 , 6 , 0, JO, i2 J 

> " w. • *V, 

js ■ to these add the same seflefelit an invei led nrt\ r 

f y: . ■ ■- . • ’ 

' Now'the sum ofthcae number;* is evi.it n.'.\ ., , t d 



i 


pjopesM y‘iu.'§: 


K?I^€Stefo|e JfiSlTf tful §om or7$?efw *uw«*s i 

half thTuuinbcr of tv 



■Js* > 


of the fust and last terms 


s 14 X 3 = 12 . oft. 

■ * 

turns. 


t 

• - 4 ' 


v 4 1 ‘<4 t 4. * 

$0 ftfoncfrlie placet) mil fit ground in a duect tine at the 
^^Viditff f'how far would a |ni«ou travel in 
*" ,$U -\ f^ .a ijas^et placed a }-ird behind tha 


i; 


« v 



I 

GEOMETRICAL JPROPORTION. 11/ 




^$ie*.tj&aiice tor till* first stone will L»e 2 vards, and that for tins last 

i t t* ' if " * * ^ 

‘■’pOO^viiich t hi* i el on.-, are tin* two exti ernes 


5002 sum of expeines. 

_5>>') ii.iii the number of terms. 

iOUtb'jo y irds, oi'jod: miles, the amusr* 

v ' i 


Ov GEOMETRICAL PROPORTION and 

m 

PROGRESSION. 

* 

* 

J.T3. In arithmetical proportion numbers are compared by 
means of their diff rtnees; but in geometrical proportion by 
the qu otient aii«mg ffom the d-vision of one number by 
another. Thus, when the quotients ate equal, the numbers 
which produce them are said to be in geometrical prop >riidHi. 
For'.example, the nuruVrs 2, 4, 5, 10, arc in geometrical 
proportion, because * --V; *ee aft, r»2, &c. Wit it we 
jtav-. to add concerning pivportion chiefly redan ^ to the ptrmu- 

J 

tat ion, composition, See. ol the* terms, and ratios. 


I3|. In any number of proportionals token two and two in 
in if, the first, thud, fifth, bee. terms u»e called antecedents; 

and the second, fourth, sixth, ike, their consequents. 

1 

/ 

nil ", if the terms are 2 ; 4 :: b : 10 h : is*, 

Jy, ■ji' ' 

• a '. u, J Lie tli>r antecedents; aud 4, H r , IS iheixv^^ 

f * } r 

I 1 i. When 'i numbers are pro jjtort innalj. - ‘ygifflfy, 
of 8 va.'.uioiis or permutations, 

JU‘t the nimbi ,a be 3, 5, 9, 15. 

li.eu f^ T V 

s —: ;a >. '■¥■'* 

1 — ;:MCy\9 


’V* 


' .If - 

ri 


■ I - 


'll? ■- 


* /V*s 
-- - 


IlMvfou* (5.\) 3 :*A :: 5,t 15 ■ 

y : 3 l r > : 5' , 

5 1 13 :: 3 t ■■ ■ 

15 : 5'!:“ * 

3 : 3 - . 0 : Ifa 1 
5 . 3 , 15 i 9 
9 ; 15 :* 3 i 5 


p -‘j. 5 ; 3 

!*+'**, t 



n* 


AKJTHM iTiC, 


136. In a raid* of proportionals standing in Ottlesv 
two.—As any antecedent is to its consequent, so is tjas^J^, ■ 
of all the antecedents to the sum of all the consequents! ^ /* ■ 


ijet the pr'vji'rhonah be 3 : 5 :: 9 : 15 36 : 60. 

Thui J : 6 (or 9 s 1-f) : ;3 + 9 + J.i = 3 4- 1 j -f 60 
or 3 : 5 . J8 : 80. 

lor J : 3 . - b : 3, htn.e ^ =s *. 

3 : 9 3 : 1j, hence A — \\ 

1 3 : 36 5 : 60 , heuco'** -= 00 . * 

&c. &C. 

V 

V tr\ t’ r sums of the equal ir:u tirj.v mu a also h'o equals 

3 4— .0 4- > 4- ! i 4— 6 ft 

1 ij~ “ * 1 ’ 


v*. ' J . 

jf 1 * ' 

I, 


„ ' * n . 
■ * « 


r??. 


* 




Tl'Cii fore (!":) .1 ;> :: J*f P -f 36 ■ 4- ’5 4 - 1 - 6 , 

Thii taJkil cvwpOHtivn ofpropotfion. 

/ 

l" , f. If t numbers areproporlioi’a 1 , ihev., ss the difi'civ”, 
of the first and second, is to ihc l. 4 (or second,, ;o i- the 
chlfcicncc of the third and fourth, to the thiul (oi fourth}. 

Sujmv',".i> 3 : 5 :: j) : J 5 
Then 5 — 3 : 3 :: 1,-3:'* 

And -j — 3:3.- 1 > ----- ') . 


toi ( — '-y ; and if we tike £ (or j) from ^ the .'cni.tiwl''. ' 

* 

,^^(1'^ (or l) taken from V leaves ~P. 

j\ml biitf.o equal numbas subtMted liom equal numi u\ f \^l 2 i,t; 
equal remainders, the fr rtions ^ --- juu&L bw equal. • . 

j . • i/ 


Therefore (9J) * — 3 - 3 i).' 

This is calleu duu&tun of proportion./ 


138. .Since 3 ; 5‘it 9 : 15, and (by con.novion) 5 + 3 
: 3 :: I5-- +• 9 :.9+ ,therefore 5 f 3, and 15 + y have the 
■same proportion as'5 —and 15—9(137). Hence when 4 , 
mimbers^ffc proportional^ As the sum of the first andsecond 
is to their difference, so is the sum of the third aud fourth, ■*'(&■ .A 

9 ■* * * * .it 

fbeir difference. 


/ - 0 .“ 



;-i y . V» 


CEOMETRICAL rKOPORTIOtf. 


• A j *■ r r 

4'5> - 

- V ‘ *• \ %‘ ,V ‘S’ &%*!& — 3 :: i;. 4 - 9 i 15 — 9 

' : 2 :: ' i'» t 

i-... 


k V ■* 


'# 39 . If several numbers are proportionals, their squares. 

^tybfeS; &c. are proportionals, 

« 

* . 

For example, suppose 3 ■. 5 : ■ 9 : !5 

Thee } ^-j S ; tjiow those fiactions feting equal, tin ir hke powvi 

be equal, „ , 

\ • >. 

. 9* 


r* 

J 


i5- 


3 -* 


y* 


one! . i „ »i &t 

. 3 in* 




v . Tiierefore (9£) 3*: 5 ■:; l J 7 : 15* 

or 9 33 :; 81: 333 

And 3 1 ■ 3* s: 9 J : 13* 

. '"or 27 ; 123 : s7J--:3^75 ( &u 

Hence the square, -cube. Seen roots of proportional number*, 
nrc also proportional# 

UO. If there arc several ranks of nr? oorlionals sturicliwr in 

i i O 

order t.vo and two, the products of ltie corresponding terms \wli 
ho proportional. 


v 

Foi < Nanipk, It f # 5 ; H t 9 - ) 1 } , . 

, * 4 > . ■ PC 

. . u b l j 


i» 4 ti 


: j \ 0 r & K -j . ii X 4 


ui J. 




0 -c 




?>o. 


' For ’ = ; mid y r* «, And ubice lequal numlw«i rmihiplitd hj 

eijual number must gue equal prod’idq ? x V smwtLocqu >1 to y,- x % 

<} V£ 

■ / rw w”J X L 1 'j Xb'-fl X 8 I j x *• i 

• d |T\ * .. l A‘+ * j, 

Il J 

Xftiid su of4?■ / K»d> tr number 

» ” 7 1 


3 ■« !■? •> x ft 


or 

5 , X 0 


jai, Fuuoe ib r..uo of tht*picdutffcs is compounded of the 
ratios of the tei rua; 


For | denotes the ratio of 3 to 5 ; and y that of \Z to <i 
























GLOMKfXICAL PROGRESSION. 


121 



^ J v ' y ^ 8 I 

... | thfr-compounded ™t >r> « —--vvh’ch frac- 

- X 4 X 5 \ Id J ; 

< J 


- X 4 A 5 X lo >1 

Wd#ln Tts Icnmt teims is jV* «lenof ng the r-tio of i to 5J* . 

* v 

146. All the term* of a geometrical progression maybe 
expressed by means of the common ratio and one of the 
~v< runes. 

'J Iiijs the '.*ries 3, C, 12, 24,43, &c. where the common ratio is 2, ancl 
femi 3, will be 


IV 


** yiiiAlL 


J. 3 x C P 3 X X 3 , 3 X«Xj}x 2 f 3 X fl X " &c * 

«' j, -1 X 2, 3 X 2 s , 3 X 2b 3 x 2^ k. (m) >#? 

4K447* Therefore in any a cendmfif progression, if the first 
term be niultiplicJ by the ratio raised to the power ulio^e index 
is the number of terms less by I, the product will be the last 
term. 

J’oi i vipple, ‘■iippo i .f- tl i* fii ,u term i<- *, the common rat.o 2, and the 
itumotr ut towns \\h*il is tuo I. J t-rui? 


Vv i iMd'idi f oi !( ^ !»v i i- 1 


\i J „ zzz ^ v i i l i piull);ii4cri bj ^ s f *e nisi Unii) 6 128 the 


* l\\ [ri -i * 

14 1 -. Urn i k ;; iK^ef tiding pi'unvqsiou 'x\ 1 1 re the terms result 
,'(im diU'iou; the first turn Divided b; the said power oi the 
.atiot .. ■* I lie I. 'I Jeiin. 

O • 

* 11 1.i ;> r i .'0 ilii j.'si leii.t > !??, the common ><u>0'2, auil the number 
of trims, , wikif i- lie la t t<i.i< ; 

r= 5 J 2 , ..i.u r.’t) fJi'vhlei b} 5 i 2 gives ^ or (m its lowest trains) 
J the Lst to > i 


» jV 

149. 1 i.-nce, if one extreme be divided by the other, the 

quotient will be that power of the ratio whose index is the 
number of terms less by 1 : <Aii consequently its* root r tyill be 

J 1 ', J, ' V itetf . 

the ratio. 


V 

“V 


4 « > 


For example, if 7 be lhe first term, 1SS the hit, and 
t#ms; what is the ratio ? 



saber of 


n 


VOL. I. 


{■ jfsfrt ji| j. & 4 

s.? J. * u \ 





122 


A hit HAIL TIC* 



*£2 = <27 the 3d. power of the ratio (the number Gt tetma, 
whose cube root is 3 the ratio required. 

Therefore the 4 te.'in- are 7, 7 x 3, 7 x 3 a , 139. 

„ or 7, 21, 63, 189. ; _ 

150. In like manner we find a proposed number of geome¬ 
trical mean proportionals between two given numbers. 

For example, let it be requued to find 3 geomcti ical means between o 
and 153 6. 


•.sfelr K j / 

= 256/tJh|p 4/A. power of the ratio (the number of terms being 

* 

'■ ‘‘I " r* « 

I 

The square root oF 256' is l-6#tiose square root is 4, the 4<A root of 25§ 
or the required ratio. ' ' 

I 

And the three means will he 6 x 4, 6 x 4’, 6 x ; 

or 24 , Jo, 381; 

And the series 6, 24, V6, 3S I, I53i>. 

151. When only one mean proportional between two given 
numbers is required, the square root of their product will be the 
answer. 

For example, to find a mean p’fpoiiion.'l hot ah n s and 18, 

? X 13 = 141 \‘hoy. squ. 10 m 1 ,-> 1\ the u-i.uer. 

For S : 12 •: 12 - IS. 

And IS is called a thud proporv n,d to B and 1J. 

152. To find the* sum < >’ ah the terms in .1 given pro¬ 
gression; suppose 2, 6, 18, 1 1, 1F>2; where the common 
ratio is 3. 


n 

a 


* 



fa b, If, 54, Jfi 
_. 

6, IjMSPS ldo the sui «. mHiiplu;d by the ratio 3. 
6, -*■ - • d* * ul-. it ril, ‘jiibtract: 

t ■ ■*<&$• 


V 


4St.' lessened by 2 is the remainder. 


xis equal todwice the sum of the f=nies, because it is the " 
een the series and three limes the senes, 

v Jr 


•. GEOMETRICAL PROGRESSION , 

* , • 

Th^Tore if 486 less by 3, be dnided by 2 (viz. the ratio less by 1) th* 
quotient will be the sum of the senes. 



But \less by 2 is the ditierence between the first term, and the pro¬ 
duct ol the last by the latio: hence (he lollowm,' 

Rule. Multiply the last term by the ratio, and take the 
first term from the product, then divide the difference by the 
Tatio lessened by 1, and the quotient is the sum of the pro¬ 
gression. 

In a descending progression, take the first term for the last, 
and vice versa. 

* 

Ex 2. Required the sum of the series 63336, 16384, 40DG, Arc. con¬ 
tinued to 12 terms? 


The ratio or divisor is 4; and 4" = 4194 301 . 

And 6 >j. 36 divided b} 4II 1 not jm\* s or (in its lowest terms) 

(Ik* 1 2lh. or last term of tin* mtu-', which hi mg made the first It rm, and 
63aJo the last, the wojK will stand as below. 

_J- iat\>. 

2o~’i fj. 

f, 1 ,' SllIitl.lH. 

i tl e ratio lesi h) 1=3) 2uJ I ( ry 

sT ;s i ( sum n f ihc vra i. 

3. A<i oflleej wuli a detachment of 6<? ie 1 h ivine tak^n a v"ry strong 
foil l>j su.pn.te, de-ired as .i lewaid for limn I> and the paity, I musket 
bullet lor the hist mail, 2 tor thevunid, 4 101 i'v thud, 8 lor the fourth, 
and so on, doubling to (JO times (the miinU r ot men) Now suppose eat h 
bullet to bean ouiue, and 1 lie load at j shillings the bundled weight; what 
would be the value ol his request > 


Heretic first term is 1, the ratio 2, and the number of terms 60; 
therefore 2^, or 2 raised to the 30/Zi.powei will be the last teim of the 

series. , # 

ij* 

The 6th. power of 2 is 64, which cubed i« 262144 tho.jHfe power 
(111,) and that cubed gives 180l43y830<>131984 the which 



JS4 * ARITHMETIC* 

f * 1 * 

* ° > 

multiplied by 1? (the 5th. power of 2) is blCACWjMMWZW 
power or l.i-t term of the series; this multiplied by l j the ratio, ajj$l(the 
first term) subtracted fiom thp produc t, yivcs'H. r >29‘2l r >04fi()6S4fi975 the 
sum of the '•ciic\, or rummer of hultcts, or ounces (because the rjtio les¬ 
sened by I is 1), equal to €1337137‘>C38fi It? , s 7 y, hundred weight, which 
at b shillings the hundred, amounts to £\ 6084ig'l3831660 T '/,V T the 
aimer. 4 
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ADDITIONAL EXAMPLES 

I 'I THE 

Foregoing RULES of ARITHMETIC. 


Vulgar Fractions . 


153. Required the greatest common measure 

of 17'Je. 1458 ■•••Mi • ••«••*•••• Arts. 54. 

1100, 3jOOO........700 

1353, 1419, 187 .......... 11. 

267 S, ■!< 56, G708, 7917. 13. 

•>■'37, i'l. 

PI9, 9101. 

10307, 8-13*. P37. 

5600, 67u:, l(»3J, 


Ruiuce to tl c lowest terms 


v i ‘^2 n 122 irj 

3 o r - i* « * c»* i 9 i 4r M * BB 

-*r f 

ff 

i < 7 

17^0 ')^<h 

1 7 

a r 


big * T*7* mm 

■ 1^1 

16' 

72 , 

24 * *' \ \ 



T 

;> t; 7 r*r* i 12 * 7 - 




,"!i Jo e lo emiivaleul whole or ml\t iv mhers 

*■. Am U, 8, 


2 J 


imH <» + v x 7 0 % * 


6 * 


0 > i 


.11 J?, sl'.J, Q'MQl 


Reduce lo nnpioj'i i lr i Mon* 

lit i » < I , /h*K r f > 1 27 ? a 

5 1 v \ lu(h ' , 10 JS* . . 

J 1 


ft lOOOl icooc 

? - : u > 


licJl’.i 1 W» <?unph a 

^ ^V J ^••• 

S / n i i i i _3 

y », y * , . ■•••!» ■ *• * ••••••••*«* 4 

^ T (?/" * r tf 7*t» . •■••■•■*« nit* • • 

«>/ II 5 of 1 . A 

f I»/ 10'*/ , 7 -.f 


jit 
i'-r* 


.w-£ 


y 


f - > 










Y 





r-rf 

«. <A"-» 


ARITHMETIC* 


Required the least common multiple of the nine dibits, or t hr le$*t whole 
number tfuL in divisible by I, 2, 3 , 4, 5, 6, 7, 8, and 9, without leaving 
a remainder? . A<i\% 2520. 


Of 10, 35, 15, and 1?. Ans. 1260. 

Ol 50, 120, 76, and 59- 
Of 162, 27, 729, 486. 


Requited the least common multiple of 10J-, 11 *, and 26* ? Ans. 2782 
Reduce to the least common denominators 


2 
5 1 


i l 1 


7 

TG» 


7 

TZ‘ 


b 4m 
b ■ 

<7 1 7 

. 

I 9 ; , f t/H' 

^ hi i (I 12 . 

‘{Vr a,/cf 


fi f 
7 

H 4 


7i>) 

2tTTf7^ 


1 62 


sVt* 


4-j > 
ija* 


Aits, 3*?, 


I ‘ r 6 

Jl S' 


8 

2 


K 4 

2(JJ T3‘ 




4< 

90 

tzctj ric 


1 4 

Tff* 

tip 

4 <r 

103 

i; o * 

5W * 

4 

60 


r “ 


8 4 




Additi $;:# 


Required the -.urns of 

i. ..^ ,T * 

I 2 f 

>> P 1 ..-. . . 

7*1 M 

0* «J* $. ‘v 

TTj iVj t 7 t • ..I* 

1 % * -V O 

I* ■>» 3 • "* 

* ;l i 

J. 77' 

. lit. 1 l l\ 

2 I 3 > 4T* 3 .. 1 6 r * 

* 11 * 'K 

J? 1 fl . * 6 

^avd^cj 1KJ. I J>. 

1 o/ ID, $ 1^, «/.d * of 11. 17 

74-£, 274 *. 319«. 

9G400j|, U. 7 r .9utl2J-J. 

716S|, j o/ - c 8 t6J . 94 111 . 

. I CO* I 2003$, J7M*..A..-.386c|3. 

’ v H* 1 

lll/jV 1013 t %, 17=. 

10 r 5 , 30t^, Mil*. '<** 

. Vi* ;4? j Wi» to^s» 

a% K VsMa, 




























ADDITION AX EXAMPLES* 


Subtraction . 


H^juired the differences 


off, *f- 

i- f 


tidP/fTa 


13 JL 
Tl» TJ‘ 


i- 

■ 7 # 


J9 f Syi*....*. 

19 A 


n s 

rr* *'tt * 

| Cl 6 0 8 


i i 
^ j 

1 2 
2* j* 

*■ i- 
*■ f 


jor t 
Tiiji ir 


Tr 
10^ 
Q 9 

11 J lT* 


i 9 


•w 


T 

■-r* 


joooj, ioo{« ... 

J0-|, arzrf | o/ J0£... 

i o/ 8, and l of 1 . 

4 0 / 4?, w % of n . 

10, and y° of 10. • J. 

IOuOO 0^999^. 

IKlandl. 


.8£>0*„ 

.... 14« 

. . *. 

«> 

«*n-f ^ • 


Multiplication 


? squired the products 


of 1 * J 

4 f ,* 4 


* 9 

y> A • 

O 7 3 

s* 


! of b and ! ^c. 


..Am. 


1 

•V 

. 1 . 


1 




ft*. 

, 70 . 


b 


31, 3*, *4. 

20 , 104 , 3, 5-. 

h> ». 

2.’> f T .....G, 

M A.:«?. 

2], 44, 4 , «, 10, and 1 of { ....25, 

] oy 20 , and 3 <?/30*.*.15$,, 

4 *«rf 74 Id l £. tjjyfa. . 494 k. 

4. 4, 36427...9404 

646124£, 644 .„.4167500 

*4672, 1000$...„,84fi8l408j 

SJSOxiT, I^iTP-V' 






Efe/ 





10 





































/- ty* 

—■Vv»r 

t > * 


Arithmetic. 


64-lfOf, 10I|. 

*» i 7 r> f|i 1^. 
-&k> 5^f, and 1000. 
S734}, 100, 14921. 

*tt> -jft» ari d i'i* 

■}» fa |i ond 5040a 


,^«f.6492217|* 


Division, 

Divisors. Dividends. Quotients. 

$> .It* 

b a .»>v 

& ‘tV..*.7* 

K> 1 .:. lb 

b* ... i • 

3 f» If) 

1J II- .7i* 

*!• 1 . 

' ^9 1 i 

Yff* ~.r. . * • <r 

3 1 1 n j •' T 

tf 1 - ’ ‘ * . i" 

10 * • ■ •• * > • • »• i • M* 

10, *- .... .. 

37065?, 1 17 M’ 1 . 

i 'MO J . 

421 ^ -l'il ’- -- >~- 

3L o/ 10 .> l * 1 • .«• ..- [-+ 

% °f {> * °t * . . ! i* 

1^/9, 4 <>; 'l . i- 

^ 1 (»0.\r '■■•■••••»«» * • ■ I lOO 1 • 

7, 4.0WH-A. 

# 

Divide tlu?di A rem»■ »d 3^ and j b} th: sum». * • J 

12fi3i l by 2l0» 

tkWx h \ ' f I’ 

i .v 

4870107 Yi by !*. 

' iooo<Mt h ^ ti 1 , t 

, ; JvmoUty noi&. 

















yf additional examples* 

f 


Required the sums of 

£‘>■0101 + '01.1 -t- on 1.7 4. 27 9 . 

412 -H O'rl -f- • 001 + 1000 . 

0 y 4- -01 + 022 -f- -Ojo 00796 + ‘00404 


Addition of Decimals „ 



281*6561 
.... 1536*1004 

1. 


\\ hat ithe mi a of 

1 /1 *j° h'tndu. !I T <, -1H ihcuwndlfrs, 

i’JJ* /t // fhi'it'CAuhj\ f 7fl C ? / t if thousandths^ 

790 miUioutkbi a:i 17 ‘J A.v/l'// f c/ millionths f 

jins. l'33!C26i>9. 


iS’i llraciion. 

Require.I tin <1..T . xcis 


2*101 k'M. 1*9799. 

260M. .1. 11 . 9‘9. 

•001 l.0*999. 

km . . ijmh. 

MV 01 20*1 .. O0<‘. 

•v)or> 500 

1000 -00001 


13 thousandths and 13 millionths. 
1 and 1 hundred thousandth. 


Multiplication* 


oquircd the- y 
ol 4 01 ;jnd 

iroducts 

•24 ... 

• V If * * 

•. Ars. *9624, 

*112 

•1 i . 



•0011 

21 . 


■ 1 ■ * * • t *0861 • 

4‘4 

4-4 . 


••••■«•• 1 S*\T6* 

■042 

24 00 . 



100 

5-216. 



] 0000 

5-426 . 



716800 

•0009765625 . 


. 700. 

22*22 

6 25 and 11*4 



5000 

6000 

1000 

4-006 

•0001 

• * 

•00006 

■001 

•214 140625 


K * 


3-125, $*048, and 15625 


64 

vou* M 


14, 6*4, slul 5 3 637 6953125^- 

k . ■ “ma 5 - 



















5' 


/»#► 

'**■ 


arithmetics 


Division . 




Dtviiors. 

Dividends. 

Quotients, 

•04 

•00418 . 


401 

1 9248 . 


•0082 

•1722 . 


8 8 

3872 . 


2400 

100 8 f . 

..%. *042. 

5*426 

54260 * . 


2500 

■0412 . 

. 'o.joqSms* 

10000 

7410 01 . 


100 

*62 .. 


•i 25 

ICO .. 


700 

2'2 j . 


3510 



29100 

4621172 . 


1000 

.97400. 


61 

6111 . 

• 

4200 

b6 i 26 % * • • v 

L 

2S8 

•3'o6 . 


•288 

3 1 > 6 . . . . , 


*00288 

345600 . 


2880 

•003J3G . . • * 


0288 

•3156 . 


•1*3 

10000 . 


10000 

•125 ....... 



Divide the sum of *375 and *062$ by their cliff* rcn<v, 

DiMtle H00 bj *0019*31‘-’3. 

Reduce to decimols 

the fractious \ . J * nu *33M ike. 

4 . '6066 &c. 


ti 


•87 j. 
•8 i 23. 


• * ..(•(am. '03 I ».)• 

, v. 'S' 

.. 012357 8cCm 


c 

Sh v »* 


■9333 &c. ~ 





























ADDITIONAL EXAMPLES. 

» 

* 


. : . 

M . 

. - 01 . 

. •0075. 

s 1 £Z. 

., ,, *5 )(5376^33125 

409(1 " . 

v. 

■ • ■ • • j* 

T&&J itoTS* ^TSi» Vt/* TBtJto* 

• 



Duodecimals . 


««. y iff. 

M'jfSjply 7 6 by 4 8 . 

/ ... 9 10 by 8 11 
’%8t5y liy 17 4} 


!l the length ami bieadtli of a boardijns 

J i 


lent in feijuare It-cl ; 


. Ans, 35 square feet. 

. • 87 sq. f. 98 sq. in. 

. . 511 /. 2 *>#. 34 /. 

-or 511 sq,f 27£ »y. *«, 
or 51 l/ny jccl. 

fin. in. 

7 8, and 13what is,the con* 

■ Arts* 8 


'flie paiU of the section of ;i field-work being 


/■ 

1*1 


/* 

iff 

ii 

4 

X 

2 

C 

(i 

o 

J 

X 

3 

10 

1 <> 

rt 

X 

JO 

4 

4 

5 

X 

(i 

rt 

O 
, i 

i 

X 

O 

a. 

.9 


thv. venule iUi'uli.-i ol -'•n' ir<* feet* 


A ns. 


)>a 


Redaction» 


tv deep A . ’ lo pence. 

lHn>iH>u Uirtiiiin;; to pounds, &c. 
j i«> |p io; to t..illi’iirs. # 
ij'i to fai things 
;'„SM )J pence to pounds, &.C- 
‘'Gi guineas lo pence 
,£ J. to pence. 


^ to the denomlivAifin (or fraction),of a 


Ans. 22 1 2S0. 
•£1041 13 4 . 
Ans • l l »i'' 5 . 
.//tty. 2310 . 
j£’.Ju88 III. 
w*ffr GS7S. 
rffffj. 42-^ 


WliJi is ff of a pound ’ 
Jl<fc$.othe fraction of a pound. 
* he f> action of > pound. 


Am* 



-r 














* s'** up 

r. 


iV »* 


c 

ARIT^l PdF.'i IC. -tf£,' 

4 

to th * ' ,’rtion of ii siiiMuiir „ *" 

10s. 0-JrJ. to tlic denomination (or fi action) of a pound* 


A\s |% 
Am. 1°. 
Ans. 


XI to the fr.'otion of a guinea. 

7 feithull?* to the frarltoa t i a '-hilling, 
of a guinea to shi!l:n< r «, &;. 11 r. 8r/. 

the denomination (oi lr ( tion) oi .t >lnl , ieo. 

<• If is. j** 
«'»/*. 4 *. 

-flf/Ai. 

**• 


i 


^ of a crown to the fi action of a cniiv*a. 
Ja guinea to the !raclion o I a j> r mid. 

3v. 0$A. to the fraction oi h til a -"iiuc.i 
J-ofPrf. to the tiaelmn of a sliill.ii'. 

What part of a guinea is r ? lT of a pound > 
Wiiat is the value of , T 2 of a amuM? 

*9 O 


*4 V 
»** 4 


lleduc: <£2 ll ‘37,> to fai'dim 
X-lCil to pence. 

.£>97 to shilling,, &.c. 
42'“7i> shillings to pounds 


Int. 28200 , 
ISJ'PS. 
,7"', I 2 v. 'V.V/r. 
y/'ir. .g 2 | J7 j. 


•S Bd to the denomination v o: de on I) .i p-und. 

/hs. ■OO'tot), 8cc. 

*ti2 1 ci. In the dec in; .1 of a l..’ 1 i. j A'i\ ■OjC’. 

“1 o. to the (le» i:*ul of a pn .v'. Ah’ *0r’j. 

3*7 j (at ll'ini . to the d, c Mial of j ,i'umd. An c. *j!> J'*iin ; ». 

* i 

'J' 7 V/. to the di < iiii.il oi .. 1 //a') 'I'.’i 

} o( a pound anil iof.t dnlt. ; In lh" drcun.dol a prund 

. sl/i*. 

■ Ilf. 10!rf to the di'i iinalofa ronnd. An<t \V3~70?JJ &c. 
•’H$5hof .i shilling to tie* d- cjm.il of a pound. 

■019 of a penny to tin e.*i n*i il ol a s idling. 

1 of a guinea to the de« m;d ot a pound. 

V/082 of a penny to the u> eunal ot iicio.ni. 

At It. Z\d per day each man, what ii the whole pay of477 men for 
30’ > d.i)!>? 

An?. X 10337 2 SI- 

* i 


1 A debt Idr. was de-chaiged with .in cq«*il lumber of % guineas, 

4 i 1 

crowns, aV crowns; query the number t 

( licdtJC^I^^^ weight, to grains- ( Ans. 4|,400. 

r ? to pound*-, iVe. Ans. C/Mlb, $(& I Znlut. 


Ans. 111. 

* 


L*i« to *’>'* t: u V«n efi /A. 


« 


jfllf, | 7 r* 



additional examples. 


% I 

Recfqc* to-grfns 

i. 

3'175/6. to ennyweights. 

•jj/u. M. O'll'Cl’s, & . 

13 1 '2.nh is to tin-* decimal of a lb. 



% 


Ans. 338|4. 
Am 762* 
Ans. 6oz 1 2du4s. 
Am. *003020833 &c. 


The full weight of a lulf-eiown is Ddwts ■ 15]gr. then how many are 

-i lb troy? 


Am. 2t 7 J i*. 


Reduce ?jV>. (jnolli weight) to ounces, &c. Am. 3oz. Zdr. l^ic. 

1 ton to drams, .ivnului'otse weight. Ans. 573140. 

tf377l6'? to top>, &.c. Am. 1/. I Qcwi. 78/J. llo*. 

tfv f J 

1 C J1- <.i oils to the ti.iition of a lb. Ans. - * 

10/5. to t'ie ii action ol a cert. Am. - i \- 

*fc to ILs. is( Ans. 9Ah, 3 '2oz. 

bib. 4os. to the il« imal of a cwt. Ans. U4687 3. 

* 

A 11 hie foot if i .1 iron being in lib. awn (h/put .r, thpn how many 
cub-c feel me contained m a 31 pinnuler whose weight 51 cut? 

• Am. 

Suppose COOPO foot tol 1 on, e < h man having r J0 toinds of cartridge 

vnth ball; no i if the !» .Ms an* an ( once ea.- !i, and tlie \.i ig'it of powder * 

ol the ball; wli.it e, lie* >vhoie we.ght of lead, aiH of powder > 

» t. c. lb. 

Am. j 1 1 J ' n ,Mtl - 

( 2 13 bO |K)iV(JtT» 


hlu f . Vi\ (i /. 1 1 


f 'u w e• 




M 


miuibei, i <■'. kiJ’t Mu ii a loa of is -U ■* 



J 


and ot each an equal 
Am. 1280 of each. 


Reduce 7 \ nidi's to saidb, l\ c. A/r ■ l < 2.906yc/j. 9J", 

5ill 1 fuel to mile-, .°sC. Am. \0in. 11 I4ycfs. 

tOO'X) inches to \ a: iK Aus. 2772. 

7 jiilIks to the denomination, or fracl.on of a yard. 


* o! a a aid to fo< t, & r c. 

•J oi :.n in. h to the tr;\< t-oji pf a foot. 

5 ‘ ii.» i" s to the fiat l.on of a foot. 

* 

m feet to the frai lion of a jard. 

a mile to the fraction of yards. 
100 yjstdfe to the fraction of a mile, 
feet to inchest 


Ans. 

Ans. If. f A -m. 
Am 

W ^ 




w 


ARITHMETIC. 


113 $ feet to yards. 

What is the value of -f-} of a mile? 

of ^ of a fathom? 







of \° ( of a toot ? 




Reduce 74 - fathoms to the fraction of a mile. 

7-f feet to the fraction ot a pole. 

poles or perches to feet. 

7^. inches to the fraction of a fathom. 

*6+ of a mile to yards, &c. Ans. 11 Q6yds. 1/. 2’4in. 


•125 of a foot to inches. 

10'5G miles to feet. 

429 ’85 fathoms to feet. 

•83'> of a foot to the decimal of a yaid. 
i>*84 feet to the decimal of a yard. 

*0093 of a foot to the decimal of an inch, 
J0| inches to the decimal of a foot. 


Ans l 

An’s. 55736 •{ 
Ans. & 09 - 1 . 
Ans. *285. 
Ans. I'fb'h &C. 
Am. ’i 1 4, 

Am. -89583 1 &e 


V- 3Un. to tlie decimal of a sard. A n. 'ItiJSb &•. 
*074418 of £ fathom to the decim-I of a foo . 

•01336 of an m< h to tin <Uv mini of .1 loot. 

•071118 of a loot lo the decimal of a fathom. 

•017 of a mile to poles 

•3076 of an m< h to i ! .c decimal of a j aid. 

What is the \ahi'* ci 06.3 of a mile*? 


7 8iiJ of a pole ? 

■ i-4j ot a fathom? 


•l‘Jf ofajar.i? 
83 of a loot i 


Reduce 1000 toisc* to f.‘i horns 
1000 fathoms lo tours 
4' English miloa to tones. 

' 5)000 Kliy nhind lect to vaids 

,10 German limes (15 10 a degree) 


Ans 10i •,7 
Ans 931 1 &C 
Am 3713*69 &r 
Arts 3099. 
to Ismdish miles. 
Arts 4G£, nea 1 Iy 


The-circumference of the earth bein^3C0 decrees, and each degree 69£ 

number of yards? 

& " 1 -4wr^38210C0. 



s 4 


lep of a horse is2| feet; then how ma^pdn%niile? 

Am. I°£0, 


ADDITlONAl^XAfttPLES* 


7"' 
T 't 

« T. 


If d&foot march 65 paces of 2| feet each in a minute; what 

is the rate per hour ? 

* . Ans 1 m l490yir. 

\ 

What is tlu* extent of a front consisting of m ‘n, allowing 32 ia; 
ches pei man ? 

Ans. G\yds. 4 in. 

How many palisades will surround a square fort whose side is 150 yards, 
the centres ot the palisades bung 10 niches asunder ?«. 

Ans- Q ICO. 


If I observe the flash irom a cannon, and 6 seconds after hear the 
report, what is its distance; the velocity of sound being 1100 feet per 
second f 


Ans. 2200 yds* 


.Reduce 74 £ square feet to inches, 

100 -jZq- s iiuie jar^s to feet. 

64212 square inches to feet. 

11 ’)/ I0_i« (squaie) to yards. 

56 sq in to the fraction of a square foot. 
8 j ot a toot square to inches. 

7 18 feet sq. to the decimal of a yard* 
59.’00 square yards to acres- 
7816729 square links to acres. 

V hat is the value of -J ot a square foot ? 

\85 ol a square yard ? 
-75 5 of an acre? 


ainr.10783* 
A / i'.v, i 905 ^- 
Ans. * 45 ^ 5 . 
Ans. 

Ans. 

Ans. 1224 . 
Am. '8311 &c. 

Ans. 1 23 . 
Jus. 7846729 - 


•755 of a square’p •!<■? 

i~ 

- 

Reduce II M stpiare inches to the fraction of a y ard square.' 

• 1296 of an inch square, to the decanal of a yard square. 




i 

•"S- 


\< 


Reduce M 04 cubic yaids to feet. 

5 u ol a cubic foot to inches. 

PS 16/1 9$0in. (cub.) to yards. 

*' 100 bushels (dry mens.) topint9. 

4] qu flers to gallons. ^ 

J.'IXjO pm ks to quarters. 

IF 1 liorse is a-.lowed 14 pecks of corn in 2 days, 
will serve 70%oi$fp 39 wee||§ J 


Avs. 38004 * 
Ans. 967 ' 68 . 


Ans. 364 




f ' I*" 




ARITHMETIC. 


, 1 Seduce 7 1 hogsheads (beer mens.) to pints. 
04237 gallons, to barrels. 


5>< 


% Ans- Wltf. 


How many hogsheads* df beer will serve a garrison of 1330 men for 
l weeks, allowing tack nun l \ pints per da} 5 

Ans 2539A. 20'.gall. 


2 T r ( , hours tosicond= 

Ans. V m i CO. 

of a in. . to tie fraction of an hour 

A ns _ - 

j j - 

3G3d bh 48flf. 4o <s (the soLr \Car; to 

i second. 


An 31)1 )°2 J 

7'96 degree 1 , of a rlrh* to iii'mitri 

Ah'. 4 .7 ii. 

2j seconds to the deem d ot a d» /ec* 

Am 0n9U &.C- 

What is the \alueof-0P,23 of a deep* c 5 



of G23 ol a inimue of j ile^n 
ot 44 of aj: lioiu : 

C 

* 

A r . B. 60 seconds make a minute y and 6 j nun a degree 

* 


a? 


Compound Addition. 


1 . Suppose a debt is di-charged in 6 wee Vs, after ti*e fo'Io'ssdte nap. 
ncr, namely. 3/. i7v. 7*//. tV /7r,/ week, twice that sn.u !•>( s^ond^ three 
tunes that ■'Uin the il ud, loin times th-lsuin the/.> ifh, ti.nts that 
sum the fijlh t anil si.v lanes that mini the sixth ; wh it was the aebl ? 

-i*.. M 10 6^. 

2■ What is the whole amonrtt 
of 41 gt&neas, 

37 half guineas, 

•£ 2 \, 

19 crown**, 

33 half-crowns, 

101 dollais, at 2 Id i ach, 

,147 gold inohurs, at 1 / I3i. 2 ;d each, 

191 siccj^j(l|»ecs, at 2s 2 id. each ? 

€ t Any. 3t U. Qs. 1 d. ?^qrs. 

sum of 10/. 12 py. —ijjk—3k 8 y. and 17i 6{d.t 

Am. Itk 3s. 

£um of 37Gk—21/. 16’44 j?.— and 19* 1<£32</. 

Any. 31/. Ilf fij 


X 



ADPItl^SfAL EXAMPLES. 


Me*" 




...a 


p ** 

K * 1 


kik 


w * I0 * e weight of o r gunpowder, three (n^ 

iajj S^^^-^Pgach, four 93(h 9jox. each, and the other five 101/6*' 

lOcwt. Sib. I Sox, 

6. Suppose the supeifiei.il contents of the i&vefal parts of the section 
«f a field-work 


/ 

in. 

19 

bi 

47 

111 

49 

67 

{> /• 

S 

100 

I 0 

6 i 

1 

! J 

30 

LJ 

31 


What is the content in square jards? 4 ' 


/Ins. A3^ 4 , 


7. A field was measured in thr^|Jivisions; the first contained lac. 
1434$/^* the second bus. ‘Ich. 4300 links, and the third J263t+^fn/); ac¬ 
quired the whole content* 

,3m - s »mM 

* 8, If the cubic contents of llic ditch sunounding an irregular pentan¬ 
gular work 

* feet tn. 

arc 36(101 614 

277'>0 1700 
23761 49 

3)6+0 i„06 
31031 OM 

'd'liat arc the cubic yards? 

. ’ Ans. i755|fi]. 




Compound Subtraction. 

What -s the difference of 3 guineas, and 3 tim&S 17*. 10|rf> 

Ans 9s. 3Z(t. 

* 

2. Suppose a person owed 117 guineas, what would've be indebted 

after pacing the following sums : ^ 

£ s d. j HttiutL 

91Z . 40 17 64 

16 12 II4 
10 5 

* e. S 19 11 

* ' 9 11 7| 

9s. 1 1 

.. _ 


+JU. * V 


VOL XX# 





ARITHMETICS 




H- 


■y 

a'. 


>*5. If the discount on SO/. is Jf. 4s. 6-Jd. —on 100 /. td. 

1 fqrs. —on 200/. is Ql. 1 Is. 4 \d <—‘•and on 90/. is 17r. ll-f& is the 

whole difference or sump*# ln#-sceiveil ? 

m I' fXx Al ' 5 463/ 16i ‘ ~ d 

4 . If the quantity of provisions in a garrison is 11 Urn. \2cwt. how much 
would be left at the expiration of 7 weeks, supposing the weekly consump¬ 
tion to be 12/on. 13ca/. l</r. 21 lb loz ? 

. Ans. 22icn. I Tea*/. 3qr. IT lb. 15 oz. 


£ 5. If threfe pieces whose lengths are 4/ 10*6/ti —2/ 7’7in—and if. 
I '^’Sdn. be cut from a plank whoao length is -ii/ds. If how,long is the 

remainder ? 

* 

Arts. 1 yd. If S'litt. 


6. Fmn a piece of ground containing 3ae 4 \pol. a part equal to 1050 
square yards was marked off for a Surrounding ditch. Required the con¬ 
tent of the inntT'Space ? 

A ns Zac. 1 291%'zpol. 

% 

7 . Three hogsheads and an half of liquor, wine measure, being 

poured into a vessel whose mbic capacity was i//d. 7 f. 13»/i.; what re¬ 
mained empty > A 

Aus. 4f 917 * <. 


Compound Multiplication and Division. 

r 

1 . When oats ftre at 3? 11 'ji- per bushel, what is that per quarter J 

An j It JIi (,d 


5. AVhat must be guen for .0 sacks of barley at it 7i 7 ft per 
sack ? 


Ans. 13/ 16s 5[d 

3 At 9s. loyt- per hudiLl, what is that per load of 4 0 bushels? 

Am 19/. 15 s. 

lb. what cost Iff barrels of gunpowder, eaeli weigh- 

Ans. 76/. 10s. 

of cloth at 4 j. b\d. per yard f 

Ant. 61. 8. 8sit/. 





ADDITIONAL examples. 

fa ft 

per /4. what is that per hundred weight? 

i Ans. Git 17s. 8d. 


7. At 5r. 7|d. per day what is that per for 365 days? 


65/. 15s. 64d. 

. * 

S. What is the expense per annum, or fofr 365 days, of a regiment of 
cavalry, according to the following statement: 




£ 

JT. 

d. 


Colonel . 

. 1 

25 

0 , daily pay. 

2 

Lieutenant Colonels each 1 

4 

e'4‘ 

2 

Majors . 

. each 1 

0 

6 * *. 

7 

Captains . 

each 0 

15 

*1 


Captain Lieutenant 

. 0 0 

0 

10 

Lieutenants.. 

. each 0 

9 

0 

;o 

Cornets. 

each 0 

8 

0 


Adjutant . 

t A 

• V 

5 

0 


Chaplain. 


6 



Surgeon . 

. 0 

6 

H *: 

2 

Surgeon’s, Mates. 

. each 0 

3 

** 


Paymaster... 


15 

6 i 

10 

Quarter Masters. 

.. each 0 

5 

6 

* <0 

Serjeant Major . 

0 

2 

n 

Serjeants . 

each 0 

2 

2 


Ti uuipet Major. 

.. 0 

O 

2 * 

9 

Trumpeteis .. 

each Q 

1 

7 

40 

Corporals.. 

- each 0 

1 

71 

70!) 

Pri'.ates. 

.. each 0 

P 

rt 

J 



• 




St'i t t )t \i j? ,r. 

. 0 

< 

6 p^ day. , 

'*0 

S.-l | 1 - lilts .. 

c n:h 0 

i t 

(> 


Ti u.i-pet Major . 

. 0 

0 


9 

Trumpeters. 

each () 

0 

4 

40 

Corporals.. 

. each 0 

0 

4 

■; on 

Puvatcs .. 

. each 0 

0 

4 




Arms and Appointments. 



•vrjeant Major .... 

•j|a • . a ■ • 0 

1 

2} per day. 

40 

.Serjeants. . 


1 



Ti umpet Major .. 


1 

O 

9 

Trum peters. 

.... each 0 

I 

0 

40 

Corporals. 


1 

3f& 

709 

Private! .. . 

. each 0 

1 

2i 


T45L1 
































Wftr 


ARITHMETIC. 

p 


I " ‘ 

’ > ■ ,yi 




Forage. 

87 Officer’s Hordes. each 0 1 5J pet day. 

S 00 Troop Horses. each 0 3 I j \ 

Jim. 17 8 ^ 


»v» 

i*; 


* _ - 


9 . What is tin 1 annual c&penst', oi foi "fi3 d.ns, of a regiment ol 
foot, consisting of 10 companies; accoidiug to fh*: lolloping stjtemeiil i 


Col on el i»' f % 

. 1 


h 

2 Lieutenant Colonel'. ... 

ca<h 0 

I 3 

11 

2 M.ijois ... 

each 0 

11 

t 

7 Captains . 

each 0 

o 

► 

Suigeon .. . 

• • mum 0 

o 

r » 

Assistant Surgeon . 

. 0 

fen 

O 

0 

10 Lieutenants . 

each G 

5 

8 

Quarter Master . 

. 0 

;> 

F 

10 En*Jfgp . 

each 0 

4 

S 

Adjutant . 

..... 0 

3 

0 

Paymaster . 

. 0 

l i 

0 

40 Serjeants . 

l\.( h 0 

i 


40 Cor pen.)! . 

each 0 

1 

• > 1 
■ J. 

to Drummer-- . .. 

. each 0 

i 

1 ' 
1 

910 PuvatfS . 

, <, u" h 0 

i 

0 

Clothing. 




' A o s^ijeunts. 

ft 1 • 

V- 

t' 


'’orpi"' ia ^ s . 

40 C v 

_ 'ners .. 

. t\n h O 

t'UC h () 

0 

0 

1 

1 

'i 

i 0 Drunk. 

,,. , , ii' 

e, 0 

0 

t 

Privates . 




drills and dppwnft-'Vi** 

rl, <i 

<; 

l 

40 beijeants. 

• 0 

o 

i 

40 Coipoiah . 

e. 

. i) 

0 

i 

10 Dnirmners ... ... 

* / 

n 

i 

910 Privates. 

*v ■* 




V' i 


(t T ' 


* ' t 


(L 


S - T * I 

As <Ul *■ *•' * 


l t 


io. -3! 


v 

» /*! 



251 quarters tf oaL, ui 


'* r *■ f*- 


’ <,'iait u i? 


11 1 .* 


ior o». »>!«/. 


i K W > ard ’ ^ lial rt '- 1: - ' ?J ’ : 

4^4* - _ I «9kr # >/ 1 


/Ins ! i/i 1 I>^- 1 i 














ADDITIONAL EXAMPLES. Z4t 

1 ?. At 2L 1 1t.'7{d, />it hundred weight, what cost lO^cft’L ? 

y/w 27/. 3Cb. SiL. 

* 

13. What cost r3V&. of powdei at lr, 0^f» per%. * 

Ans. -U. ljj. 5d ] I qrs* 

11. What is the neat weight of 3S barrels of gunpowder, the gross 
v fight ot each Luang VGtb. M u/. and that of eaoli empty banel S lb. 7us. * 

Ans. 30c:i7. 10c** 


J j. What is the weight of U guineas, each being bdwts. 3{gr.f 

Am. 11 r*r_ 1 7du'ts , IQgr. 

1G. What is the wiiol** length of 26 plank*, each being 5yds. 2f. 4 m lin. ? 

Ans, 15 0yds. 2/1 2 ’2in, 


; 7. How manj square yards are coat lined in 17 boards, each being 
iy. 57*S mf 

Am. 25y. 2/. 11 8'6r>/ f 

IS If 1 man can dig C^h. 13/ cube measuic in a day, how mUtefe-* 
would 37 men dig in 3 d.ns? 

Ans. 1 lOSjyt/r. 


'■> T low imiiv hug head" of I:e^r in 

m O 

1 fitillm pin f * ? 


V F i^I , imc h lurn 1 ! con f ninin<f 

9 kI 

Am. IVgaU, \{>, 


_ ’ Jt oils aii* V>y sd j n' qi miter, what j& th.it p f r lushi I ' 

A‘i a. <1s. 1 l l n 

21. vV ’ cn <: ,.i, i c 1 ! r. i / r < JmVioh, u , at is the price of a bu In 1 - 

Am, It. 2d. 3 ' ( ./n 

2:. II (no v 1 ., !e y q ' l 1(0 mi n ! < : .7 111 3 d. for a week, what r 
t'.ie .Lilly pa\ ol cai o? 

Ans h. 2\d, 

m 

23. J> I ci>e 1 1 * j7i for 23 } ard'. of tloih, \.]<aiis llut per jaru> 

Ans. 3s lOd 2 £\yn 

> * 

21. If V7 ; p'lnpoi.Ja o'«t 3s. 1 Id what is that per lb. 


, - -J Sfe£ A* 

id. 


23. If 3|('»7. cost 32/. O' 3J. * v ;nt is that pei lh,f q. 


1 ^ 1 


'sJR 


Jns*ls. 



Uf ARITHMETIC. 

26. If the weekly expendilufflejpf provisions in a garrisottfce 4 ton 17cut. 
50 lb. what is that per day f 

-, Ans. \3cwt. 10 i\lb. 

*. 

27. If the ground for a fori contains 27 ac. pul . and is niaiked oiT 

for the surrounding ditch, 'fltat is the content of the remainder > 

Am. line. 119}po/. 

28. If 8t men dig 2D 21yds. 1 if. cubic measure, in 6 days, what is that 
per day for each man 1 

Am. .) yds. 

29. Required the calibre, or diameter, of :i cannon-ball, when it is , T - 
of the length of the bore, supposing the bore to be 7 f. 11 *0' in. f 

A ns. 3-98.J3 &c. inches. 


Aliquot• Paris i 

1. Required the product of 63 J and 2 \ } 


2. Required the product of 3107 diui 3^f 


3. What is the pioduct of 101657 and 21 * ? 


4. What is the pro.uu t of 333 aiu‘ 7^» 


5. ' What i: the product of IG7 by f > 


€* Required the product ol J 121 II and 1 1C ' ’ 


7. What is. the jno lu< t of 1> [ rid _ \ > 


8 . Required UiepiO'U 1 > ^*f ' ■ .! and -1 j } 


Ans . 1707 J. 


Ans. 177671' 


Am. 2J76JS9J. 


Ans. 423t)j. 


Am. 11)2213 tfc. 


Am. 


Am. 131 2J« 


Ans. 663560-g* 


9 RtquiieJ the product of t>t/. by If. 


« < 


10. Let 3G/. C#«. be multiplied by I'oiji.i 


/ * 


An\ . 630 Sect square. 


Product 30 fcfcet square. 


1 „ 


* r i 


« 


r 11. Thetis the expense of digging a ditch 51 l yards long, at. 4$. 7$d. 
''**>** ' ’ Am. 11S;,3S.H* 


*• 

trs ' 

*#- * 



ADDITJ&g^. E^1£PLES. 

' ■ 

ifcfrtf o/* Proportion • 

I. Requireil a 3t/. piopoitioual to 21 and 39? 

721. 

A- « # 

■ w; i 4 

2 .to-16 and *'M1 ? 

3 ..to and 15£? 

L 4” s - 

t, Required a \th . proportional to 2!-, 191, and 'Oil J ? 

-rf/w. *08769. 

....to t 7 j, -f£, and £g} ? 

Arts, 

i 

6'. .to 1*75, 8*11. and *095 ? 

Ans. 

7. Divide l into K*o parts havin'; tin; ratio of \ to i, 

Ans, 

( 

8. Let 10 be divided into thiee jiarts that shall have the same propor* 
lion; as the tlnee dttiinai^ M, 01, and '00n \ 

An\. 

m 

9. Ifgunpowdu e. 1/. I or. id per cut. w hat cost 17cm/ r Zqr. 1 i lb i 

A us, 

10. Win'll oat lie I/. 17*. s./ per ijni'tci, what tost H built, 

3 pcchi, «* 

, Ans. 

II. \\ hat will V \ tat. of ininpow ik r come to at tlie rate of 7 lb, for 6r. ? 

Aits. 1 6 guineas. 

12. !" 1 fit re/. 3 qr m U>lb. o( load cost 13/. 1 b$ \\d* how muih will 2/ar/. 
I7pi*7. eoinoK. } 

Ansm AUl. 19 s'. 2c/. 

13. /J'die clrtihinjj of <700 men cost 1288/. Ii*. what will he the ex¬ 
pense of ciodiii. r a regiment com-istmg ol 1' 11 men P 

Ans. 1056/. 15*. 0[d. 

14. If a bankrupt owes 74 0/., IS?, and Ins w hole property ^mounts to ^ 

no more than 21U/. 12r- wJiat can he pa} per A to his cfeditofs* '*i# 

Ans. 8 s. 4 d, 2H£%qrs»f& 


42 








U<k 


x 


ARITHMETIC* 


15. When a persof’flm 


his daily expenses in order to f(tr year? 





It 313/. 10;. 3d. what should be 

4 

j 4 /«, 1 C; \a. 


1(7. \A Ji.it w 1J the tax on 529/. 10a - amount to at Cs, ’ ’ ? in the pound 1 


V 


J/5 65/. I-a S'</ 


'Sr 


I". If the average step of ^Jmrse he 2J feet, and t'\it of a man 2* 
h-t-d, theft how many men’s pat uS are equal to40ol a hoi ,r 5 

Am 11 




IS. Jl a garrison of 8(70 men h.n <* pro.nions for £ 70 days, Ini'" !< i;; 
will ihob*' pioMsions la^t if the gammon he ivd.ued to > J-1 men ? 

A ns, 360d'ij , 

* 

19 Two bundled and forty men Jia\ uu> i.iisrd a rcrt'iin work, in S days' 
how many men would Le non "Xivy to ‘misli i 1 *ki. quantity ot work, in 2C 
days 1 

A ftt: 9f 


20 If 720 men w!m j i-f ,n roliunn of nni'ii with *< nmn m» front, 
extend 21(7 paces; wb..t will he tin cvti m d tin v man li i> men »n fjont? 

Aks. \i2pacc. 

n ] . If a certain nunibn oi woihmen ■ 1 ’ * no -1 up .ui cntici .. i mcnf ir* 
i 0 d.i\ w lion t!i« J day l- (7 hoim lon^ ; in w i at ( me wool J tin \ *io ’ t '• mi". 
th* day i-. S lo.ui' long 1 

Jr . 7 ; dat/', 


22. Ii the ui'i1 1 '(hi of a boMegi d pi ar li.ur j i< v.s ..imui 12 week'-, at 

Hu ia‘e ol ! h ounces per da % loi < acli man, wlut iiuot be tin .il'owana 

« 

if Ihry lilted to hold out 1<> waks* 

A ns \ \[ „ 

*L 


2J. What length must be rut'di a bo ad tint is 
make a toot suture? 


M ' ll'ti.i . M k!e li 


Am. 



inn/’c 


21. H'uv in. ny yari’s ol p.spe. w Inc li is 2 to t 
that n (i yards long, $4 bioad, mu SJ feet high 1 


Am. '3- 6 yards. 


a « 

25, If the penny loaf \u ighs fihwr. \ih'n wheat is I ?s 6rl pa hudie]; 
i\hat should *t weigh when die whiat is 1 n ID d the biislmp 

‘‘A A ns. 5 1 \\- oz. 


r t 

* 

J 

26- If a gauisdifof 800 mea have prousnps for 12 weeks at the late of 
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20 ounces a day for each man . what musthe the allowance to make those 
pLOWsiuiM last 20 weeks ll thegunison is reduced to TOO men ? 

An i* I3£ro, 

27- If the qumtity of provisions in a garrison serve 1200 men C 4 
wi i ks, .tt the l'.iU 1 ot 20 mini es a day lm each man; how man} men will 
the ijnit pro\isioiis maintain 1$ weeks, allowing each man 16 ounces a 
d..) 1 

Am, 2000. 


2S. If 340 men rectum 1 5880 rations of bread for a week, how many 
will 2520 met require foi 7 weeks? 

An r. J234S0« 

i?.o In (lie* i.ilmidc o( London, Die distance round the earth on the 
imallel oI *iiitml.' .s neai'j 1 r > >00 ; now as the earth turns lOuncL 

..nee m 2)h .> ..t lut .it wiiat i.ue per minute is the City of London 
''arried fiom v\ c t to I>^ ‘ ; 11 ^ mol ion 1 

Am 10^ miles. 

30, Sv.ppo-e i < It in i.'l K.qiost s a « outribulion of 2000k on4 towns, to 
p:id in pii'poiiion tu the mnr.lvr of inhabitants contained in each; 
* u>. it 'h> til's| (oi,t inis 1 .’On .hi* second ' K>, the third 1630, and the 
V.'Mib iriut.', wkat pail mu.it...> town pa} ' 


Ant 


£ 

<100, 
lm!. 

) «-*]■■ 
1 O00. 




li. .>m < l) 11 <■ 11 t.i! i'll ,ii< oi J'',.".’* • , and 78 men, respective- 

1 *■ > 

i \ j [^ | T I if N* lit 1 III 1 / ll I 5 “•'i'll l ill'll* l^ll *1^1 piirftj 81 men a day ; how 

nail. lU'i'iiadn luu.i'h in pmpolhOn to strength i 

Am, 14, 19, 93, and 26. 

9 

3 .. S >,»ijfisC !.u‘ lofdg" on rcies ol land will supply a body of 400 
h- 3 £la\ s; how nun} >uch acres will save 750 horse for 7 da\s> 

A ns. 10-fi, 

jj If te i_i , ■ er-o of keeping ip horses 5? weeks is 457/.; what will the 
keen ol c3 hoia' . , mount to in 21 weeks at the same rate > 

A ns. 1234k; 19f}x 

' 34 Tlnee Hoop? of horse rent a held for which they pay 8(&; the first . 
VOL. I. U 
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sent 56 1 orsesfor 12 days; I esen.nd sent nl hordes for 15 days; and the 
thud sent SO horses .or 13 dajs; what must tmeh lio'.p pay ? 

vfm. 1 \t. 17/. |0a. 

2d. 2j/. Or. 

3d. 311. JO*. 

* 

3") If fhfe rarri&g*' of SOruA of b.tc’^jwc* cost V h. for 20 miles; 
what will the carnage oi 7dia7 lor 81 jiuLs ainuimt to at the same late* 

A ns. 12/. 15,®?. 

3i>\ Jf a piece of mm as IS Flemish ell-, long, and 3 i/d. wide, rest 
18 f t 6 W ; uhat • ost another piece of the same (piahty which is o 3 Kngliah 
ells in length, and a yard wide? 

A ns 7/. AW- 

37. Bought a silver tankard weighing iW.v owrdjpoi r at 5s. tie 
ounce, and sold it at 5r. 5 \d the ounce tuj, , w h.it was gamed or lost’ 

Am lOJiJrf. lost. 

m 

38. Suppose t-laed. of gunpowder at 51. l?c pn crt.\ n \ort at Ah 13r, 
4 d. per cwt.\ and 2\ewt at 61. Jj. Ad per cut. to he mixed together ; what 
is a hundred weight of the compound worth' 

Am 7 S - . 

J k J 

39. A (.It nei.tl h.Vm'Mi 1 ifhed ] rf lm aim} to t de* ,»o .assno of two 
stiong p»>"l'. f .mmI 7 *fnneii mu 0 h tin n . ■« um. r,f p, mum, found that 
hchadonh ' lioaiiiii k't, \\h„t wa? his v i,oie km ' 

A ns 3 : on men, 

I 

40. The ordinary Grecian ’rmv eon-idod of '.,',.,72 men - ll,«^ //,-? or 
light armed foot were^ice ilx mi'ii'e s ,,i 11 n ,.J,\ , ,,,„h , tj :u, or 
heavy armed foot tfey^tyvice Hi.* number ot Ur ieiit.iuui Qer,\ the 
number of each ? ' ‘ 

A 's C.j \ . 1 I 1 v ?' of. 

J. 11 J 1 I ainvi g iL'C- 

U'.‘..v) aimed I6.,S4. 

1 

K 1 soldifis A, P, C, (I Vi 1 c *\ ( i' /i Cd 1 f •(s in i!,o ft lloving 

wanner, tn. A took J a- oli-n a* iPioUk and C ■ U i> lo\ e\nv 1 \ 1 J 11 U 1 
11 had ; what eumbei did citli gU 1 

, l f> A ns. A 8 SO, 

‘ ■* JJ lip. 

C 1050. 
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► 

40 . A bodv of 9V> » troop-* Is composed of 4 battalions; what-ia tin? 
strength of each, i. \ Mm List, of the second, { ol the thiid, and £of 
the ioiirth ait etpial - '' 

Jus- 360, to, 72t), t oo. 


* Of' 


'H. A parte of font begin tli>‘ir maudi at Bin the morning ; two horns 
afttTvv.ircls a troop of lioise lollow tfn* n (liren the same plate) : the loot 
I’li'ircli 80 paces i>o mi .ute, and the how "o ; no'v i a iiuuh M. p l>e 
Iret, and I hat ol a ln»w e«t; in what time will tin l.o;sc owiuke t.a* 
foot; and wh.t distance w, 1 they ha\e i.imciied 5 

. ‘i:s . •?;,p 7 mn. 

i't\t. ‘J sin. del,; ^ feet. 

4 1. At uh;t t ;ii», h twes :i i ) and It o'clock ale the horn :.nd minute 
hand:, ol a w itch Lv^lUci > 

Ans M-t-’j nun { 'u t 10. 

44. A pai t % of hoi t*bv\o London for Oxford -t 7’ii) the morning: and 
another nail v l-',,ve Oxford lm London ai n too same inoinmft; the former 
march 3i mile-, an Imur *pd tne lattei 11 ; how far will each have tra¬ 
velled when the} meet, the distance from Oxiord to London being 59 

miles 5 

in. 

Ans .Jo;from i oiulon. 

28^, limn Oxiord. 

* 

)C. A bank ot eit ; i ' J' \ id-* long was to hair been raised l»\ i M men 

: (l^.y, hot at t* e e.ul • • » m v only > yanls \w .e < o. ipicu <1 . i uw 

la* c n,m\ lo.'i 1 eouhl be at I civ cl to Iiu.u.j t, * bank iu the picpoicd tlilio 

a 

i'jc s me j ate . 1 woil.ieg> 

Ans. 10 . 

*. * I 

17 . A Ci eei. 1 aiu i d» hu lung of his army to take possession of a l ‘ 
height, and ol the lem i nh i u leeonnoitic the enemy, ‘ha&l230 Wen 
let*, whal W.u. tl s wh. h 'CH-L * 

A ns 3,W0 men. 

1R. If agaiii'Oii of i'Y>^ mo , haw prn\ ndons for 12 months, but at 
the i-i d ol ' , st,I# ai" leinlrMcd \yth '»)»' n n, and 2 months alter that 
,t;, io i mo . , now long will the piousiuns last, supposing no alteration 

m, % 

yi toe daily allow,line oi each m.oi ; 

Ans. 8 ;} months,in ihc tthe'e. ) 


‘A 


40. Two labourers A axd B if they work together can dig a trench Qt 


? C jTCfcto 
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, in SO^kp; A can dig it himself in 34. days; in what time would Bdoit 

if he worked alone ? „ 1 „ 

r - * * 

Ans 48f days* 

N -% 

> 

y>. A can dig 3 $ yatdt df*a trench in 6 days; Bean dig 29 yards in 

5 da} s; and C d cati dig 54 yards in 10 days; in whaL time* would they 
finish 100 yards if they work together ’ 

Am. 6* £ day y. 

51. If A can finish a certain number of yards of an entrenchment in 

6 days of 7 hours each, and B can do 4 tunes as much in 13 days of 3 
hours each ; w hat is their comparative strength 5 

V t 

Ans. the'strength of B is to that of A as 56 to 43. 

52. Suppose 20 men in 15 days of S hours each, can dig !■«» cubic 
yards; how many cubic yards can 25 men dig in 10 da\s of 1CT hours 
long, supposing the hardness of the ground in the loiniei <.ise, is to that 
in the latter, as 9 tp 11, and the strength of each of the 20 men is to that 
of each of the 25, as 6 to 7 ’ 

* Am. 17 Gffiyanfct 

53 . If 30 men in 40 hours can dig 80 cubic vaid.; how many men, 
which are stronger ip the proportion-of 5 to 1, womd it icrpim to dig 
120 \ mis m PO houis, supposing the ground m the litter case is hauler 
than thatJn the former, in the ratio ot P to fi } 

Ans 18, 


54. Suppose two labouring parlies, one cr noting of to, the other 
of 50 men, and let tfc^-strbngth of each man ot tin lonmi party be >o 
that of each of. th$ htttfefc&s.J to 4 ; now it the 40 nun , an dig inn c n! >.r 

** * T i. ii^ 11 

^ards in JO hours; w^vnat tune would the other party die iso y..ir)s 
• is as luici as that in tin Iilirr 

' •*'.'.** - A ifv Am W\ hours. 


> V li 
» » 


Vj 
' * i S* 


JV. B. Tp the three last -/n sfio , th** hhmir m d aging a like number 
of yarda^S supposed to be duectly proportion. ! to the hardness of the 
ground . 

53. A plan of raising th^ siege of ^Byinsuick, by Pnnee Fetdimnd in 
lg| f has a scale of 3u0 Rhynland roods ; the scale is just 2 62 inches in 
Iftngffi": tHe plan is 18£ inches long, and 173 broad ; now if it be enlarged 
to 6 incUcf^G English mile, what will be its length and bieadth? * 4 

5*/,. - - ti ' Ans. 2P*Sw. long. 

' $51*4 in. broad. 



•*4#' 


ADDtfJpiP^t. .EXAMPLES. 


5(1. A, B, and C, can dig a trench in l dava; A can do it by*£g£pmH; “ 
in 7 days, and B in 1 ]<: in what time Would'C finish it if he worked 1 
alone > , < 4 

*+ j» 1* ■ i * a 

Arts 28 days. 


"Vi*" 

r ' 

'It*' 


V\ ' 
a -*r 




77■ A, B, and C, can do a piece of work in 10 days; B/C, and D, 
in 12 days; C, D, and in H days; and D, A, and B, in 1G days ; 
in what time would each doit by hi nisei! > 

ABC D 

’* --T^r* 23 /jV 


TS. Suppose a clock has three hands; aficl ti at one moves louiul 
in a day, another r.n-e in 30 days, and -the thud once in 3G> days ; 
i mv it they arc all to/ciher at any particular time, how long i* it before 

c 

they come 1ogM J ur. »*« t in * 

A'i\ C !°0 uxjjSm 

i - * 

50. Divide 10 into throe such parts, that when the J st. is multi-* 
plied by 2, the „v/, by 3, and the t 3&by 4, the three products may be 
equal'?' 

-4 t a Ans» 3tj» 2 7 4 j. 


G >. hot 10 Ik 
iivclv divided bv 


,» i * 

invido 'o 4 parts Sticl, that when they are icspec* 
t. and Mi'” quoiiontt shall be in the same pio- 


porticn as t>‘, 7, s, „nd 5* ' 


A ns. 



1 TO r. t O 

j n» - t J > 



« 


QuifUons trsptdinq the inar rlijqf^Trobps. 


\*9 f ' ' 
^ < 




i. 11 (he torcc of a batt.dion be 4^0 men/ iA^n^'s^KCsr^pliat IB 4h^,' 
extent of :li I rout, the allow am e for each man in fronHi^ftgf HQintfos Or k 
1 ^fid? oee quC't, 27, .nt. IUj.) 


V 
\ * 


* \ « 
»# 

I- / 


2 . Suppose thfe same battalion in line of two ranks; what is the extent 
ofits Iront? 

Am. 44 91 feet. 

% • 

3 . In what linu would a column consisting of 7 battalions, tl(e extent 

of each being 317 n 11 , m.urh its own length at the ordinary rate of 75 pacts 
ot5\feet each pa minute ? 4* 

■ . Am. llff , 
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HfoVln what time would a column of 11 such battalions inarch through 

a dcfi!£ 1 * miles long at lhe same rate i 

* , ** 


\A r 

X* 


. X ' T > 


Jus. fitVf] nun. 


r 5. Supposing tKV acc 6 rdhtg to qinck time or 108 puces per 

injuiitf; m what time Wditra the column pass thiougli the drfi '6 1 


h, 1 J* nan. 


6, In »ihat lime wool I a column of !i > r sC who*.e e\t"n* is 8 P 0 />-ef T 
match through a iLh c ' u a m length,* at t ■ .t* rair «>‘ °0 per 

minute, supposing tlie.uu i ■< it. A > oi a horse ij m J i f**y , ' 

"40*^ mi *- 


7. 5m ■»■ O'!** 1 ’ h iHa T rori 8 r , ,'th^ est.mt ■/ e i h hi Imliu.: ‘2 @§1$ ^pieces, 
being *> ) /u , hdictop >1 aihdi e 1| mlei h .i ! i , i ou 1 lf'llu* Col.mm 

r-in ) mve . Mi ■ irie 0 j ~i j pctiks^ :i t x { . m h. -.1 i”ihr, but the 

* # 

lii^t ^ »<.tit i in,l 10 A iii %ni # i tV i t r i i.t-l to CMiUidu 

can m.u< li om\ JO pacts eac hy pe/ uimuie, in wiiat 

column pass the del it 9 

An \\\-£foikin. 


*! •> 




Y* 


\ 

8 . If in the test question the fustipj^ ts.a bad ion 1 , anti the ■£ tiiflc 

a good one; in what time would Jlhe^Ihhin nui. . tlnough the defile; 

the oilier circumstances rcmainmgdhe same 5 

/ An' I'.'i'-i; min. 

A* 3 \ 

0. Support' a rohi mi vbn , n pstmit i. '"mOO pi < ti C Y fe't eatli* has 
to pass .i dffiit* :J * imh's in l.nplh, 'ml lm < .-n n\,n h SO paces per 
minute in the hist mikr, M) m tne n t ' mil,’, 6 . m tin following f£ 
islfe, ami only 45 ifrtheUst * mile, ui what time will it t h-ai the defile? 


r 


y * " ' 

< - ■» • *y' ■* 


jins £V/. JiJ 117 1 min* 


V <1 
>*•* 


’ 10 . ■ Admit the cioldtnh A los a good jnad huOO pare, m i< ngth ; tin 

:<stdu(im ft « ud’Idfifig-Fpatl 400^ popes in h i.gl ); and the (•iliunu C a 


bad road 3310 pOGe\ i.i length, eou it tin- h 4 < i.lumn nuuli 108, the 

second Column 75, : and lm thud n-luinnonlv >n j^nc i per nunufe; liow 

rmM the mart h be rei.ul.iti d that i .i. imads of tl e . oluiuns imiy amve at 

the same parallel togeti.er ; 

„ 1 ‘ 


« t 


Jio. A must kali‘sSip^'min. 
15 must ftulf lJj l iniru 


' *U in thela«t que lion it is required that the 1 * j(U of the cohiums 

shall arri\e at the s.me paiallel at the »..\piruUon of P hours ; how 

the |parc^te regulated 5 W 

Arts. A must hat 

B must half intii* > 

yj 

C must halt 8 i mini' *. 

' 3 "i 



4 





EXAMPLES- 




r * #^3" 

3 -, M" 


itf* 


-■ n 



1 ? Su^bse 17 b-f'ulio the extent o£each being 520 
to^ 3 defile ; tV«.-, i » t r - t .oiw the tinted 1 £ 

fltifca in ’"perth *, !i vv m ■ i b miit pas^'tliri^ii^V^ich defile that 

th - * whole march t'mui !i iVg||^$b*i uafo: and what 

will tij.-i* t.Me Ue il th* rate oi marching (2$ 'jtist each) per 


minute? 


s!>!i • p) ('! '/it / ! , 'hot/, 

/> //i, 0’VA / //(M/ 

' ,5: 

a /A<r A^* <’*/ 


l 

* 


lh" nearest 
tr/rofe battalions. 


Atfy'J'kb respective tunes trill be 5:>v 7 , juA-, 54* (w/m. 

* * ' 

■ *r*.v ^ 

j, * < i' 

IS.^Jjjjjyjpne tin' ^tne 17 battalions h&v£ JbO pass 2 ilrfiK'% thefiist 
b“ing t^inite-', ."it t' second 1 mile iw^pfeOgdi; now n the Hoops can 
inarch ibg i\u -1 per minute in the first "and 75 in the either ; how 

the h.iti.il.nns be dm led that tli6 whole march through the defiles 
m$ybd mad j m Liu* least tune 7 

^ni fAi j 

Ans . 10 battalions mmt march (hi ough the longest* 


* i 4 

* r t 

1 ‘ }<. 


^'through the shariat. 


‘ \ 14.* Suppose 2 ? battiliork 1 ;pass 3 defiles of c^ual extent; the 

* X * * ftf. m 

first admitting of 4 itu b ii i* ftewch i*r front, the second or 6 ; and'the 
tiiin) of 3; nou d tin* h n-rth of &*;battalion (including 2 field pieces) 

-t '» f . *"« 

wheu in foluinn of maid) with 4’ men m fiont i» 660, with 6 men in 
front is 420, and \v tli ,s mui m limit is 110 jut, iospu. lived) ; liow many 
battalions nuM pass» a h d< Id i!«. i ilu* whole match through them may 
be made in the least time . .iu 1 whit w id that tune be il il r defiles are 
each *J Hides m e'tent, .n.d tin i.'eol mare lung PS paces (Igjffpt each) 

per liu'.i' e ' * - ,' 

r %<• Vjv, , ' 1 ' * 9 

A-i' h tei, i ('- .‘hrongh ih& mimi, 

« • • tifiiwfk the ,*fiSS»ai-§ v %i 


9 . ..through 


^ ■ <•" 

- '+> 

r. If 1 7 batla 1, oiis h i re to p is. 2 defiles, one tM6 6 ther 1 

milt* in leiu'li, tbe tuunei admitime: 7, and the latter 4 men to inarch 

/ 

abieast, i> -pecti^eh ; no,, it tin I, i.l'u of., battalion (including 2 field 

pints t ( "\jCtt e^ch wInn 7 men march in fiont, and 407 
par 1 "- when 4 e. > ’.•m/I. m i.mii . I^ou m .os brdtahons must pass each 
detd' that,the wh 'le in.nch tlm imj.. Hiem may he made m the least,tune; 
j^l wl:.iL will Lh it time u.-. •.uppi sirg the maicli is 70 pates per minute 

4 ljaU.dea ftrough the broadest* iim&i6}$ tnin 


)Ai H . th'i- gk the other . 7 









/ 


J*. 




AMT## 



j&V- 

/ 

■* 


..$4py^ Suppose in the l*$t example, (he mardrtlirough- me iciest doiii* 
jfcf&t the rate at 50 prices; peirdMjpyte, and th-t throi’uli theotte ’ 



Same? 


■ 


.vP&' ■* *fe/ 

6&aig ^p& s tow* ms&ch through the fiptgesi yo|$ *?«>j» 
' 6 .... t/i; ough the ether .*.. PI V 

*« ‘ 

\’t. Admit lo battalions of im«qua) strength have to pass 2 defiles/ 
one a mile, the other J-£ miles in length, ^t;jhadmitting 0(^4 like l 

of men to nnrch in front; now it the extent 1 of each of 
column of march is 480 feet, £l|tj|dfte extent of each of. 
fed , Vi hat number of baUaI«fi^s%tst pass each defile 
tJuough them may be performed in the least lime, at the 
(0 \ jest each) per roinkf; f.) v : ;. ' 

.. fii 

Am 6 of the less batlaikfcty the greater, must m 

the shortest dsjtte^ 


"Mi. 



3 vj the less and 2 0 / the great 
.... And the time 


iV. A In the foregoing questions, 
to enter the defiles nearly attM-ai 
paces, tlni nearest integer ia usua 





the farmer smr&in; 



■ Interest. 


rough the t i 

* p 

fof the columns are supposed 
time. And in inducing tect io 


A t 

_ ijjf * * 

\ 1 ' 5 "tl> 

- - v ■* 

v i x 


* ^ InC 

, /Kr 


/ V ' 1 » ; * J 

^JeS&tjcrest of 310/. I >. for 4 years at 4 / t*r ^cv/f. 


W #«' 51/ L< 8 dr. 

is dl^fiV. li-’i 5<A forliyeais, at 3* per 





«CI?A 

, ’ Any. ZtJ. 4s, 

’ . * *'&'■ 

3. Vf|kt is the simple interest of 2791, 10s. lor 19^ 

ct nl. per tMH.’f: - 


* 


• c 


As* 



4 i What will be the amount of 251/ 1 Qs- w 5 jusfltrs at 4 F r 

■ ^ 

anti, simple interest ? 


■V V 



c 4w» 

i 

* 1 

What i> the discount on 200/. at 1 per cent ? 



i 





' I 


^•^ AplJtTlOWAL'-EXAMPLE??* , , 

J -' 6. Whaf is the dhcount'©£*$>£ due a ye* 

** </w,, ii|twwi 1 '* • 


5 

-v 


15* 

j» 

year hence at 4 p /• fen/, 

* t * 

i, - /!)*. !0,^ 

' ' . 'A?* '/. ^ / 1 *■ : ','■ * '. k ,£* . 

T If ijU/.’Uptonn* due to i«e at tf^i end of H years/v'hat t-bonld I 
receive tmVi ■ llately,- discounting at,the rate ^ &£nt?*p&r a*m mov 

\ 4. ^ \ J"' ' ** * ^f' * i* * '),' 5 

pie hitfULil? 

Jus'. Hi/. lOi ?'«,> 

j 4 

M 11 

&., If I receive 'i7.»/. fur due 21 ) ears, hence/ what a n I chatgcd 
per cenl, pt,r 0 m. discount, reckoning w.tiple iutc-i vst ?. 

» * J, « / ** / 

* _ - 1 '# »* J T * i 

. I 

i - t 

*>. W hat is the pure! I of i000/, bunk annuities at 91 \ per cent. * 

' * ■ jins. V\it. 5s. 

t 

i 

\ 

10 What i La 1 pi'i; h.i-f of 1000/* itrf*<t U ct ut l 12-* po» o w ** 

/4fis' 1 1 ,\*/ k i 

C 

1!. 'What is the amount of ouh \ 0 u in 4 years at 4! pci uni. per nnn. 
compound ird-'est ? 

jinx, (lib. Is. 

* 

i?. V liJ is the compound* interest of 1 20 b: foi 5 years at 5 ptr cevj\ 
i-t rann.f ' 1 

-rrfrtf. 3d/. 0v. u 


J'tvuUr Position. 


» I 

1 'i.' 1 "» «» fl ‘If t U|t* 1 /• *1 1 M* whiW* SIP n*u and the gre iter u’vi* 

t 1 1 • ' n i ,c k t'\e ipi'hi' >i' l"- 

■«. jins. ~£j~ and 4§. 

I 

I c> 

¥ * f 

2 ~\ ■ o- ei d liaviji. i k ],ed o.’O Mien to t'-*ke posits h>ri of a strong 

and * of the mt.,. 1 i u- *.n t*Mp, t'j w.tch the-motions of the 

rMiMin, iuds l! it m- h,- ■ i • * } ot Mii '.in I* : what was iu^whok 
tuner , 1,1 

jins. tOf# «<>,/.* 


. * 


•' "> . bath. 


’ i mu’. . i 1 ' 1 ! 1 ju d {'y * il 1 ' ill i '.liiinn of uurcSi; Ijit* 

I 

evUtmt ■ ■ < ara bu 1 I ou ;» ~ln / - • t x' t-'finl ni Ilk' y fund i c ,,^I 
t j » tjiqt oi tin* lii'.t ai tim'd to.f 1 , . d t-'. t.’\)i’iiL td the d, i i. ^ uual 
tu v that of the iii-‘ ’d hi‘i ■ ■ i u.il, \dnt in lax «> u the 

cohtfhh? . 

„ **■ „ ' A,.s. 172a pact*. 

/VOUL ** 

r W' *1 








' vl*s* 'v 1 " £-* ' ? jJ ■» v ■>*' 

mil ;^i&S''«?&*« V-'^ ?V 

''. /■. f . ‘ v ' -'its 


What 




* ,n 

r i7** 4 E/tfKiF &T *rRU/ ■» ^* _ 

, *&£. sS *1®' $ \4P \ • 

,v*» 




> .TSS&ky: * 4 $* 


» S71 - 5 - 

■ tv? 


ST-t# 


P j. * “ ■> j - ^ t 

'•feus****, TSr^a^Sf^r 

dy^sgLk4>, '^F>^ r * 

»®>4 F - ^*£fflifcsdi 


wtMWlli 


Keotumcl ihf* f v 1 fc - 


7# What is the i l//;, power of 

* v ' , *V ' .*• 


»m i&b' 


fX&if i^Swfe^ 1 ' 

EV' . 


a * • > 

1 v.. / **■ 


_ -Jt, 

fc*#A»V. rt ‘ ^ 


, i ! '/-'’• 


K»l»3^are in a .■ <%itijgtxftodjS^ 
tfiev^PSf^f ioeu in front arc e«]u tff&lTe’ifMN? 

. " '•«*. *if»^. , ‘ 4 ' >-;,Aj 

* 1 ' r >\ fi ' 

, <, ^ . j 

Jk What h the square rtMf. of 51J 8S01 ? 

'>. * ife,. 







£?*)»»•*? 


iMa» 


- Uni 


$/ i VVhat Is ila square root oi ^jOJC[ itfj 




«W «V 









;^;a^O^'*,' -***.;^jftttT3^j<SWM «*<*r^:;. 

“, yf’CM* T«,\ -,* ,i > , ' ■** * J ' '■%*«' ■> - * 

v- fr - 1 * ' fcl *- to 


/\ c -^ 


1-7320508 marly* 




Am. \2* 


Ans. 

*► >* 




Wj KlUTrJJif-^ 
® ..i^V* 

ntf *',* 


Ans % 


> v- Y'j| 

■; 1 vl|£#*i 


"« » 
. -* ' U 




fcv-j ‘'- «> -; * '"'•’ :v'v'<u '4»f« i *' , 
^ “* * fI * v* r 1 - V* y **'* r 

,% ^ *K -A #■ j* ^ ^ ^ ■> A. 


'C r 

' ,J *» 1 

L >? .*. 


7 jv\ 13.- Required the squajx; J 

* » * „ I 




/ % * «. 




1 iiinu 1*8516402 marly* 


Required th ^ ’ , K ' ^ j„ 

ic. »^red Oie&lx; foot 

1,1-17. What.i* the «*« toot of 1 MMOORM ? .;VJfefefc.' ^ ^ 

l#£ ?»rr%* , A +** 7 1*W+ 4M * I -< - -.ffi' 5*4* 1 _-_ l ^.KTjK 







|tiiicd the cubft^^ol 512:50158344 ? 1 t t 

l * VjV . -i^!-’^ . Mw* 371^4 



'$v? : 11 ' : * *■ - 

.Wfcit is ^fe eube root of 


A#*? Ss£. 


> v s^k ^. 


root of ?£® ? 


* V»/‘ ^ 

r* 

■»K * ^ j‘5wg®ra 


'?r- * 


X ^ 





ISA* 1 ' 

i .»A ► ■* 

k * y , I 


ARltHMJBTlC^ 

^ a 

21*\ Requited f lie cube root of i rf j 1 


V- 

•T* 


* * ' 


.f T - 

if , 


b ^ 


, v : >4 25* W ha l fa tfte cube root of V 

4“' , - f' ,; - ■ 4-e - 

• . tt „ . . .. . •• **,*£/• A *. V 

53 w hat ii 



i'ftr *-S 
V - 


- « 


V& } " -j. 

*L& * V, h 1 

•*v* 


“. Mi- 2?B* 

* * % < * ■■ 

-*< 


4» Required the cube root of 16 

*■ 1 :. 


5 R c(jim edithe rube loot of 2$ 

J 


» i 


?<\ 


'What is the rube root of the decimal *014 


%* / 


v 


a* 

*■*> 



A nit 


Aft*. ‘2tim 


■* f t 


2 $. 


Reunited the cuberoot of ■OOOO^t ? 

■T ' . V5 » ’■ 

- ' '.riy 

What is .the cube root of 4- - 1 * * i" 1 : .*•' ' V v 


8fl[. V 

. - 
“<■ ^ ^ < 

16 * 

\ c 

•A w /( j ; 
\ > 3 U 

* >' •> ‘ 5. 


v - ' J -V !*•& 

w *■ Ay 


29* , The diameter of a 9lt% npftn vr*-? J^fef 

of a shot ti in cKaiiveteiV'/ 1 1 - ' ’ r % 1 * r ‘Set 

► 1 vfyjSns* 3Q|/A- 




1 . * 
a 


% t / * 

I 1 M 


JV. 6‘ lt'.> proved by ^eouietry, that the cubic ccmleutif fa^d # r.cn^f; 
qiU'utly uu- virights) ot ■ .ilar*soIids art: dirrctl) ,pyopoiliMig ^^ ?^*' 
cubes of thrii like sides </f t.jjiaeters. . 

,J ' *. ' 1 '„ ! 


"" -4' 


i v* 1 


J ^■ ‘ 30*f What *a thje-diapRtef'of a 48i5. iron shot ? vv 

fe*, ! 14 Aw. CSV/'< > ■ 

a '&&& ahtot ; 

r.,"» e r ^ t T r r 
t-. t i * v ^ 


- •■ V , « 

31. Wiwt is U» 


i i 


'■ Ank, j*“ j //1 


* ( ( ■* 1 i 

OuilCe ^ 

♦ - t AJ, fifw.,4 




^ r ' ' „ _ 1 

>i '/, 3^* A :lead ball whose dbon&er is 4* inrlu s m *k?arlw^ 

henee it is"required to find '.he dinmeli • <-f ;vjnu<-k< i 'll vrrfe \iei ( fh*» ? 

« ' -'-i 

■ , * ''ill 

' 33. If dirt depth of a barrel\vjbich holds fit’6'' ' i-v vtF^ 1 

J^inrhes; what is the depth oi aaolhci bail “I of uimiai ilu..eriSh&ni ebi'h.’ 

^koMsi tjiiicrs t\i&t i|iiai)tit> f 

A 

v . % 

r 't.34. If a musket barrel v,lm!' r .-r,.*- obpee 

. J JL w ‘ ' 


^jiain. is3 feettblcngtS) what wou.M be the djaniclfe'r 

) ■ , . r : -.. 






■X 


* * ' 


• - 4 t . 

r - *> •>-* 





< * ^ - **• * 
' ?\ ./ 


V#t>, Re^iu> 3ft we 6fh root of 3G1 - h ^ 

i(f* - ' £ V j vV, ■* . i-*-'•»», -v . ,,r “ *ft 1 '*' * * 

^,/;/w^*J eSr:' • '•' •*. ‘ •^ 

V ' Arithmetical $?&ressio7i. 

*■ * r .£«#'4 ^ v / /* 

>1 jf ** ... j 

■** ^ l'i \ .V 


J S1712 ‘ft\‘.riyy 


1ft 

'7 

fcT 

-ts: 

, « 



*■ 1 

t rt rm oi ,.n n, ;thmetical ptfpgresskm be *., the conunois 

’ -» y 

■ < i rcncfi^i and tne imi^m of U rms 50, what isdbe last term’ 

V.' ‘ ' !>, ' Am. 'Ll,-, 

.a. 1 ; 

JS ami —y 


* t. » , V’* <•. * 

f i* ^ '), ^ , -« 

/,?, w '£.' 'If fife first anti I^t term? of ah,arithmetical senes he JS 

' iJ, ast^| the ruM&cr of im ms J, whjst is tl^e common deference ? 

•*/* * + * 


« i. < 


-" *■ : A*«y *' 

# \i **+^ 

3*.,. B equat'd 3 aiii’mieucaVti^^-fcfetween 1 and 2? 

' ‘ " « ‘■-Vr • -,L -.. <- . ’. • 


An*. 2* 


?,i Ji v j \ i 

/ V i, *. ' s 


Am. i}, J*, J>‘ 


*v ■ " 

A. If {lie fir*t Iniii yf an rmtftih^tic^l ‘pm^vession be 0, the 1 ,<d 
, lcn« U\ aiuHkc rmnb r oi terms 20, whal isilu* mn ) 




) A nr. U0* 




y. » ' » 

' ^ Suppose 4 tiuiPHjul.u bsdti’ion fo’ I'onsi'st m 20 vjnh-, ti.e f rst 

b< i i f r l man, the next A, the third 7, the fourth 10/<inl so on j 

i it 1 llgi'l * * r v - . ^ / , 

l' Lti\Am.‘590tne#f 


W 


*: J* .» ImM'nt m*ii » r.rfc> at tUc >’iU' «if,4r mites ftw 1 fir&l 

* > «.* _ <4 

hoin, .i;J l m,Ie lb" hist, in wind time did they pef»Wm tSie journey , 
welt bout’s no < h v*. ls'^ik, e^ivclv dimtutshed by the sn.ixv 


distJtwWj and V .v 1 1 it was <La f liistince 1 

v, -tK 



Ati$. 13 hours* 
At A the dea cae }m. per koui. 


* *, * 

i i J^aiv borlv near the mtlA surface ilcseends 
•* r _ * 


« t 





■ m n-hl) rhi*->:-ice of m the fiisl sccontl 

) 1 in the ‘$i second, - s \ , frA n tnird v*conrl, and so on 

a Jietie : ;^fi|liuiein il pi j- 'on, w lij^t term is 11,V 

i^mon dqicranee;3^j-' /■>'’: now .ueorciin^ to this /Li«c, flow tar 

ItYj bady.deflCeiid'in jo tecoi/h ? ’ # ^ 

V, : *V 1 ' r Am. um'jfetii 



C ya-J 


fc/ L 


Geometrical Progression* 


, ** 
» /. 


, i 4 ‘ *V « ^v r $jf 

* 1 . If the fnrt term the ratio or'mqjtiplier 3, sad ttt?^mbcr of 

teiMift io, what is the ^ 

»* « «■ - ,/ m * 

A'l t. 2,%24l. 

% A 

r 

* 

3. Ihct the first term be 9, the ratio or tiirUor, l-£, and number of 
leum 8, wb.it is the last term? *1' ' * 1 ,, " '* 

vv ;, >■; y,Wl * i+?- 

j. Niippo:e (he fiist term is 100, the ratio or nvdtiplj|&r0& and the 

number oi (enns 8, what 1 is the last term 5 In other-wwd£*»<*What is 

■ f 1 

the .'mount of too/, in 7 years, at 5 pn c>ni /..e annum, compound 
inten.t? 

”, A»s. ./‘140 7I00iS2ffl>G25, 

I 

A. I,el I he ext i ernes be 6 and 24, and mupb'r of terms 3>; required 
flie middle term ? Or, what is the mean proportional between 6 an J 24 ? 

Anu 12, 


V4*' 


5. Required a geometrical mean between 10 and 20 3 

A’i s\ t j ■ 42 135 _» vearl’u 

v 

Tf the fust term is 22, hrt teim 1 jOjOIS, and the number of , 

tonus 4 ; what is ti,*' ratio, and the two middle ter - '—Or let it be ;* 

irquht d to ilnU 2 geomrUicul means between 22 nil 120,101 S’ * - 
* ' 

, Ah-, 01* 1Y» 

- ' ° An (I fin’, middle terms o.'>S u - >u2« 

- ’'s' 

J, K * 

7. Required two gedtnclrlcsl mran pt«q,>'rl mats between b, ,i<l « ■ 13 

Sl'aH.r.) , , 

>"'• JS-tuu > 


-TJ J 


8. Suppose the mushet r.ulrhlj - ne^essai} for sin army to be counted 
1 (J tirae&; the tirst count !vm; , the'tiCN* 'he tbhd 12, the.fourth 

Clj and soon; wllat is the whoi** number ofc.mwdgcs? ; . ' ’ '4 :< , , v 

* ' Am. 

* * , h -■ V rti-’V 

■-& ‘What would be the'pro luce (‘*r last nop) in 10 }tvrs> Irpm^, 
grain of wheat, the inn ease or ciop being cofl^tai.tly sown, atyd^aeK /■'[ 
grain ipioducing yearly .in enrol Jo l'T.iiuS^' supposing 7000 
.weigh a pound, and tiolb. to the bushel? ,;&. K , ; e «*- „ v . \ 



ft 





i* 

; 1 t\ 


DDITIQNAL EXAMPLES. 


r 

-N- 


15^ 




io,; i^i-ed l1,ti sum of * tl>c P To ^ rte ^ ioti •&. tJw v^Vj* tov, 

(die ratio or divisor being 10, And last term 0) ? - 

%*- ' b ‘ 


J§jr '* # 

1*1. WJmtgs the sum of the series -fo Sec. continued ad*i?i~ 

funlum ? '■ ' ' y. ;--/■/ 

I- 


19 , The sum of three continued proportionals being 100, aiid the 

Jfe 

ratio of Uie first to this third &? 1 to 4, what arc the 3 numbris ? 

Ans. 11 f, f 2Sf, 5: J , 


V s 


• * 

i . v „ 


l.*).*/ Suppose the i,.t ; oof the first to the 3d. as 2 to 3, icqinred the 
three nuuibm? 

Ans. 1:6*8475, 32 k 8813, d0 07 1C, /Avu.V 

« j 1 

M. To divide 100 ml > .*> continued proportionals, the ratio of the 
flu1 to the 5th being .is Ui to & l ? 

_Ans. 7.”.;, 117,V„ 35151, 3*iV,t 


Of LOGARITHMS, 

4 

i / ^ 

i34n Logarithms arefcsetor numbers so com bed, that 
the products in multiplication, and the quotients in division,, 
arc obtained b}r means of addition and subtraction onl). 

i.m. Or, Logarithm* are a series of miners in arithmetical 
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Thus if \ be the first term of a geometrical 'progression, and 
2 the ratio or multipliu, Uic terms will be 
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32, OS 12*. See. numvftdv- 
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2*. 3, 4, 

3, 6, 7, Sm.' logarithms^ 
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rlfmns answer to the products and quotients of the ..correspond¬ 
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Thus 8+3 make 5 the index or logarithm answering 
to 32. 

11.) And the product of 4 and s 
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And the quotient of (fie cor respond mg icim-?, oi 12 *3 divided 
by 16 is 8, 
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Therefore the products and quotients,of the >r moms in the 
geometrical progression are found by taking the s or differ¬ 
ence' of the corresponding indices or logo ohms. 
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1 j 7. Bui the indices 0, !,2, ^,4, 5, 0, 7, Sec. ivpy denote 
the powers of any oiiier munher oj lano ; consequently cStfler— 
ent ratios or geometric progressions give riitfeicnt systems of 
logarithms. t 
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progression-, the terms will be 4 
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And according to this system or ,<u/r t tin 1 common log-urilh- 

inic tables now m use, arc calculated *, 
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IAS. Nov: o bt'iT' tin* logarithm of 1; I the logarithm of 
W; 2 thy loj/iritlnn ol UK); See, it follows that.the logarithm 
. { .me monger between 1 mil l(> willbeO with a fraction ; be- 
t\w ii 10 and 100, L with, a fraction; between mo and 1000, 
wi»i) a tfiction, &c. 
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130. Itj ift.also evident from the nature of the progression?, 
that if ahy ’number of geometrical mean proportionals be in¬ 
terposed between am two terms of the geometrical series I, to, 
£(»o, l(KK\ im! 11 1 ■' like number of arithniethaJ means 
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v 01 be tile - m to*, .Lithms of tile former. 
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And the cor;esperili::i 'u, kn.e< '*1 mem bi’twLCo the in- 

; dhjes. 1 iaiid 2 is^l’Sy which i& the _aiulnii c'j index of the 
iV ’ term 31 • t >227 * to. 
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• •.Therefore computing the logarithm ot n given 

number principally ctfn^isls in tmding a geometrical m< an or 
turn of the series equal to, or nt.iib e• j-^.i! to, the numb r p>o- 
posed; then its corresponding and mu tieal mean or imu * will 
he the logarithm sought. 

Now., by repeated extractions of the square root; such an np- 
, proximate mean proportional may be founds ns in the followin * 
''example : 
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l63i» Tiit i tiegral part of a logarithm is called its index ©i 
cliafa^rislK ; thus in the logarithms 0*301030, 1*204120, 1 
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, >. $'7&5680, |he indices are 0, 1,2; the other figures being deci- 
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ipea arc easily supplied by the computer 
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r Ityttroelf, they'fjj 


ly. omitted in the tables. 

*166. of the divisor taken from that of 

.the dividend-gweAhe^^rithni of the Quotient (162), it follows 
that tlie index of,'the logarithm of a jhojkt fiaction will be 
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Thus suppOse'tlie logarithm' ofofj, of- decimal *625 is requiwd : 
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If;, its **01,1 go -sub 

i*7t)5£80 log. of or’fi.j. 
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In tins subtraction 1 is catried to'the index 1, vdmli li'n'-lfiei make 
t" 2, then J minus 2 gives 1 tusgatiw , marked will) the mgiiive sign (-—) 
d Outlie remainders *, 
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167.; Iq^anjj^^^^t^roper fraction will have 

a val5j|^^eater than 1. 

1 . > /j 1 u j, j?*, * *9 ’ 

i «r Vr'rtf'i $ * * 

Imiq fit hm rtf A 5 rv#' if o fc , 


Thus td 


tb: 


- J V 


tfS'''- • jM " 'yi'7-r 

25, its log. ,1‘$07!HO (twice the lo^. of j.) 
4, its log 0 GOgObO Miljlr.i<f. 

™i80 log.,of 




= 6250; and 625 x 100 = 62500, 
* 1 of 10, and 100 to that of 625, v\' 
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hikh values according to- the place of the first 
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Thefeforfc the index or characteristic of any ‘logarithm is 
alwaysvl"-^ than the number pjP jjjjfes in the integral part 
of the natural number. A 
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Explanation and use of fke Table of Logarithms,,* 

♦ 
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170, Tiie table con^^&lthe logarithms, of the natural 

numbers from 1 to •gM%> ,« f ^gfv. 30*i ,0 s®* 

rithms of the first 

Thus the logarithm of S 19,0*90^®)'^7 * s 
1*986772. The indices or # 4li^^terisf^sTOT^Bfc other loga¬ 
rithms are to he annexed according to the Value of the integral 
part of the number^ a» in art . J6£b^? ' A 

, # t* { * *y ^_ i( 

ri. To find the log; irithm of 3,./ 

figures : Hippo *e 123. ^ 

JLook in the lcTt-habd’^i^HpM 
*089905 in tin: next or W^^^pfkl part ’of^ 

logarithm ; aud as the numbed 123 ccKasJstj^W 3 integer, 

the indix will be 2 (169); fhere^fte 2’089^5^8 the logarithm 

of 123. m , ' ;.W; A - ' *' 

.,* 17 S'* To find the logarithm ofaAnuiftber^nsisting of f Mj> s 
figures: suppose’-S157- '* 

two first figures of the logarithm of 215 are - 33 ; then 
7 at the top of the table, and in the hori^ontalHrdiv an*. 
lu ring to 215 is 38§g^ftlfch are the 
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logarithm required: therefore the logarithm with ils indo;* will 
be 3-333850. 
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173. When" the 4-right-band of a tar.itdhm are 

less than the 4* ftgb^wbxipxt preceding, it "hows dm th-* two 
first figures of the lo^sVithni in ilie Cob fiburui c;:t i!'an ,, i#l 
or augmented: thus tliHogaritlmi of - •!' thm.; t!.> i”.-' ' 
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is *o6^J'>h , but th- logarithm of Hfi *-> '3h>\ i '* 
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174 . To find the logarithm of a number consisting of " 

fiii'ii cs. 


t - * 

- i 
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’V&Then, ns 10 :' 17(7 :: 6 < 103 0 the proportional part lor 6, die whole 
being 17e. . ^ .. 
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li'il if the. logarithms next Jess ami nextgreater Arc in the latter part of 
ti e l.t'dv, the requirPfl Jos-.uithm may err lim tlie last figure whe/i the 
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fhthj^ig. 2\'J27>55 is 212 1 
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183. Sai^: i* vcr tile lo^Uithtu of the divisor freni the log*- 
Yithin of the dividend, and ihe r< maindor'is the logarithm o. u^e 

0«2) ^ 

L. I. 2 



J70 LOGARITHMS. 

9 

Example’:* 

1. Divide 1416 by 5fl. 

^ Mifi lo'r. ir* 

* lit) los>. i 7 n<s‘> ’ 

quotient *4 leg. l ot'-i . 1 1 

2 . Divide 25100 by 10 i '7. 

•Jj loo lo t . i 

■ i‘"<7 log. i ,00J7*i 

‘quotient 13\>uS3 log 

% Divide *01271 by \S7J9. 

•01271 log. — 2 no* 5.) 

■v7'i<i |o<i. — I *0 1 I i j > 

quotient '018'».>'■ n Jog — / i.Hi»o"7 

184. But if we proceed as in tlic 3d. example of multipli- 
* cation, remembering alwajs to make the dividend greater than 
the c!i\isor, the operation may be pel formed without the nega¬ 
tive indices : 


Thi.s, t.'kmsr tlit* Jli-'I t xampji ; 

•0J M 7I X 1000 = -UJ7I Ion. ]*„}{■', H) 

•STM) X JO ~ S7"i lo . i" 111!; 

But this quotient 4*8.V)0fijs 1000 imus t -> i^na' on account of the divi¬ 
dend, and lO times too little iboi.mse tin* dmsoi vjs multiplied by 10, 
therefore it must be 100 tunes loo great consequently the quotient is 
•uiHjj'JG. S s ' f 

K 

£- r /- 

i And in like manner we mw’avoid tlie ncealive index in all 

¥ 1 

cases when tlic doi-u. is greater than the dividend, 

lo work u ptopoif ion ly Logarithms. 

1 85. SnB tract the logarithm of the divi^oi from ihe sum 
of the loirarithms of the other two terms, and the remainder 

Ly 

will evidently be the logaiithm of the 4 th. term or number 

fought . 1 



logarithms; 



fiwwfJe 1, Required a 4 th. proportional (• 4638, 978, and 1793 ? 

As 4G??> log 3-fifij3P:} 
is to 973 log. 9-9‘K'iW 
«o iis 1798 log. 3 J7 t7'»D 

n- ‘ I > I ?j 
3 in.. ;<•) 

to 379-958 log ■’ • <> 


180. But instead of subtracting the log. of the first term,, 
if will he found inoie cxpedit ous to add its arithmetical com- 
pi tom lit : 


1 hii', IiiC'i if)". ) iii/' '[• V 

• , nn . tin i irit/.'n • u •/ co,Hfilcnict < 

■>, 3 log J 'o ! 

i T s In \ > I 1 1 > 

> t 'j*« 11 ' i 11 » is Ik fni t • 


»i 


The rmlhiTutical • ■ompleiivnt of any number is the dif- 
hrencc between that number and i with as many ciphers an¬ 
nexed (hue are nVuies in tlie number; llius the arithmetical 
complement of 57 i* 13, which i*- llic* difference of 37 *md 11)0; 
md tluii lore adding 13 to any number, and subtiacung loo 
Horn die -urn,mu.-; give the same difh reur- us when 37 i^ taken 
tiOiii tha* mini Iter ; for by adding 13 in-iead of ->ubti acting 57* 
we o.i 1 100 loo nine li. 


1 1 ’t: 1.1 t!i<- leg *i i. v ; I-. 

beiomes 1 J j 797.> ■. hui a-, fii. 
i.i tin liifiiv. 


t.iken 1 1 (jin u* ii'iOOO, whence tin: sum 

I 

l^iP’OOOa/O ... h, the 10 is omitted 


The easiest method of subtracting for the arithmetical com¬ 
plement is to he phi aL the left-hand and take each figure 
from p, c.\ki 11 1 the la^l tigiue on the ngl i wbiehnuist he sub- 
traeted fto* U}. 


Therefor*- m division, in-.ti.uj ^f subtrsetinq the logaiithms 
of the diw*u'S. :dd their arithmetical complements, and 
reject It) ui the sum of the indices for each arithmetical 
complement; u/J »he result will be the logarithm of the 
tjuotlCQ^, 

'l :? 





17 & 


2. Required a 4/A. proportional to the frac tions -fnr** V.Vs> 


<02 11 


*. As -jVjAr : 37*J ** 

pound fraction. 


in.’ X "I 1 ' x 802 Q 

: J'JU x 3Tl J X 11 Hi 


the Alh. term in a com 


1192 . lojr. 1 ir.cnu 

719 . Ion. V ST ! Is-J 

SUIO'2 . lop 3 "'ll -’!< i 

996 arith, comp oil lie lop 7 ‘1 M? >!■ • 

'il\j it n't ft. comp . loi< 11 l.c.iis 

1110 anth comp . log n"M(>,sr, 

Ath term required ‘2 8 lop (■<) t ijx 


Here 3 tens ot ”o is uyv ted m the sum ol (he m 1 . lor 
metical complements; ami llu* le-ult is ilie le" ol s, m ol 
the compound Iiuction nduccd to il. lov A le.iii., 


fn» 7 m' 

i i „ [jif 1 j i- 
1 


For the log. of 11 i> I Mo 178 
ot 5 is li’MMO I) 

«~fLP lie. t,< 1 1 


T ) 1 1 


Suppose the result ot ,t piopmiion i, 
X „ \ t ; wh.it is it- \,diu 3 


the compound fi./.tioii 


P i 7 f 
9171 ) 
r. 1j.» . 


Il'll. f'ltip 1 »>; 


(.■ i 


f 7 or.’I 17 

till" ■ |l, > 


Here 2 tens should h" m.ueclled III llienmiol llic indices foi the i\ m j 
ariihnutu ..1 complenn ids bin J / is J dim t ol '2 tens, llieiefiwe the index 
will he 3 v itli a neg.itiie ugn, - '-v J 


thus—- :j*. 1.1619.; 


The mi'iilur, to , id ,n ,, . -isv,eiifi'_ r to f.> 
index) is 'Ur*>; Ind 1 iude\ Mi. wsthM 
I, (Ini/ 1 ), thi'CMore ’('"’i ' i > .. (1.^* x.ilue ie< 
decimal. 


I' . tif'ni) (without the 
iii i lie 0 puces below 
o.od, tun: to the Lst 


4. 11c (juired a'!//’. pioj wlionjJ the tin-c di. inials llV'j, 0717^, 
and*001278> 

■^14277 X 10 = I 1277 artlh comp Tog. 9 817124 

4 07 16*1 X I'M = 7* 1 oS . log 0S7; J04. 

‘€01278 X J000 = 1 ’27S . log n IlMt 

, 6 GS59 log. V 82.1 >9 ; , 











iUit the result C 6S55 is 100 X *000 fyp^^'great on account of the 
multipliers, anti 10 times too little bemuse the divisor was int reused 10 
tunes (1SJ), consequently it must be 100 X 100 or 10000 times too great \ 
therefore 6’0S59 divided by 10000 gives ’OQOb‘6859 the 4.th, proportional 

m 

required. 

Or, making use of Ihe negative indues: 

*1 l'J7 > log. — l’l f >7i> 

hi si > j -.M arith comp . 

•(7lOS log — ‘J'STdJOl 

0'i1 jts liy*^ — I'WiiTl 

i'»i' l s 1 > 00 e< "■> C* I(*;i — I ■> 1 ' 1 >9 

Jta'v m'H i’ ip'.lmii'licril complement of(lit* Is/ term, llic negative 
i! a! \ i m i i in> icI'{ ‘il (.> u i * hi shlm.-i led —Aiul tin- sum ol the 
'.ji.iv {v.iii i j >«/. . 1 in dvi 1 op(\tfn\, but 10 should be re- 

jiM ti il hi ihe -um on ,u count ol ilu aiillunelu al complement, ihcrefon: 

■r 

imk \ m Ll.t* 'jiiip '!i I' 1 * '/*»</.•. 1* 


Involution Iff Logarithms. 

IS7. Mim tipt.v the logarithm of the number whose pow- 
;r is inquired by the index*of the poe nr, aud the product is 
mil fni'diithm of the power required. v IG!) 


Fxuv’.pu i 

1 . Vv ji:u i, l : -.' i ube oi 'll/, power ol l K - * 

1.0 log. 2 230no 

. 3 t/ni », 

Ait. -1913000 log. bfflmn 


9. \v hat is the 1 th power ol the decimal 7807 i 

To . oi.l the in g^tive nid«*\, multiply the dec imal by 10 and divide 
tl»c 4//« po.vir ol the piodiut b\ the-t//7. powci ol 10. ' 

10 -■= 7 807 lf>g* 0 S'\jS0‘) 


J aSJ’j lo log. of 3S30 3 




Which du hied by 10000 (thc-l/Jf. power of 10) gives ’38303 the^jejuired 
Ijovnei, true 10 o decimals, 





’irx 

I 

. •' Or thus: 

» 

*7867 log. — I KU3809 

_4 

Am. -38301 log — I 

% 

Here 3 carried to negative 1 nuke I negative (he index 

3. What is the amount of in e f ) jc.u., a< > fir cent per aim. com¬ 
pound interest > 

It is evident fioin Ku 1 , art. 107, that GO x J'05 x t 0> x 1 07 &c. 
or 60 X 1*03 10 is the amount. 

1 05 log. OO'Jl ISO 

'j0 index. 

I •'» 1 iO Jog ol J 03' * 

f.O , .... lug i ^ i > I 

Amount a. ubS’OC log. s 

4. If in the last example, the interest is p i\ai»le hall-}. a:b-, uhat v. oulai 
be the amount m (lie same tune J 

H ere the amount of m half a yum wiii be 0'J3. 

Therelou. u0 X f’0J3 100 is the amount. 

I 0 J j log. 0 010704 

I Of) 

nr,-- foof 

<30 . log I *77 * r, r 

Amount .4708 b7 log. J-s it-'u 1 ' 


Evolution or Extraction of Roots hy Logarithm*, 

> 

18 S. Divide the Ioir.irithrn ofthe number whose root is 

O ■ / 

required by the index denoting tlie root, aiul the quotient Will 
be the lo^aiitJnn <>t the i( 187 ) 


K' .tmpL'\m 


.<•- , 


g» What is the' square mot ol ,\n.9. 

Index 2) 3*87^030 ..* Irte of 7569. 


I 1 3") 11 ! . log. of S7 the 


2. Itequir^d the cube root of 10. 




) 1 *000000 





<14 iai it •• 


lop, of 10. 

log, of 2’15413 root nearly. # ' 






I 




1 I 

r 

4) — 1*58 $m . 

— 1*895509 . 



tog? of "38303 * 
log.of ,‘7S67 root nearly. 


Here the operation is the reverse of that in the&^tfnple referred to, and 
therefore in making Ijie division by tin* exponent 4, we add 3 (the number 
carried in raising the powu) to the index I so as to make the sum just 
divisible by 4, and the 3 is considered as so many tens added to the next 
figure on the light; hence the dividend will be — 4*3583236 which divid¬ 
ed by 4 gives the log, of the root —but if the cube root were required, 2 
must be added to make the sum just divisible by the exponent 3, and the 
divuh nd becomes — 3 2583236, the 3d. of which is — 1 861079 the log, 
«f the 3d, root, .ic. 


Oi thus, (without the negative index), * 

•1) 

■38303 * 101 = 3S’/•* log :b_5S323G 

0.tog of 7*867 which divided by 
10 the dlh root of lb 4 guts 7si>7 the root as before. 


4. What it the squat c loot of the compound fraction x -?jUi - 



3.8Q7603 
3 y627()i 

(i 1 S3 J p 

6 041 ,j 


—J y_ u ~_ H '. n . o[ ‘09517 root nearly; 

P 

5. The (li.'mu tes el :i 11 1>> mm 3.nl bo.i*. j n chas\ then what’is the 
' diametei if a 1 bid. ball; the* weighs beiu i the cutxs ot the dii- 
meters ? 


V’ 

■f *-w jr 

■v S 


« * 4 * 




.. ,T 61 X -18 

4- 4$lb : -~— 

' 

■ the cube of the diameter 

61 . 

log. I M)GISO 


48 . 

log 1 oS1 J1 j 

-ft* 

J) arilh comp. 

log 9*0157 ‘>7 

* 

Pi am. neaily G 

3)J >33178 


leg i)Mh‘3 



•*!. 

I I 


6 What is tic diameter of a lead musket ball whose weight is 1 ounce J 
(See Examp 4, art. iLit, \ol. 2) 







IN* 


r 




■ -. 7 ", 

1 X WU tt 

a J V ■■ f " _i. 


,*<f * 


ttie diameter nearly* 




log, of 663 of an viJi. 




K*j?v 


1 7 . Requited tHe > '^ftieti'ical mean prop! 
tfS6I? . (IS I ) . 


' 7* 


s$ between 64 and 


r*4*s * t * 
-V 1 1 

*<*« 




V *> 1 

f & 


• > ^ -V ■• 

Q?6t log 3 816970 ' i *‘- 

81 log. ^£85 : fe 

’ 2) rTejljj J f \ 

^//r. 729 log. a SCtf ifrffi ‘ v '„; 

An<J the three terms are St, 729, baifshs*'' 

r r < 

For 81 : 729 :: 72;) • 0361. Bui th^lg£3& roots are also propo«tl6^ ^ 
^(139); w‘«. 9 : 27 :: 27 : 81, whence 2* x 27 =. 9 x 81- Therefore ' 
the mean proportional is the product of the ^quaie loots of the two ejfef 

tremes. , ' % 

■ « 

\ » * 

' i 

8. Required 3 mean proportionals between SI jn.lbjul * (130) 

656! . log,. 3 8 1 f "To 
1 st' mi roos K 5 

^4} I y08485 •* 

v VV> ■ Um Mf | | 

;(> 177.|2ilpe.of3 tlieVviiwo] mi-Hirf ! i- 

n m H h, ^pr-A^St, ‘ 

': > 

'3 • * WrgnJF *■ 

Therefore the 3 means nu* 81 X 3 ~ l$§$§Sijk >■* 

six y s=J»?>C’ 

SJ X 27 




And the 5 terms are 81, 213, T ?2187, 61b J. 

<. 

3. To find 'f'geometiiL.il iveans between2 and iO. 


r * <•'■ 


i. _ 1 » v 

V ► 

1 >' 


'< 

* 

zft ■’ ;<»Wv 


a: A,:<i 


|( n 1 o ira$ 


7>| 


bl 39791 log. of therationrmdlfflfljP^^' 

i«.g. o'’.oro3o S^wSalr- 

O J iWJ5& log 2“r'jllje I r l. 

■' d.iSi*' 8 | t ig .; ci.i’j tlitfsd. ^■ ^- e 

P 1397')! 

oWortl* log. 5'2531 the 3d 
0-13979 1 

0 Soo^r.7 Jog. 7 2478 the 4th. 


^' Examples of Fractional Powers and Roots, 

| t ]/ • 

'■ 1. What rs the § power of 4094?»or the cube root of the squar 


t ^ -?!? K r 

<»r the iK'tr^er aq^c^hig tp 4p^6 J ? 



" ' ^ * \ 


, 1 * . ‘jV 

r » 'r 






i! 


that square 


L -f* A* * " * 


*"S& 


O 

Llk 


• -* . 4000,;*>!oj 

4 ' lQ g> j^jjjjijS &'* ‘ 

■£ * i ^ ^ i 

Required th&4£ pOwefrof $98 ? ', 


feV V ,. 


, k this and s^fftrfef cases,-it isjbestto take the power , or the- roet, of the 
reciprocal o^hfe,proposed and then the reciprocal of tliat powei^ 

or root. Mill be the answer: - 


•t 

r 


*• 

« 


V 


Thus the reciprocal of -£Mi or of -S3 a is W, 


ffi....log (I 003771. 

4*5 


Vf 

» * I 


* 


43870 •..»*»* 

. 3509,6 V 

• . '‘ <yo3946no fog. of tfte^ power of 1 tlte reciprocal. 
v; 1 - h- 1 *0605170 , jpg, of *0131 the required power* 

['he log — 1 960517i|ld^^by subtr^c.U|g.thelog* 0-03018C 

• 1 ’ ■' ,1 *if> 

I.f J?\f * f. 


T 

l0 fi* * -V' ,> a* - 

''fy'jft. * ' * 

■gv 4. What is the *079 power*of '070? 

* i y 


030183 from the 


££2—..log. 1 *10?37 } 
, • -07‘i 

' - *V t ~ 






‘' ^ ),|ls7nii7ll '7 

' I *>\ ,9i ,! >33 log. 6F’*#18!f*neaily f ^/u» 


1 

"is the 0*75 root' of 2 > ’J, 

>n' 


■W 

• *tV ' ^ « 


'■ ^•73) 0-301 H30 ... 


■'•iSA' -l ' 4 * UMl)!‘17 1 ...I6g<f0i 

f Tt«\ . -S ’ •/. . ■ e -- 

. tit' 


i 

V^-i' . ’4 
. J ■* . - 


2*36)8 Am. 

‘ * 

fV * «V( - 

This however, is e^eOy th^Wiie tiling as finding the 3d. root of the 
Ath. powi ol 3 (because *7> rs 4), and therefore 2 5 198 is tjie number 

dohofed by 2?. ‘ \ 

%V 4 * ‘ 1 . 

i * t ***■ *■ t -f v » 

red the 3 l-r loot of 0*8 ? * f ** i-f'j f Jf- 
t - i ■, r ‘ • f'Js'/*' 

,iw' r 


- denoted by 

snAif 1 


MD.-: 


TIC. 


. '• ' 'V 


Atid --^-HiS,-jas' thc reciprocals 

, ' ^^Igfc ■ ■■ 

* -i f jjgi&t *' -VVta aaBfa i ',?' - ■ ’ - 

. \Vhalisthe'g»6^^^^M» * /f, 

i, ’ , d a^a^JE^l •1 22620m v ' ' >4 


$. WhaL is the $*6, 


- ^H” 3, J® . - . *. 4 - ' Mp - 

** Jute, . 1W* ' v '■ <■ - V * ’ *£# 

=s, i ,l 7S7i.gi ‘ ' V ;, , 

' x ' ™ *L' HtSStS’ pearly* 




■ r * 


a ^ , * r ‘ 

ygrr Hr*? 
1*‘ * 


■:" T7W 1 ! 

V*s '%% , 


j <*i 

? ■• m f * 

* > i A*? 


^ *S r , ft* / * * 

: and ^Sfe* * 


*>* 

•¥*M w 


• Vt\ftt*. '000000224034 ' - 

v 9 * ', % 

t 1 

.the continued product of jj|?35* -£>V A • 1,11,1 sMt ? 


/i //* . 


i , V 

3./...the continued product of *70141, ,( ) 177^, and l 1 * 01 '- 0 J 

, < ".•‘■a’ ‘ ** 4 

v j ji r a j li Aj.£h.MM p— .... 


^«07T nvmlj * 


» ' n 

.1 . l he contintied product of 1 '59& v^076d5» and n i i j 

i " i l i * . 

x f 


•** ;< 


i ->i x 

> * i 

i” ‘ 


f 

/I ^ 


5, Divide bjr 11 .. 

4 >. Divide 3 by A of ,V V,> >. 

k. , - * 

I -t 

<7. Divide -1363 bv *2bdJ J . 

» '* J / 

K .-1S75 by '003373 5 ././*??"•" 


0"H11 A. 


r* * *, 


‘65072 j/rflfftjf 

... am- 

*? rS 


11> i:v.>, 


* * A 

10. Required •> 'd proportional i r -f^ -onl 


.flunk ' . 


V* 1 » 

4 7 


^fcw. ‘40; 


' , i 


* * *i 




* ilt .*..*,.'.8 3^. proporlior-al to^^V and ‘^§’ w. 

/ - ^\ if 

ti.w. -V3d. proportional to ‘5377 and 3777 - 

• .' 

/■ ' 

13 .3^ pfoi-Grtional to*0376 and -3786? v ? 















LO<«A3 


i i. Ren,lilteda 4th. 


-pm 











i, ^. -" -/ 

. *»h U71,-.*:«. t L A iL.'_m.TlEuik« 


■ What is jb^tw^ . 

‘ -‘i" ; ' ' ^ rV l; ^ «45 *c<, 

, V-/j ,,,'• V v\, \- . , 

\\ r ‘i 3...*: .i.^y,;^,;;U^twfiep:l45an<t' •' ‘ . 

' - ' “ f ' 4 if. | . A ** 

t*'l 1 ... , ■ . . 1 ,. ,. * 

' '* •A, '* ...r. V. ' ** / ♦. 

- *'■■*',, * * A*„ 

- Tl.. a* _1 __'!__**'* __ 1. 'i__ n OAftAl 




I* 1 


gcometrip} means between^ and 3000 ? 


• * V 

I 

'JO- Required tl# 1 mijc root of 


;w~ ,.. 


I % " ■=?• , 

4 1 . , KX 1 


I * 1 

■k. 


irf/tf* *04&$17- nearly. 


* . V ,^Ji 

% f Iri > 

II*-* ■* L 


’ I Required a 4 ih. proportional to theciibe roots <?f 17^ 19, and 91 i? 

•T/tV ’* ' ' n ,*i \ ; 1 «- 

V&.-i- . - Ans - 

■ ' ' - 1 1 - /* \\\ , r,V /rf# ', < ' 1 *'‘ 

29. \Vi»at Is the 100$, root of 10? \, \ 

,)‘", U,;>< - ‘ -dw. J.02329 nearly r 

y 4 VT ' 1 , * r 

2 j . To v. !iat power nilist*$0 be raised 1 to produce-700 f 

• \ V * % ■* „ 


4 * '\5 

u ** 1* 


^."Required the 1 rool < f ' \ 


.Ans. *037037 nearly, 

• J y t i 


*If* .So.. What is ifeie J too* <4 I,’.,. 

>i, V * _. ■* ' * 

aL '•’& 1 .* ■■',.»■* 


« ■' ft'f'} ' ’ ^ . 

r v -T - 

...;..4m. 


f' , >' 

r - < 


t... , A'A S 

i J * ^ *- 


•( A 







— 1 w. 


A'tS#,. . 

’A.i ’ < 


are 
ina 


; a c “* radi8 # 6 K^#^.^ 

Aof Humber* 

. 1 /* /*_? * „ * 
. „ X - 1 ' - - 


: 3 Extension, is distinguished 1 into fc 

nASUL 1 " ' * ' u » \ < * 

**W*SS# « ‘ 'i ' l' / ’ r 1 • J *u . V* 

*** . 1 V -/ -** ’« , , « * Km-\ * , 

$. without breadth; or thickness. 

t\ * ‘ '?ry * < /« /*,* *J- , , « * * *■ 

_tV lt 1 ^ | » , i* i • 

"I lie* extmhiti’es of,'a lineJwe points. Apd ibe^intcrscv- 
tinus ol one 

\ •>■* smma 


ife 


sae 


'■ c lx At-. 
■'T? 


■*v \$Lrt »V X 


' n 

4. A surface i#> 




, '*■ ^ 


*- ► 
- -?*£ 




The bounds ot^a ® 


' ♦ 1 v 


. jf*' l ' 


’ “vuest 

i rfacfeRire, ^ r ! 

* v 'i A?^£v J 

^ ’ :, ■ .. 

T . I.V Tft/ar,. ' -. *■ - N 


Ith only. , 


• 5v A bailor solid has three/dS^hsioiis'j namely, lcu.th, 

Ijrefldib,aurthiokm^. . 

■ .% ••> . ••-• 4-' ■ <40,. '-A -fti 


The ljounds.of a -.ohd arc *- 

A i iglJ I in > or strai^feime^Ts that which 
same direction b. tvuu itajr^ftemitics and 
distance between tv.c. poimfti\’\ , ‘ 




“V,*® 


V 5 ‘ 
i* r- \ 


Ji_K *lV>- 


*-> 4 


distahf:ebct^cc.i tv.c. iioinui 7 A, , ^ 

*; v j;n,A p^o^r^pbiae sSkfotite, 'iffthat in 

&tea* lid.the right li4^etvvtrf tKei^Klf 

nl riTl*' nr CiiiiAi , f»i.i t .c " . 1 * 1 


'"that pi anc or superficies. 




8.' A rectilineal angleis the inclination of two Ifrvv'A. * i-L 



















ayf|Msi 


S eptshc are pbt inclined $* 
‘/and coKfSe^cntly 


the baine plane 1 m iL no! incliaedtp ^aife^Stjhjpr,^?j fe 
or when indefinitely p rod u ced \b Qm . way &{qq^^c ^ 1 !- * ** 
i,c\c; mcet,v|^2teCD. ,. • i ">■• 

straight line EE (all in ttfe 'a- 1 




v L - 

w * * 


r.eiev meet 


Iv t.(ni. il to that line. 


rtgjfaW 


A'jfi;- %&- 


:^’I1K * on il. t'i“ tvsf> lines. ** |J 

'«motl.*i, but ai« paiaiic i ur edaidisfent; and -* !» *n a 1 ! , 


f r a'lii'ii u.- ■ ijinii io each otliei..' 1 < 

V1 * * ' * v f * * 

Oi||W l Ml iUicJh, - .**. 

- Tgi «f 3 fi *» # * /w , t * * * 

tijaft •' ,mr ‘' ’■ ; fortiicd by awe 


/- 5; IX is the (lists 


>t\y 


« * CjiSSOftdfci . 

h*ewf*1r 1 T*‘ 


rigm rmn* \i forced by^fewo Vi^ ^ PJ 

J '* 1 s *5* ? *- ». ij I 

/ v . V ‘ ' - " _ 


jfflfepcrpciidiLi i" to cadi other^v^hu^ if I 

pstpenfeul.tr to US, eachangles ^ 


, _ > 2J" •* _ 

ii a»ri;*!iv .tittle. *' * 

is ks 5 thaq^ right angle a '.$& ."the ■' 

«# <ww 8 »* * »- ,dr 

> 1 1 f W\*s 4 » ™ f . 

* 1 _ „ " -V " r , 

-:>(!£. An Ojfip* angle is greitci than a right angle; as., the 1 
■i^^ GQR. ^^huse are called,obii(|Uc ang^eH#', ' '»>, jb* 


Kv - 


MhgBtdcaof a right Iined- ( p-l$ 



Am ^ 

flight hnu$, \ 





SWTUY* 




i $2 

11 When the 
a tu inje. 



$id&3 are tlircr, th'* ■figure <=• 


• is. An ?fc hoe* side* /\ 

aieall eqaal, / yfe,, ' / A\ 

( tii fi ' " ** " "* » 


16. An \$ *that only 

t*o sides «$«*»!> «w*b. ,*-* 3&s" yf*4 




Ni 
^ ■ 


J V* ' V * 


v * ^ * f* 

7. A scalene trianglfc Ss the tbrfe ftjfe 


are unequal, as C, 




> 


W'i 


18, A right ~nj;led triangle i c that \thich lias One 
aright angle, as 3>. 

19. An acute aagltd triangle has 1 ts ingles 



elite, a3 E. 


' 1% 
*r~ 




o An obtuse angled'tnsmgTr has one ohtose 

11 e, i-> F. 


2!. Every plane figure bom* led nj. mil n ht 1 iu.s is ^ 
cailcd a quaelr li oi quadrilateral And when the np| os>ilc 

<iidcs an. respect \< k i iaIUl, the q ladnlat^ralas called apafaf- 
Ue dm ** 


'uc * Ac ri a par Iklogran i\ ij all its 
as G* 




ID 


^n^le l 

■Wt' 

23. A q i «■ e is t pAftdfc < ^ram 1 \i i 1 its bids* 
equal, and*dl its angws right one!>, a* 1 T 

* V\ *■* 

2U A rhomb d i~ m Oblique iro 1 cl 

£raufa»*l» I. 


r * 




■ / 1 



. * 5 ?%Jk rhambfts is an eq daucn .1 1 mtboid 

a, K.^ 7 . * 


















* N 

'iO Magnitudes wbU^^^dtjde with oiieanothci, thu i-> 
which exictfy fill the sam* identical, or mutually 

cqu '1 m all their parts* # s 

37. All rig$# i^^fiire^Ssal toone aibiher. 

% N. R. A Propoaitljgt pp fomeihiug either proposed* tp he 
*done # qr, demoriSdlkted, and 1 uther" a problem or a 

itocmmu '***' 

■n * 

• * 

A Pioblem is something proposed to be done. 

- * 

A Theorem is somethmg'proposed to be demonstrated. 

A Corollary is a consequent truth gained ho u some picccding 
truth or demonstration. 

A Scholium is a remark or observation ni uh upon sunn i T un_ 

, w»« h fore it* 

■* * 

Ala m.i a is something premised 01 demonsti itcd» m n <hr t* 
Tench i v» u u lollows iliOie easy. 


« 


Or me Anci r s o t llionr-trNED Pi anb Tiouri 0 . 


ruroHVJks 


» . f f if 1 1 two tnan^Ls \IjJ, Vo I, hm mg tuo 
suL s 1 >A, LB / >?n ttiahgle* it p f 1 / tqval f o iuo 

sides ba» bd <>J tit otte*, and ir >r n ih d > < da B and ft 

also equal; th t> tangles aic ideal c l > equals In, all 

respects. 


« € 


If we conceive the trungk 
ABB to b® so applied ro the 
ti i angle >«<S that the angle B 
> <*'incKle with th*'angle o. 


/ud <ik ^ldeBAjfoU upon ba ; Then the angles at B a 






:0 s supposed ec i uaI > the allJ t,U! 

point D on d ; «</ : hence 

H is manifest that, equal in all re* * 


i¥; r ' 




’Arid in a svmiwror* ■ 
#ic«7 w/ieri Me? pM^m^udj %SmtyjbU* (A, jjf’ 

3 j d) art' equal,~*P& it is supposed JB b^placed 

upon the other so that th'i|pse^ &fcl adjacent angles coincide, . 
the other sides, aud also t&chtwo vertical angles, must coincide* 
and will therefore be respectively equal. 

1 - j»T 

£ # ' ‘ 

38 '' . 7 ^e unglcs which one right line make with, another 

*n the same suit , ae together equal to two right angles, '\„, 

Lf t the line DP meet the line AB in the point - ijpf 
P, then the two angles DPB, DP A are together : ST% 


FW4- '£> > • . - '-v Iftfri 


mu. 


equal to iwojdgllt angles. 

VA !< 


+ 4 * y- 

K W a 

Jhl i'-H v V* . W- 


. * • 


i /D 

"ff-B 


If the angles are equal, eaclf will he equal to a right 
ji.gle (to). ' 

i- ir when tncy are unequal, let PC be perpendicular to AB. 

1 nen the ih-cc unp/cti BI D, DPC, CPA, together are equal 
to two right a ngles v » t). 

•<> 

the tv o aeg ] c DPC, CPA are togum': equal to the an- 

‘jftftDPA. ; • .. 


-'■C? f ^hciei the two angle, DPB, DPA tog ether make two right 

Vglfe • * "" .,: . 'i . : 

4 A * i * p "" *-l 

''Mifoh /i/V.JJepce it appears that all the angles at thesdpBjj$ 
point (P) on file smic side of a right line (AB) are together 
.equal to tvftfo tight angles. Aud consequently all angles 
that can be made round a given point (P) arc to four 




|3?P* 

iU u 


3 n 


v* 



isd £ 


6&QMS&T m 


CitoL 2. And jf two angles DPB DPA oif&h ir'cs cf 
the lint DP ate together equalto two i g i a i, then tlk 
* PB, IA ilt one continued hue. 


^ 39 . if two right hues intersect each other, the opposite 
angles u ill be equal . 


Let AB in terser t CD in the point P. Then 
will the aUfcL APD he eqiul to the aiHe BPC 
and the ai gk APC c<p 1 to tin uiitIc BPD. 


( 


P 



A 



f. 


Tim nmht have been admitted a^ a a'ioir» 1 e 

»ul the parts ol ’ i^ht liiu Ik in th 'i ic diuc n t^o- 

scgiuiiti PD, 1 jl.» * h*vetU m 1 itiMi t > 01 l mo 
-hu 1 m g m ills PC, P V on tl h nk of » ( 1 ol 

in 1 lsecno 1 j < 1 \iantlv t? mil i> 1 upial T 

boYtCWr, 1 suiP t* 11 O ' 1 ti 1 tl l 


<-( the d< * t3 C vaPI) n« 4 , r 1 *■ 1 


1 


11 ’ jdQl 1 ohv jo I t *t . 1 PC t tht ' 

1 1 » , '» , i l d 101 n ' . i^k A VC ’ 

t * M 1 , t W » M I'f * 

* 1 l) l I th i»l t h I 1 1 I 

ill 1 s C 1 PD 


it 


1 


t * 




Ht 


J tit >/ 
t tn t < 
I t } 


( j / / 


it 


1 1 
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/ / / 


1 ) 


Vu PC, 


1 AJ\ 
\ D, u 


it f 


i \ 


/ 


1 ' 




Became tit * ik C 1 * x ... 

PBC, ru r v 1 < dto il 15 ) 

of the t 111 \ P \D, 1 hi* s (Pain tqeif 

(3tfci » ( i«i d lull , 1 t J the-ifo t iV 

<ngh l opdo t the 11 > 1 D i 1 1 v. c 1 ul, th it ts, t ie 

. «ig|eP r f 1 P \(* * P *(* "re itei 

\r ih* ane’t PAD, ai J 1 1 f »l f 11 it » >tl PBC 





THEOREM'S* 




If»7 




v, - 


*' \BC. l.i iln '.Tde lnam^eh'&'tire pno&uce &A. nndbi-e«t 
VC, !t ),! iy b«. . loved that the angle CAR or its equal BAG 
?" i» r «. nor tliuu ACB. 

, * 

46. If fifjo straight lines in the same plane intersect another * 
straight line, and make Ike alternate'angles equal , the two 
lines are parallel, * /; 


- 


T.cf flic iiutM AB, CFty intersect QS, and 




make .1 : alien lie angles APS, QUD equal to ^ 

cav)i< , in r ; liim AB ia parallel to CD. 6 O A’ ** 

J<> i 1 n Ih ii ,t i)tii.«']•'*, the lines AB, CD are inclined to one 
ai.Mner, and wilt meet when produced. LctO be the point of 
ionium,i ; ih> o RPO is a triano;lc, and the exterior anole 
CRD or QHD i i ■»vc mu than the interior opposite angle OPR 
( <p a },l)ut it i" a!-n * ■ j i . .* to it fbv construction], which is impos¬ 
sible, iluieforc the lmc> when produced do not meet on thar 
side of OS : ami m the -.a'le manner it may be proved that they 
• Mrnot meet when piodivJ m the other ride. Therefore the 
ijni"’ :n° KiralleJ. 


« i • 

1 ’ .I * , ft 


I»w 


11 r'|.,a*'\’ -k'l’ii . n..m 1 \. — }f u 

O'' / ’ > s i f i/!,') !,u> Ih I h i‘. > i Alh CD\ the u fl< nnfe 

„ i k f * 


rt 


■ l i ■> VP'"’ ' ' \ i) 1 U ” ' fh ■ : 

> - 1 

t f)r ■* , I v, j * ’ ' i' i h 1 ii ' ' ii iii 1 '! 


, awn from the same. 


joint. 


CotuL 2 P.iv i*i the angles APS, SPB together ji<* cqra! fo 
tw r e rp'hi .iojh.-id BUD, DUS .V >■ ( jii.d to r.vo right 
angles. u.e iwo ..ngl s iUC*. DPP hy, ti * t will make two right 
au^les; ibr’-efoic il two sli.uglil lines , ISP, IUv] in the, same 
plane, mvet another straight liye (QS) and make the two inward 
u ,v.i s. (15PR.. DRPj together upul to two right angles, those 
two lines are paralhi, 

. C^L 9. Hence also, it a stiV -lit line falls upoi^ojpe 

\ .»» ‘ ‘ 

* \ 

V 



J 


CEO**' i 11 \ 


several parallel straight in gi\cn an 

the other lines in the same angles* 


Lt v ill intersect 


41. Tj one side of a triangle le produced, the exte/ior or 
w outu-aid angle t « i l be equal to loik the interior opposite 
angles: and the tht&k interior angles of the triaiigle are 
together equal to two fight, ones. 


Let the side CA of the triangle CUA he pro¬ 
duced to G. Then tin exterior angle GAB will 
l>e equal to hoih ihc interim oppo-ue ..ngh'i 
AJiC, ACB ; and the aie ifs ABC, AC13, 
CAB, together in-ike two light Joeles. 

KJ 't. 



A 


Draw AD parallel to CB. 

Then because AD is parall- to CB, -he angle DAG n >*>;. a 
to ila; angle ACB (40). 

And the angle DAB is equal to il.c ae~le ABC 

Bui tin two angles DAG, D \B tu« 'her constitute the 
v ;rd .’egle GAB. 


rpi * 

I. k l 5 


y 

** ») r 


! 1 i 


. t n 


{' \ * 




s n#i 1 i ■ A O/' A ( 1 
J'lL’A ;.OG , 


(> 


And since t’x* p-\e iis DAC, DAB, BAG, togelfiej 
mate two light r.i, ,■ v s- .,.ua',n- s< >'pf i Mulv tin same uS I lx- 
... ■ <t ’r.i O.-nideCBA; v’m h*ie ilv wim of the 
l- 1 ' <■ • i’■ in . '\'-c , :an<’h n cou.-l to n do au f »)e£. 

O 1 V> 


Ci ' ii• .' vpi.n-c bet .m en an 0’tc'Mor angle o( 

triangle Jin! ' n ..'If nui,*, p;''- ,, e h is equal to the 
other interior oppugn 1 !e. 

Carol, it. li: nee also, i: o'l^afi'le of a trunple be . rierht 
angle, tne van. of the otl.i > \•• o malm a ri ; 7 lit one. 

*r 

42. lif e four inrea/u r . / ■ ’» , <>! cvenj nj<f t lined quadri* 
i7Je*n‘fa.re^Pgelh: , e rqn !e jo •; 


fl l/gilt, 





rilPOREHth- 


• I 

i 


L--i A BCD l-r .1 C,u«>Jrllalcral. Then the sum 

id the jnoli's at A, 15, C, D, will be equal to 

tout r:‘>ht nivdes. 

*■ * 


18^ 



Draw the diagon i! BD, which will divide the quadrilateral into 

two triangles BCD, BAD. : 1 . 

° ' ' - 

, - 

Then because the angles of those two triangles make up the 
four angles of the quadrilateral, and tfte sum of the angles of 
both the tiiairdes arc equ.il to four fight angles (4l), therefore 
the 'uu»!i s of l!i' qiuciiilalerjl are together equal to four right 
engit 


C'-T'ii. ilanee d l\vo ingles of a quadrilateral make two 
7: jilt ;t’igi_‘- , die sum ol the oiher two will also be equal to two 
edit angles. 

w i 


<3 The snt n *} > n He in'enor angles of any polygon /* 
yi'tf In twice a ino'.j ,»jhf angles, wanting foxir^ as the 
j’<><") c has sides. 


t et ABC DO be a 


’) <h i'> <11 of .■> d'* 


( 


; . n the of the - at \ \ C 

i w ill he -M-uI in - r ( 't , 



Fro:r. :• -m. 1* i > 1 > n 1 ' > i i 

the Si'iv lit' l!-‘, " i.U It V. ill ,j|', . 

angles as tlu fi'-ii-e t..' -ides, 


1 . i 


a 11nc' 1 ■ d. ivn to 
i Into as t . 1 'in »?i 


Now- ;>li the o r 

as man, r g'lt a-ad*.5 . 1 '. 

has side- 


tne ti i an II ' m* tnu. ther e<lual 'o twu’t 

— » 

dieu :a. iri u\'l:-", oi a* the polygon 

♦ 


Bus tin of llie tsun^lep, exclusive of the angles at P, 

which make tour right iii-.dt- (it*, constitute the interior 
angles cf rlh- rmkron, and ihenJoie tho^e angles together are 
equal to tw < a- many light angles, wan .ng four, as Hie p«* 
.lyptu has bhhi. 

n i ft 





U>«> ' ifeOMETR i. 

• , ' « 
v. * - 

11 . The sum of ill# exterior an* It# (a AG, ITjA, &c ) n j 
any gof;jgon 3 are equal lo 'fbtyr right angle i. 


\ \ < 

Since the interior and exterior angles at 
each angular point of the polygon make 
two right angles (3&\ tiottyff/lj, all the k 
interior and exterior angle$ : liiiist together 
make twice as many right angles 43 the 
figure has angles or bides.^ 



Tint 1 he sum o! all the in(< 1 ' ■ 
many right angles, waiting b<i r, 


n r '!«*' .uc equ.J 4 » :v: 

•is iiic li.ib -1 h- (: 


Therefore the till. ,* of ibn* ■>• 
U the mm ot the <.\Li''oi antr’n . 


or '.jm f|. I . f antics. 


46. The angles oft/mu/* !\e t<j t 
/nigh are ahi equal. 

% 


Vs '>/ I n i Ur 


' i 



If \l\C be an isostvie^ tu.ii,/ , h viiu; tbo *ule 
3 \ n-jual to the side 3C. 1 *■ i \h" al A 
umI C arc equal. 
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/ 

_i. • 


) » 


% 

\ 
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Suppose the mv .. \i>T *■» I 

because HA Be’, and . 

% 

the side BP common to !. >t 1 » 
Hauglo vrdl th< i fore h* i 
t.ui pr wii'luve Pe 


‘ - ( 

‘ f } 

Jr-, f. 

A 1 

a k i . 

Then 

2 

11 

.1* - 

th ' ar<' 

, ‘ ( Is 

I\ .md 

t'v inaoides 

APB, 

( BP. 

i no n 

t*« 1 n; 

o«ial 

1(1 i< 1) i i 

'‘')K‘ !. 

t • o > 

a: 1 * 

at l . 

’ll 1 C l ’ 

i u <L 



w 


Coral. 1. I leii 1 * die liu< 
angle (ABC of an ; ediili 

is aWpeipendu ul.t 'o u. 

* 


;BP) v wh'.ch ns. 

aii‘>b , !/»■ -e ilr 


U' thr \orlical 
l>a?o l AC) J and 


Coral. 2 . And if two 'moA ol a 1 .glc be equal, the 

sides sAibtondiitg those angles wrtln, „ V v«,ual. 


' Carol. 3. Heitec al..o. 

cquianfii^ar. 


wi\ couib.torjl triangle is likewise 








• a i j;ie&(4P£. 

' <'"Vr 


ID I 


i » 

'» li 


't/di'\ 


Ij 9 '//v' if ore triangle (ACB' be eqitn f to th< 
f , 1 -fu'ht r h'uutglt (AC D), each to ’ each ; ///<• 
cftfjr \11 fi,r lilt- sides are also respectively equal* 

I 

The truth of this seems sufficiently evident 
from Art. 3$, It is haweVfc&^tjqioHijtrated / 
thus: • /< 


f i • „ p * i < 

Xcl a side AC of <ine triangle coincide \vlth the equal side AC 
of th( dihi i . iheu AB AD, and CB CD. 

f 

Duv. r.;T liMi hi ’UKC AB : AD, and CB -r CD, the ' 
trLn d ( ■ \ P ,I) .Hid CBf) .ire i oaales, and the awrlc ABD'zr 

ADI'., it, ! .»,« le CBD CDB (46) : 

* V‘M ' il i!). rju d ..m !■ ^ cr»l), CDB arc taken from the equal 
mv'Us V1D, ADB, tlu i" o leina'iiders or the angles A3C, 
ADC, ni,i.i al.-o i). «! 'd 

i ! it. I >r, the <«kU j s CI>, B \, and the included augle of one 
tri.'on , htino resp< i ei\ ujii.i! to tlu* sides CD, DA, and the 
i * t k\ d angle of the oil’., i, :ue HiCno! s idrulrv.l 

(. , t 1 dn an - DC V 15( \ jud the .mo,h 11,\C 

■ < ’ 

** M 

C .. , •/ >,> ("’/< ,*v.:> . D ’ e tt i ' u>n't /i,t *' < 

* 1 $ j» 

■ > if( (A LSJ. 


, 1 


« Jidji/i /« i ft 
t t 


M .. 

ficcau i At 


\ * 1 

1 ^ i 


A 1 

n f 


»1/» J 


ItfOSC vu 


J ) 1 l In 1 .il 


i.i ei ft; iii • 
d i I ! Hi'di; (JAC : 

\ , ACG, ACC ae 




equ i 


i 


r>‘ 


lint the exUruK rude ACC" <,( die t:i.u•*'f. G T’ .,5 equal to 
both the GhC, Gt.il I 1 . : 

Tbenfmt i-.f. i.'dc ACG (equal to AGCl uhic * is nnlv a 
part.pt the rugh ACB, omV-K iiw a., gl. B; eto cqucntly the 
whuhrainrh A ‘ ‘ B - re m r tn ('■ B 

^ J \ , 


tq&roh t!'e !ou<:i -1 side of a triangle is opposA lh« 



192 


/f 


¥ 



£fETUY, 




greatest angfyp that ACB 

B, except AB ^H^gfcr 

w f ' t IV 


4s. The shortest Uni, 



'he drawn from a given 


vt S'?',/ 
£ 


/ 


.£$? other PR, 

V AB wiR he ionger than PD. A ^ I) li 

* *K 

'. For the right angle RDP ol ih triangle RDP it, gicaicr than 
the angle PRD. because the latter with ibe angle P aic toaelhcr 
equal to a right angle ('ll, ioic f therefore I'D <-■ 1 :?> than 
PR (47, cvroL ), 




Ob rut CIRCLE, 


/ 

D h t T N 3 T 10 N i> 

* J 

4Q. A CIRTI f i> a })lane limn hounded hv one on\- Ju-r 
called its cimitnfciuice, which >- acre whu- < ,f < 1 d;. i ol 

from a point within it railed ihe centre, 

50. The radius of a r.ircle is the distance of tin •" 
centre from the circumference, i hus if C he the 
cun re, C R i > 1 1:e radius* 

‘Vi 'V 

JL > . •*.! 

.V - , 

5). The dumeter of lnu dr.o'n through 

Ihe centre, and laminated by tm^riritei^reucc h<<lh \ta\n 3 and 

1- -al * 1 » 

th$ «6%re it is twice the radios, „ 

J[ - 

cimihrferenrh; 

Q§fc 



-- ■■ • ' 

ps '• »- *3^ 

p <■ ,. 
j&T J ’ - 1 


J6 yf£An arte/of a circle d any part of tl 

S-. * V ,4 > ^ # A 

Ji \ *■ •. 

The chord or subtense of an arc AGBj&d 
A U' <£.«ftlt|t lin e AB joining the extr-^ * 


, t ' * 

vW- . 

, - v. v5,J 

■» it **. C^v- 


Ar«\ 














OEOMfc r: 


' >!■ 


; (!■ t"ii ii liu ' iieumference of tlx in-h. in ■ . 1 1 i .. a 

?'i lie jm i nlxc'i m iho fiioue. 


I . 


A. 


ii\ Hie jK-iimclcr of a figure is the Mini nt'JI i< ‘h!. 

ll IV j - 

<jj. WIhij two right hues AC, BC, form an angle ACB, 
dml .i urcle is described about the miguUr _ ii 
point C a■? the centre, the arc CD ipt^rrrptwJ / '\7l ^" 

by thos'e line's is the moasu re of .Tx anVle ACB, / O - .. - 
the whole circuuueionce of the cm 1< - bcimr the \ / 

measure of four riuht angles. 

I 

To tMinuh 1 tla* on* tuvjf 01 nuis'i'lndc oi ,mi a»g!%, tl •* cn\ i ,n it 'n* 
oi the cir !o is M‘|>pObt<] to l ■" dm U*il into ■■) a•< jm. 1 ! pji• (.Olt-d ocpi 
oiul c deli ni IIiOm* cK i ^ro ,j ') 111*0 oO mj.i ! A un"li- «md t k • 

jn.putt* into 00 st'imd 1 *, tLc. Tld . . ^ * il!i J d. ■ m ,, 

TI us it <Iii* liiMiiiih'U'iH i* Al 5 l)l\ 1 - <I*\lii.r r> 
n 'lA partjortkgiii*', and list; riumUns A 1> ; I'll inlet* 
r»-<( t m h other at licjlit ctngU*'j ilu* pomi* X, b, J>, U, 

■vs!! jiMcio lh«* chounlcrnu 0.>ito 4 •«h , mS .m'sc* *j«) <!«*• 

*1 > , t jcii; i'ihI u hoi 1 ,i 4 . .it t! x <»1 C 
*d to i:c vOi andi "r . . v. 


O ikll 


V.- c b 


S I 

’ A,r f— 111 

M ! 


XL 


i 1 JiV me P 1 * i- ' ' i 
ii'i.'!*' i-K ’<■ v\ 1H be L 


i!o > i 1 


* 1 < e 01 


Tiir.ori khis 


it 
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I cr f: be thJfcciiire of the u ■ 1 ."id .*H a ehohl; thru if 
Urn iv.dini Ci^ bi-xidc. the chmd m tnc I'cin 1 D, CD will be 
pcip'.'idieular h> AB j un<l the* aic . J\ equal to the arc RB. 

Di.VtA and CB. 1 ho: he-'inst CA >s equal to CB, the 


► X 1 



' jl E M 8 . 


~ /> ,•,!.)( C-., ,i'ul therefor^ Off, (>■;<> • i , < ^ 

, : ,! , a ..'l .\('«, au i .* ^gpcudicolar to Alb 

A'..' 1 . i!k; .’re.' AR, BR ;ire the ntea-tn o: 11 

( I,-d any lei ACU, BCR (<3i) a they must ihcreloie be iqo.il 
i aeh other. 

' Hence 4 right line which bisects any ch >rd at right 

angles, will iMoiic/tAhe centre,of fheTiMk. 

,-v ^ 

CO. Jn a circle, equal chords are effiitttltf '(fistfflrf 

li)t‘ isitltc, - " 

fV r ' I \ 

r • h i.. \ 
l V< L ; 

v\;y / 


-dV 




Let All, GD ho r\»> equal chords rn the 
“ircle wiiij^o ■ onlre R C; iln-u the pirpuidicu- 
5' " Cl?j CS drawn horn the centre C will be 
cqu 1 1. 

ire r$clh CB, CA, CD, CG : then ib^e radii bt :* 

' jn il, *ukI BA equal to GD, the triangles BGA 3 GCD will h» 
u\n or equal in :.!! eeqaets (iff >; and becau^t’ thev an 
S the perpendje da!-, i ’h, ( S ;lj hi.-cct BA, GT ; iff, 
: hcr.u lire tnau ; Ji , I’C Ji, RCA, nC‘D, SCO areidni. 
. \i! . i ' I i ;!\ (JR -■ t S. 
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'>*. * * '* ' '' A '/o f > Alb DG ’i ' < 1 • ' , ,■ 

? q,<' ‘ or -/ . / P lj sttijf circle, .. ,k* (. A ,... 

f/zr h »r }A ' / - /ff u / hied through the fw/nt of- iuh \tr u,> 
X', it ! < • ‘i the olher line AB ;>> shut pnr;'. 

Dra\ CO to any point in P.‘, Then CO heint*’;greater tuaii 
CP (4'i), die point O im, i ,, ■ o^/iriiv fall 
without t'-. ^indoji and ar t...jMuW rt.tsoninp- 
holds good *vjth- n>jnct lo c i-rV other point 
irt PR o t F'A, it fa evident thu' /Ji cuts oC 
no part of the c iiele, but touches it at P, 
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S . ,V n 

° / , A,i 
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it* 


vjc 
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Ct'OMETR^ , 


i-oiai. j. Tluicf* llif angle formed in a tar.'jv.ni i° a rm le aral 
tlic rat it'-: (Ir.»iwi to tin* point of emu u t, a iieht am h. 

***- 

Co>til. IiL'ii cl* aho, if appear^ that ,';v 
TrumLci nl described through P, vui! 

touch t .u‘h other in that pointif their cfhtrut. a.e 




•x' ***'?& , , *H y j ' f 

^Qorol 3 *v/‘wjSR:forc if two circle* lon^feinwardlv or out- 

cent res and the point of contact Are. in the same 
right line. ' . • 




<>S. 77? £ angle-formed ly a iap*cnf m and a chord drawn 

from the point of contact , L measured by half the arc of th'n* 
chord. - 


«* , *» 





>A. 


Let RS be a tamient to the circle * ' 

* ^ 1 « ~ I ► ; : 

centre Js C]t and' PA a chard drawn ‘{r*$tf£ 
point of contact P. The n the measurer of 

" * \ * f T/’ «*jr» ■ ■ 

angle SPA is half tlv are PGA ; and thc-thea-^ 5 ;^ 
sure, of ,the an&lc It PA is half the ate FDA: *' 

‘ 1 *' w f” * 

„<f;hat is, if a circle were described about the ctus.i- P s’ ':h tl c 
ratlins CP or CG, the are intercepted by PS' and I'A w».» M he 
1 eciuul to half the arc PGA, and the me imeueuuc! h>, PA .md 
PA e*jual to half the arc*PDA. \ 


* 4 ~ 


i If 


Foi lu the diameter jSjpG bo drawn to bisect. the choid PA, 
and join CP. , 

1 -■* ^ ‘“V > * 

Then CNP is a right'anglethe an n *«> RPC. SX’C 
’/jare also botli n<;ht vingks (67. rdtffitfe * \ 



, VttW, 

V ; < V5*. ■ 

But the latter ati 0 k$ 

nukflfa right angfcCPS, 





V 1 


- C<Z ~ V « J ' 
.1 \ 


together vvi^ube, angle APS a f$fo 

. * tf -~L 

I \ «i 

t: 'i 

^ ir ^V?-' * c v''* 



TIII ‘0 7 EMS. 




1 hi ■ ! Ilir r-MiJo APS a equal to NCP f:’3h /■ - ' - 

t! ” i rG (h.di'ol PGA) >N ilie measure ol the angle PC v i‘ 
/uum ,'!m. lx ilk mc.i'.urt ol it*, equal APS. 

A (ram, ihc o mil airdo DCP of the iri.mgle CNP is equal 
to Leith the ri'\ ai\ 1 opposite angles, or to the angle CPN and a 
CNP (41). 


CPN and 


/ r \ ' 
v • r 

•* n 


,t * *V ~ju , 

A? V 1 


18 


Therefore*,ihe angles KPN, ifCP arc equal. , 
arc PD (half of PDA) is the measure of the angle DCP, it 
also the measure of its equal RPAi' y . 1 . 

Coral. Because the arcs GP, PD together make halt* the 
circumference* and the sum of the two angles - <KPA } SPA 
4 ju .1 to twd fight angles, therefore the sum of two right angle* 

1 f /• 7 TV *V "f ^ fr , . , 

• * Ai 1 t * €*’ i ^ * 

, M . v . 4 A nfct l | , Li!d_>AU u IX .A L >« M . t •■1 .«f'BM A n 

xs uieabqjjgSiv 

-V- 

f>y.' (it the circumference oftt cir&le u measured 

f u half-the dre ihat subtends it. 


i < 


11 


- r ** . * 

I.(i GP\be ait angle at the circumference# 

Tli'*., i.ait the tre GA is the measure of that / - \ \ 

, C, \ 

- , \ \ 

. ■ . X _^A# 

■fl 

t' ,,)].(.•*. US is a tangent to the circle at P. 

r 

p \ 

Then the sum ol ihc three aijg^at P Jv or two S/nt aualcs, 

i f x * T“ r i S’ - 

is'fise&suivd hy half the^ircuniftifcnce ot .the ( . i v^lvJ ! v (> >5 ( CTvUto * - 

4j ' r i * ** * * v « 

- 5 , ,'a Vt, ' w/ 

• 7’ 1 I' t In,I f (he circumference ^ half the aics 1 'G, GA* AF 

' 

* added together., 

f dV [fl " , „ * * ^ V ^ 

' i’ d$tow thfe|^y^le RPG v nuisured jpy half the arc PG : ^nd 
^ * if 1C angle £$& by halt thrift 

1 ^a ala* those two. angle 5 from ‘he three ) 

.icmaiui the angle GPA, 


* " >. 

‘he three angles at P, and there 



GEOMETRY* 


% ''it' 

i >jo 


1*0, AP, from h ilf the circumfcit m v. nml ii.o.c iviVi.r. lvi'f 
the arc GA lor the nicasuicof the rein.umn<> ,up lc GPA, 

*73 

* 7 <>. Sill (nifties in the same segment of a n<Jc, o> stand¬ 

ing on the same arc , arc equal to eachtothe) . 

X.el GSA, GPA be two angles standing on tire 
same arc GA* T%jbp angl^jbe equal 

to each other* \ ‘ '^'4, 


y. ^ c, 

* i 


<‘- ,v 


/ * 



- *■ *■ ** 4 ^ * <■ 

For those angles is measured by half the arc G A (fiy A 

and consequently they must be equal.." 

* 

Corel. Hence equal chords in a circle, subtend equal angle? 
at the circumference. 

71. The angle, at the centra of a circle is double the 

f *' J 

angle at the circumference when both of (heiti stand or 
same ftra, . . , -'d 


Lf't GAC be an anj'lo at the centre, and GPA , —"J* 

an angle at the circumference. Then the angles, ( f ,\ 

s& 


GCA is double the aibJr GPA. 


For GCA h measured bv the are GA ; and th - aiv’e GPA 
^ ’measured by halt thvu arc (dy ; \ therefore the <iw'!*■ G^.\ 
must he vl'/uble GPA. ■ 


Olheitv se thus i 

Let PO he di.nui through the centre C. 

*- t - 


VJ ^ ' i w I *» *11*. 

^ ^ O le CAP equal <to C PA K s 'j. 





.V 


.it is tocrerorc equal 

to double the angle CPO. Ami fo, the same reason, the 

external .m : r!v ACO is double the an^lc CP^.: therefore the 
• V I' ,X CCA i* dodbk Ihe.tvhjfeangle GPA,, JL: , 



"C.l. :'. 1 U MS* 


1 'j‘J 


VJ, 'In- • <.»/, GPA i-i a ivmkn’dc i* a rigid and> 


i'nr 1 1 j- in* ''•him! hy halt the arc GDA or 

b i! !a -i .1 iK :1 1 f 'tit)), bia hail a stiniciicle i* 
tlic nu.M'juit oi a i!<• hi ansili (til). 

<•« O V * 


r 


./ ''-A 4 

VJ 


V iC < 1}10 J C RPG fanned hj the tangent KP ,n,d the 
is equal Iq the ultcrn&te xmgfe PAG si ah Jing on 
the same chord PG. 


■v" 


"j " » 


Foi the angle RPG D measured by half the'arc 

•i 

PCI ((is); and the angle PAG is measured by q, 

Rdf tiic :-\iii)a are (Wj); therefore those angles l ^vy 

must be ccjual. 

* 

a 

< i. The oppusde angles of any quadrangle inscribed m c 
chdt arn logelhi ( equal to in o right angles. 



l or the a-tterle P is measured bv half the arc 

S?' , " 

GAR ; aud the imgle A by half the arc GPR; 

thnefoic the sijm’ ol bo!h angle 5 : inn-! b< mca- 

. no (1 in. irtf the sum of both arc-* or had th 

* 

• iieunil- rur.c. * , 


r/^r 


£ 



j Xi 


lhi< b m tii, iirc’iimUi< j ni'{. is 11::* measure of two i in lit ,i»t- 
glc,, ■ u~n <; u mly liie mpoidte angles♦twtther ate tqnal to lv.\o 

7 ■ Jj a dd< G ./a quadrangle innrilcd in a lire /1 h 
produced , flu cch >i u i angio OAK it ill le ctjunt to ifu inn aid 
oppo^t . * > *'■ GPR. 

t 

l*di Pm angle GAR wiih it; opposite angle 
GPR'-togethtraiukc fwo iu»h gles ,(74); and 

tHe', same .>»‘ t , )c , "GAR wiili flu.* angle 

GAR ni-ke <>a o right angles; thcrefqre by equal 

subtract! )U, the angle OAR i* cqmd to the angle GPR. 

# 

7(i In e circle y /wo pa?idle/, chords AJB^ CD iiilv?i *'pL 
fiial arcs AC, Bp, 



»*>/ 



COu 


GF.OM I. 


Join A I"). TI ion because AR is paraliJ to 
Cl), the alternate angles BAD, CD \, ure upul 
to iMrii other ; U)); and therefore the arc BD 
, is iqi'ji to the arc AC (70. coral.). 


A, 

; 

i\ 



D 


77 • The angle fanned by two chord ? A 3, CD, intersect¬ 
ing Pirh other in a circle, is manured by iialj the sm§ 
^reepMara 

' -CCtM 


1 .r J 



Cll b* 

' 1 r . 'ifWr™ 


half the arc DBR . V/".* 

> ** ^ SSp * ■*' \ 

J i l V 

y*. ^ ^ ■* ""V* >» *, 

Bi.t the arejjR is equal to the jr* AC (7d,; therefore th.* 
aTc DBR is Waal to both the interceded arc-, D$>. AC \ con 
sequenf“th$ angle DCH,,.t3V iu equal DPB/-i*Cxneashnd by 
half tiic surii,of those arctrf' • -- 


j- ,vr * r<; , 

7S. T//e angle P without a cit \V, Jtf meff^kuo secants 

, PB; PA, if measured Ly half the dnjouice of l ^ intercepted 

arrr DC, BA. V..;Y*r 

L "/ / '* 

' ? ’ J>1 CR be j\u iliil to PB. ' 


* 

? ^ 
v-'d* ' 

*v 


» * ■» 


jcn because DC^ijt equal to BR {ffy}* the 
fiiik’iviv'e <J arcs ” DC. ^^RA' is 
the-a. >A/WSFwfeh is the the 

■* I* { j *. 

an^k 1.0 A, or of its equal BBA* 




1 *% 

JL^. 


\ 

\; 

A A 


- A 

v 

* 


‘l?- - 

*■ ' ^ |Vi 

,^ r ‘ v > 


J „1 


7y. The anyte ? formed by the iwo tangents PS,' PA, *r," 
measured by ^inlf the differ aci. 0/ the two intercepted 

"GDC GRD. d '-.VvlT 

- f ' . 0 ' ■ ' .%M 

Join the points pf'i%i^^et C, D ; and let * V* 

DR b- p\ra!!cl to ‘ ‘ $0'n/ \ '*}& 

Then because DR ii patilel to G^, the^ 
uDll is equal to DGP (40j. ’ g 


V nrfc •. 


V J .-(5 

I i r 


* , 
i 

v tj' 
i ¥ rfw 



+ t , 




TH £ OK r.MS. 


i0\ 


No\. if’.\ moll* DCI’ is mcfl-ur?'i hv half the me OO i( 'sh 
a!’<l i\ m i. t f r,!{ h v li iH the ;iic: (iR (lit) ; ihiKm.c* the 
,n ‘ r( -> CD, .'lie : const. i|nentl\ the arc RI) is th. j dit- 
fercu'i. f>l i 1 „■ i 4i i, pii-d „;es GD, am! GRI). 

Bui fttd ihe .*r: R D k the mea-oii'c of ltic anu.!o RDA. \6S], 
and theretou* i!jc i)kv .urc oc'iis aiual SRA. 

*V ',, x . 1 

1 . From this a nd BJife#*eced»ng theorem, it appears, 


»$ r 


that the jndo formed hv tj|i a tangent ami a 

•■> r nit Ko measured hv h.iU the ditierenpp|he tv o inter* 


h* w £} 


cvj/ul art' 1 . 


n 


$' w 


Crto. -2. Ih-t’anv culnd the angles POD, PPG, is mea- 
*nrjJ by h.df ih-* .i, ( t D , those angles are tqnal, there* 
• i*G .. PD; l*.*ii ■<' ilu* Unec:ii<3 drawn to a circle hom any 
poini without it, 'i - .in ii {<» u. h other. 


i )! 1 nr 


i * I FY OF P 1 R M, i ii ! 


W 


a v ;d Tkiancli *. 


n:. o:v \: ■:tv 


« n 


•i'a/rnnal DB uf \ p-u > -'lelograffi ARCD i^ldia 
. ■) . <1 tl parh or l r’angle* DB DCB, 


For tii 1 an*;!- 1 ’ <.! the two 'riaogle? DAB. DCB 

beinjr ve.>|./ect.vib'-- j ril, t.nh to t.ich /Ini. anil 
the - P'i common to both rn;nio, tho'C !ii- 
£ii. les wii* toi'uf iic be i < i c !i 1 1nl or cr;■ • tl jo all re- 

O i 

spects ():$}., 




Oi 


CnoL II nec me oppo'i.<» of a parallelogram are re» 
ipectivt ly eri.'.il t * t jeh odur. 

81 . li ■’ / /;/?/ /f»r GR Inerts nr dir hies the dnin W D H 
<>/ the paraiidngnim D ABC vAo i’ico c-gua/ parts in O, ri <*/*/£ 


t 1. 


VULi I 


JQ » 





GEOMETRY'. 


mho divide the parallelogram into Uvo equal parts or trape¬ 
zoids DAGR, BCHG. 


Let GS and NR be parallel to the shies AD, 

£C. 


A Cr V B 


(dal 





; hence the 


Then because the triangles GRO, RDO are 

O J 

equiangular (40), at\d the side OD equal to the 

; aide 03, those trii 

1 * 

vf^suently Gi 

fV *ff * 1 to ^hc parallefcgkgm NBCR. 

diVfdeg? gg£$3KloffRWn SGNR into two equal 
triangles GSR, GNjRt^iS^;; theutoic as the pa rail digrams 

GADS, NBCR are equal, (he trapezoids GADR, BCJR.G, 

f * ' * A \ 

each coiisistmgfpi two equal iig*.u>, must also be equal. 

yp\*?, ’A “ 'V' j 

CoroL 'tlC"’equal to DR together, 

a trapezoid^D^GR) [)arallelogratt^^^^basb is the 

s^uvn of th'epai&lkd, sides' of the trapezoid, at^^^osc height 
is the distance of thn,e parallel *ides. 


jf- m 
v 








Carol. 2. Hi nee all r<>Jit lhu^ that bisect the diagonal of a 

V 

^p^ptllelooran^ am! ait luminaicd by ilie sides', are also bisected 

by the diagonal. ^ 

' 'V- 

• Si# Para llelogrtofasfe^tfci?! 7i ng upon §k, : jame lure, and 
between the same parctffl&te (or having * etfutil altitudes)) are 
equal to each other . I 1 ^ 

n _ g fth&fo ** 

1 '^jpt RB he par.ilK l to DC* - Then the pa- \ 

DRGC is equal to the paraliclo- \ / \/ ' 

gram DABC. i>' <*$£,,» 

For DR is equal ® n< l to CB; a^fRO, F ^ 


AB equal to each olIu 


A -S 


(A), hence if GA be 3dded fcpy 


RG, and .vB respectively^will be equal to GB j ^ 
therefore the sides of the* triangles DR A, CGB are rc5pet« 
lively equal; and consequently the triangles themselves must 
aho be equal, .. > < v^sys--.... 






Til l'OIl F.MS* 


V 03 


Now the triangle DR A being taken from the quadrilateral 
DRBC, the remainder is the parallelogram DABC ; m,cl if the 
triangle CGB be taken fioni the same quadrilateral there, 
remains the parallrlogiam DllGC : thcrcfoic the triangles* 
being equal, the remaining paiallelograms must also be cqti.il. t 

Hence it appear®, that parallel. inis standing 

nther.”" For if upo 11 ihe , 

of the other, the two p:\r.tUciogianiji; 
base, and have equal altitude 5 ?. 





82 flt .' Tr ifir/i>lrs si mi (lin^ upon Wtsdfhe lose ami 1 cl/e pen 

u 

the same patulfals for having equal allitudesj , uiccq.alto 
e(uh vthet. 


' w * 




' t , 


I.rL RB be'parallel to DC : then the triangles R *C A li 
DRC, DBCare equal. " 


. ‘V* 
& 



Draw C G, DA parallel to Dll, CR rcspcc- ^ C 
lively. Then ihc triangle DRC is luit the parallelogram DRGC, 
.■ud thi l.i mgle DRC hall the p..i. llelngiMin DABC (SQ) ; 
b.il toe l vo parilielogtaim ale equal {& 2) : therefore tlicir hal?£S 
ot the t.\n liumgles muaJ-o be cqntfh 


A 


1 - 


Cm*. \ I. A truing!' 1 h half a paiVifieW ram of the sarrflPbaae 

«fc 1 < t. 1 i i 1 L ' l C* C • 

Carol c ~\ And mangles h.ivingcqurf! bases, and altitudes are 

# ij i» " 

* 

equal. For if one mangle be applied with its base upon the 
base of ihe other, the two triangles will stand oil theaarae base, 

and bajye equal altitudes. 

> ' 

$3. If ACR lc a tight angled tri0jgle ; then the square 
^BSC upon the longest s i d* * ok iffftUenuse AB, is equal ta 
ft# the squares ACDO, BCPN, upon the other two sides 
AC, BC. 




- M: 


p » * 



&EOML fRV. 




Draw CR parallel to AG ; and join 
OB and CG. 

Because the antrYg OAC, BAG 
ire right angles, if to each be added 
the ang’e CAB, the angles OAB, 
CAG of the triangles OAB, CAG 
will be equal to each 



And sine 



ttitaft#; 




, AG including those equal 
tljfiStyialj the triangle OA B is equal to tlie 

v 


And because BD is parallel to AO, and CR to AG, the tri¬ 
angle AOB is equal tQ half the para'lelogram AODC; and the 
triangle AC0 equal toif^the paralklogr.'in AGRI enrol. 
l); therefore the halve?,.being equal, the \\ holes, must also be 
equal, or the parallelqgra^t;,br square AODC equal to the pa- 
r^ialldoffram AGRI. 


'-‘^r And exactly in the same manner it is pTovcd that the triangle 
BNA is equal to the triangle BCS ; and the square BNTC equal 
to,Ihe remaining parallelogram BSRI. 


Coro/. Hence the difTtrence between the square <1 the hy¬ 
potenuse and the square'p# either of the other sides, is equal to 
the square of the remaining side. 


Theiefore vlien the lengths of two suh v s 01 a light angled triangle 
are given, the third side may be tound l»> extracting th*. square root. ’ 

* / 

Let AC e 4, and BC =r .1: T’ the square of AC is u, 

16; and,_ f the square ot BC 9 ; and the sum of those 
squares is 25 the squaHrof AB, and ti e square loot of that 
squaie is 5, the length of A C 

Again, suppose AB r= Ifl/Vlis BC r=4-j-*; then the square of 
iro, .m the square of BC is and the ditfuenic of those squalls 

77*** l» ie square of AC, anc. the square loot of "> 1^1 is 8fJ the length 
of AC. 


If AC = 4, and BC = 2 , the sum of Ihdt scares kfjf|ifcS the square 



L 


THEOREMS. 


root of 20 is the length of AB: hut the souare root of 20 is a surd : there* 
fere ABai.d the otliei sides are mcovmeny.itable. 


When AC and HC are equal, the hvpnthenuse AB is J*- 
the di ignn il ol tin* s .1 ■ 'ie AC HD ; and the squaie ot AB 
is double the squ ire of the bide AC 01 CB: but tunc a 
■quart? iiumbei h not a lational square, oi a squaie whose 
-be exactly obtained; theielorc the diagonal 





its sidjeare incommemurqifai Id other words, wh ate vet 
nutnMHMtt equlf a be divided into, th* 

dliapoii.il cannot contain an ex^t'^Jt) 

84. 7/ a right line (DB) be divided 

parts (DO, OC, CBI, the ?ectangles made by 
and each part, are together equal to the square on the whole 
tine. 

Let AB b&thc square ou the line DB \ atid from ^ $_TL 
the points of division O, C, draw .OS, CP, per- : | 

ucudictilar to DB. Then because ffibSe lines are -] I ! 

1 • JJ oc ^ 

equal to DA or DB the side of the square, AO* 

SC, PB are the rectangles^made l>\ the whole line and cachA* 
part tcspectivrly, and these'rectangle- together evidently consti¬ 
tute th e square, because the whole ^ equal to all its parts taken 
tou’lhci. Or if we denote the rect.uujlcs aher the manner of 
profiting, AO is equd to Dli x DO, SC equal to DB x OC, 
and PB ccjii I to DB x CB, and tire three products togetfw 
iuit .1 to ln> j 





t SOG J 


Of Ratios and Proportions which respect 

Magnitudes. 


DEFINITIONS. 


85. The folloi** 


the 5th. Book™ 

* : 




f a mutual relation of two min ntiudes of tlu; same 

f *■ o 

kind to one another in respect of quantity .’* 

This definition is frequently objected to as impel feet and ob* 
scare. And it seems difficult to acquire a correct idea of the 
ratio of two magnitudes from the ddimtion, 'll we arc limited to 
the consideration of magnitudes absn.tcl lv. By the help of 

t mbers however, it becomes pci flctlv interfile. 

iu 1 ?, if we divide th«'liuo oi muniiimle Att ; >* jv. f—1— 

J 

3 equal parts, and the mamnludc CD contains 4 

of those pirts, the relation of AB to CD i^, ihe ^ ^ 

same as lint of 3 to t, ulmli in number;, is tile ratio if the 
0 

magnitudes AB and CD m te~piet,of quantity. 

Let GH be any otherTfrfe or nuyiiiiiule di\iJcd into (J equal 
parts, and suppose IK contains S ol those* pail' 1 . 


Then the relation or rat'o of GTI to IK 


is the same as that of AB to CD, because j i - ho - 

GH is contained or can he t.f on in IK a*'. 


Ci ~+ - f—f— 1 -rH 

t 


often as AB is contained or can bj tal.cn in CD, for the same 
reason that 6 is contain^, in b as vdieu as 3 is contained in 4, 
that is, because ” = }.' . • , „ 


Those four lines or magnitudes arc proportional; viz. AB is 
to CD, as GH is to IK; and arc set down in the manner of 
proportional number, thus AB : CD :: GH : IK. And 
the ptoportiou must evidently bold good whether and CD 


J 



theorems* 


«of 


are commensurable or incommensurable when compared with 
GH and IK. 

Sfi. Quantities of ihc same kind which are commensurable 
or can be divided into like p.nts, or parK of the same magni¬ 
tude, may be compared in the same manner as wc compare 
numbers in geometrical proportion (133, 134, arith Thus 

3; CD, 3; GH, 4j and AmB 

IX, ■^'qu,il’'pat|(|f # Shi«e Iine*„ Ch-HD 

lude will i \idently have tlftf GM—HHH 

as the number of equal parts into > whicW^ ffft 1 "I I ’ if yl K 
they are respectivclvxlividcd * ’ 9 = 


AB 


O 


Oc AB 


, .V 

4 Y- 


if 


CD :: GII : IK, 

3 :: 4 : 6. 

GII CD : IK, 

4 :: 3 : 6. 


Or suppose the equal paits arfe again divided into i\ 
like number of equal paits, jh 10 for example; then AB wilt 
t <ml.ru 20 j CD, 30; GH. 40; «u:d IK, Go; therefore the 
(puntiiks or lines will be in the propm tion ol 20, 30, 40, and 
GO; or as 2, 3, 4, and G, tlu j.iiii; as bdoie, 

I Knee t i' evident \if we m ike use of a common measure, 
as in I*i ’.e’sv.d oimtiy Hun cmnniiM-Mirdb.c magnitudes may 
be rcpie'-LuUd by number, and tlieir } . p ,, itios 1 as far as re¬ 
lates to proportion, duooii'irited arithmetically. In the fol¬ 
lowing tbeoiciu^ ilanlor, we shall sometimes refer to the 
articles in antlmutu wh.di treat ol proportion, in order to 
abridge the upcMiiuiii. 


Till' o i^F 

& • 

87, Pax f/' favrnws A'", GX between l he same parallels, 
©r hti< } :’i<r < r,- ahmuttt, uto to one another in the same 
ratio ui their bates AD, Qi(» 


- wS# 
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parts, and that Gft contains 2 of those 



points of division parallel to the sides, the 
parallelogram AC will be divided into 3, and the parallelogram 
GK into 2 cqiul parallelograms, because they stand upon equal 
bases (88“ coral.) 





f Vi-i j.%; 



c 


is to the paral. GK. 
paral. G&. 




V'- 


Therefore 
3 is to 

. C.0r A] 

Kt * -t L&i&i 

And if the GR are incommensurable, the like 

proportion must evidently hold good. 

Suppose the base Gl\ is the side of 
a squ .re, and the btaft • AD its dia¬ 
gonal :83> = GR, 

: and . 


and draw NCf 

ke NP so that AN aikf NP are commensurable, 

-f V •>-**, - 


SI __c . j\ 




m y rr*\ - 


Then, paral. BN : paral. BP :: AN : AP. 

And by continually taking coMnirniKablc p«ni. in t’le 
remainder PD, we may at la-st, approvum'e ncarei tv» D than 
any assignable distant Consequently the parallelogram 
BD will ultimately be^i*the parallelogram BN (or HR) as 
AD to GR. 


6 


Cornl. I, Since triangle 51 art* the halves of their parallelo¬ 
gram $ (£ 2 «. rotol. i.i, then fore triangles having the.same, Of 
equal altitudes, are to one another as their ba-.es. 




^ ■** < , 

Carol. 3. If RK^a/ul DC Ik taken for the equal bases of 


the parallelograms Uicn RG and DA wid be their 

. altitudes: Therefore parallelograms, or triangles, on equ||? 
bases, are respectively in the same ratio as their heights. 
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88. Parallelograms CADB, ORQP, having unequal 
laics and altitudes s aie as the rectangles of the bases atu1 
altitudes. 

Make BG, CH, and P.>, tt A O 
ON, perpendicular to CB,OP, 

’t- then the rectangle 
__ ‘anj 

n*.- -VtoMT ' 

All, and the rectangle N 

it 

to the j'.ii jllelogram RP ,82) 

Then, because V^u. is miislTiaN c eq 
ftctaugl.’, so is jj l .f,d!t i !('.^r.''ni to par.d 

Scholium Trie pjrallelyg.MMis .ir^ also vmJ to bejn tfe compound Yjti»i 

t>i li.cir b.iM*s <h . I <u il t'B : ilenou lae 

ratio of tl/*? haradpyiU .imUuii*-. . t q>« a i the tories- 

|)«mcli il* teuns'rt^^y BC : OP ntio 

m the latio ol tln*i, n*itdflgfco. (Ill, ^ 

S'lj.po .p C'B -zz, r l, liO " r >, OP rrr 'l] PS tlit' 

ratio a < 15 ti> OP; i»nd r ; tlur of 150 to P?i; ond thoir pnftliu t - X ^ 
(or i’ 1 1 ^ compounded u oo ot r hat of il<v p. t.illelograms, namely, as 

IJ to u. 

^ * t* 

89. //' j iir lii hi lines AB, DC, PD, BR are propor¬ 
tional ( \B : DC :: PD : BR, orAfT^D ;: DC : BR); 
them 'angle Pf ’ made luilh the hi-t^^kpi r DC, PD, ch equal 
(a the i c langle AR made wiihjtl 



S *> , 9< r 


extremes AB, 15R. 


o' 


Arrprg - 
M , 

D— 


__ r% 

r» 


B 






A 


T> 

' l. 


ii 


0 


r 


c 


JF'.'P 


X 

1 

H 


I 

5C 

fl 

J 

| 


I) H 


R 




& 


_ Let CO r: PR, and RQ ~ lIjC rectangles AR» 

*#1^.. hiving equal all 1 1 tides, - will be as their ba-a «* (87) S 

and for the same reason the rectangles PC, 13Q w ill also be as 

> 

their bases: 

AB : im wW&ng■ AR ; rectang . DO; 

PD : HiU^ftiang. PC : rectang, BQ; 


£ £ 
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« 1 © 

But AR : DC PD : RR, therefore bv equality of ratios 
recta 7/g. AR : reclang. D O :: recluitg. PC net tang. BO: 

Now the surfaces or rectangles DO, BQ contained under the 
same or equal lines (DC, JBR) must he equalj therefore the 
consequents being equal, the antecedents or rectangles AR, PC 
will also be equal. n ^ , >. „ 

is analogous to the 


Or thus 

I 

ct of. 


line! 



A13 : DC :: PD*xBR, then AB 



Coral. I.'* r When DC and PD arc equal, the icctangle PC 
becomes a and its side* is a mean proportional between 

and Bit V 1 51, shilh.), 

i^-ppodiict of thflSaSe andperncu- 
e of a parallel 0 "ram. 


f Here the s of tin* iect.ni iiio* |j,ualk!<»}. mi:;s \l» .in.' PC’ are 

delink'd *>3 \B X .r>i! I> ' / 1 >. A>><1 r s, | |{ i>c = 

6 , and iD = J (mk h. Sg^jitir e\ i.n,,'.), ( ! u u S x 5 ami n ;< i > ( < lac *'Ur*> 
Saw or arejs ol '.hose m -.aiarc i a 



t «». ] 


Of Similar Plane Figures. 



Definitions. 

- 

SI MI L’ 

several angles equal, cacti ?o 
■anj', 5 '-.' ptoportijdi^al. 

Thus, if the ai»Me a of the triangles 
AB^P, abd .*■.«, n.spectivcly crpiJp’ 
and AH : BD :■ «/’ : Id ; and AB 
: AD :: ub $&d, <vc. the triangles , 
are said to btNfPlIlar. 


which have their 
ut the equal 


The sides oppositej^hc equal a 
thus AB, ah are homologous sides. 

* L-/ 

■* 

91 . And if AB UN. afnln are 
equiangular, and AB . AV :: 
ah : vn the two mrur;» aic 

tJ 

Simula 1. 

CotoL Ilcn.c all squares ar&jjjHft*. 

92, All circles are similar. 

‘ 1 

Theorems. 


„ '* 


4*A*r 


93 , If m- side of a trig divided info any nu in* 

ttr of equal parts, and from the points of division lines art 
drawn through the triangle parallel to one oj the of fur sides , 
those lines will divide Jhe third side into the same numlet 
of equal party 


/ 

1 X a, 


d -: 



SR 9 
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geometry■ 


Suppose B ! ’. RD, DA are equal, andRS, DP B 

parallel to AC. Thcu will BS, SP, PC, be 
equal to each other. p 

Draw RO, DQ, parallel to RC. 

Then because the triangles RBS, DRO, ADQ are equi¬ 
angular, and the like sides BR, RD, DA equal, thq§c triangle* 
will be identicaljoygg^all resjggB^^^rf^hliy ' 
' BS, RO, D( 

$* tR ‘ 

I SP:i;Rj 



(grams, therefore ffe = DO, and 
tfal to BS. 


CoroL Hence* if right lines AC, DP, RS, See. cuttin^he 
sides of a tn a^^^^ak e the segments DA DR, PC PS, 




*r # t vytfy* 

i?i a (i i angle parallel to one of 

i* i, 

tfw&picr (wo Aides ptupuiilonall/j. 
Let DP'W^rallel to AC. 31 

'i 

Then BD : BA :: BP : RC. 

And J 3 A : DA :: BC : PC. 




-_\C jy_.... 

Suppose BD is diviaMmito 3 equal part**, anil that DA 
contains two of those patf^^jjj|hld let lines be drawn from the 
points of division in BA parallel tn AC, meeting BC. Xbeii 
BC will also be divided into 5 * qu.il pails 1 *).*.}. 


<■ 




Now, whatever jiart BD is of 1A, the like part will PB be 
of BC, let the aittiffli lengths oftlm equal puts in BA and BC'c| 
be what they will: ; s i of BA, and B 1 * is -g of BC 5?^ 

therefore the relation or BD and BA is the same 

that of BPandBC; consequently 'those four lines are urorttff, 

ttoaalj 

BD : BA :: BP K $C. 

se-sr ■* 
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And became DxV is l of BA, and PC £ of EC, these arc 
aho proportionals, 

BA : DA :: EC : PC. 

And it is also evident that BD, DA, BP, PC are proportion¬ 
al's ; tor DA is the same part of ED, as PC is of BP (each 
being i); 

DA :: BP 


- . ,>**»«* 

t 1 i v 




Otherwise i 


, JV* 



i » 

4L 


I 

Join AP, DC. Then tlie triangles DAP, 
DCP, blanch n*_* upon the same hire DP, and’ 
between the pdTahtls DP, AC are e 
(S3«): 


V J -frt && 4 




To each of these %<Jd the triangle 
BDC, BPA will be equal , 

But the triangles BDP, BDC «t.>nding on the bases BP, 

.anti luninij the same witex D, have the same* altitude : 

A Bn, ih<‘ tn angV' BPi), BPA on the bases BD, BA, and 

iia-.i'i > ihe vertex i\ have the| .nne aJjJtUUifc : 

: 

Then: m. BD . BA :: truing. EPjj HB tn r. BPA (B7, enrol. !,] 


Arid 


BP : BC :: tnap|^|SfjpP : triang. BDC. 


But the ratio of the triainjc BPD to the tiian&lc BPA is the 
same as that of BDP to BDC, because qgi* respecthcly 

4. equal : \ ^ ‘ 

0 Therefore the ratio of BD to BA is j(]ae same as that of BP 
JtcBC (31,'; or BO : BA -*#P 1 T&C. * 

i 

^ * 

Corot* l. Because the parallels AC, DB make the angles 
BAC, B0P equal, anddfie angle BCA = BPD (40), the tri- 

^ v, _ ' v 

angles BAC* BDP arc ^fiang.tfar or similar: Therefore si- 
milai triangie^fey ^lg^ fes about the equal angles proportional: 


\ 

■'% * 
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C EOT/E TRY. 


Thus the angle ABC of the triangle ABC, is equal to the* an-de 
DBP of the triangle DBP; and BD : BA :: BP : BC. And 
if the triangle BDP were applied to the triang'e BAC so that 
the angles DFB, ACB are made to coincide, it may be proved 
in the same manner, that the including sides BP, DP, and 
BC, AC are proportionals. 


And convers 
DBP, ABC 




t 

iQut those angles propor- 
muti tally equi-angi^w» 


tipnrtk th«ii 

iv , 

ff 1 ( 1 

' ! '"'i£ , 07olL'*2. , x4|iIcnc?|[l5o t if lines (NO, DP, &c.) drawn 

*1-4 

through a triangle, are parallel to the base (AC 1, the intercept¬ 
ed segments of the sides (AN, CO; ND, OP, &.o.) will be 

* » An : CO ^SC or 8 0)1 

BA :BC :: BN: BO; hence AN.CO::ND:OP, by equality. 

* 

Scholium. Hence all that relates to the composition and 
division of ratios when tlioe respect the comparison of right 
lines, will easily be cdinprcheiuJed : thus, ff 4 right lin»s are 
proportional , BD : DwkljBf.BP : PC, they will aho be pro¬ 
portional by compositio^^^ division . 

\ 

Thati8,BD+DA:BDforDA}.:BP + PC:BP v ori J C).B - - l> 

u- \ 

And BD-DA.BD or DA): :B P—PC:B P;or PC> £ ~ v 




On two indefinite lines BA, BC meeting in B, 


i; 


& 
>» 


K " S m 

take BD - BD, BP DA anJ DR each * ' > “ 

zz DA, ai®d PC, PS each frPC : then as the - - \C . 

•orrespomhng segments in BA and BC have the same ratio 4s 


A f\ 



theorems; 


SIS 


thosc si<lesj and the sides of the the triangles ABC, DBP, BBS 
arc also proportional, we have 

» 

BA : BD :: BC : BP, 

That it BD + DA : BD :: BP + PC : BP. 


/? ^ tK 




!, and the 

: ?!*» 



, But DA and PC have the same ratio as BD and BP, 

DA : DA :: BP< 4 -PC: PC. 

Again, BD,-r- DA = 

sides angles BRS, BDl 

BR (or Bib —DA) : BD :: BS (^ 
But BR and RD or DA, and BS and SP onlpC afe pro- '^ 
- porlional, 

Whence BD— DA : DA 

J 

Also, beeaij lftft the sides of the trian 
portionafc' 

BD + DA: BD'— DA 

And if any number of right fines arc propoT^^fal, BR : 

:: KD : SI* ;• DA : PC' ; then, as any antecedent is to its con - 
sequent, so is the sum 0 } all the antecedents to the sum of all 
the ( onsvquents. lor BA is the sum o! the antecedents, and 
BC 1I111 <»( 1 he consequents, and the ,co<Responding segments in 
BA., BC, m the same rario as lh«J^^oes, it will be 

3 

BR: BS:: Bit + RD + DA (or : BS+SP+-PC C or BC). 

, And the same will hold good with proportional quantities of 
any kind, lor such m igmttitles rnay be reptesenU^ by lines, 

*> V 

.^►bv number-. CAnth.nW. 13 G), 

v A / f 
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9-5. If several right lines nieff/hg t or intersecting each 
ether in a point P, air < ut hj mo para Hit / ae\ AH, 
CD; the intercepted segments will be ri -pectinhi pro - 
portioned: 

AG : CO :: G\ T : 01 :: KB : ID, Ac. 

For the triangles APG, CPO*; GPN, 01*1 j 
NPB, IPD are rcspe^vcly cqui-aii£uU|> 
and therefore ^u_. 

ffaice : CO :: GP 

? OP :: NP : IP :: NB : 

’ ID, &c. 


V 

t* 


Then fore (3l) AG ; CO :: GN ; 01 

NB : ID, & 

& 



Coral. 

ic. and Cl 


Went, if AG, GN, 



v ,,’8b?r are nq ^m the same 
£§minucd ri^Plines hut reSpBptivcly pa¬ 
rallel as before, that CO, OI, ID , See. will 
be in the same proportion as AG, GN, 

NB, &c. 

1)0, The line BG bisecting the vertha! (i'ig-e AP»C of the 
triangle ABC, divhlesl^m^$se AG into two putts having the 
ratio of the sides AB, 

AB : AG :: BC : GC. -*> 

„ W 

Draw CD parallel to BG meeting AB 
produced in D. 

> 

tr~6 

Then because CD it parallel to BG, the anglesBCD, GBC^ 
arc equal (40). 



*T I 


\**G’r « r 


v < 
^ 1- 


i 




And the external angle CBA (or double the anjge GBC) of 
the triangle CBD, is equal to both the BCD, 

JBDC (41). ^ *■* 
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T1ht< W tlie angles BDC, BCD are equal, and come- 
queuih BD i» equal to BC (-16, coral. 2 \ 

But the triangle? ABG, \DC are similar; 

» 

Hence AB : AC :: BD J5C) : GC ( 91 , cornl. 1). 

Cord. Hence, if a line bheets the vertical angle of a tri- 
the jpecjaugje of either side and th^^ lternatc - .gment of 

lhe is cmi« ictanglakp^ B^hM» r side and the 

* 


UMiarjin^ * iimeni: 

W U 


* 4 * rfVjt 




All x GC ~ AG 


m, V4JS 

m*.' 


■ « 

07 . /// 7 / i m m\\ :/' < j Aft, CD intersect each 

cihfjy , G'.vJ /V. // f I '/ I V l t*C » /'» V t Iff/' (l , / // C /? /t/tf/j /cS PCA, 
PUD ir/// >/, ,w,, ; «/**/ lit 'r./u^V />/ l/ie ngmenfriPA 

X> PB f(jUiU io the 1 m ■ */ j of (he s( c *wcu*$ PDt 


Fi>r theanghsPRD, PC A, Mantling on'tfj 
ianiL - arc DA, aie equal lo each ftthcr i 70]* 

* i rVisii. 1 


\*«| 


4 i \ Jr ^ 

tame arc DA, aie equal to each other i70). f\/ \ 

- ■ (/* ) 
And the angles PDB, PAC, stMidjng, on the aV-,. \ y , 

arc CP», are also equal. C 

And the eoi- d .utIi-i nt P hinff common to both ti tangles, 
those tnaHide's a tv tin ufore (.ijui-.mgti.'ar, and lornequcutly 

*w 

siiuilai , .^V"’ 

.,V v 

irciK.- PA : PC .. PD : PB myxarol. 

‘i herefme PA x PB PC X PD (B0J. 

^ - Ctorol. 1. Ifone chord DC bisects the other Jp. 

AB at right angles, then DC is the diameter of 
,,th$ circle [0.5 , and APor PB is a mean pro- ('• J 
Cpprtional between DP and PC. ,' f '"c 


, ^Co 7 C>l, 2. And if AD, AC* rffe' joined, the angle CAD is 
aright one (74]; therefore the' perpendicular AP let fall from 
the right angle on the hypotenuse DC, is a mean proportional 
between the segments DP, CP* 


, * 
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•Jig 


Cool. j. Hence also, if two lints AB, CIK 
intersect cadi other in the point P a ami Pi\ X PB 
~ PD X PC; then a circle will puss through the 
points D a B, C, A. And the ti'tangles PDB, 
PAC, will he similar. 


U 


V 


A. 


yp 

/\ 


OS. If two light lines PA, VC J) ant the same point P r 
intersect a circle , and the < hot as BD, AC u$e draijtffyft 

ilinn flirt ft inn t* 1.6 a-O&ISiiXpf’I CPA ! 7'ft it 


then the 
A the\ , redan 

' xM>. , 


> 1 _ 

&V" 





^3 PA 

to the rectangle PC 


'V* r 


Tor ine sum of the two (.pnoAfe m dt ]>DC, 
13 AC is equal to tun r.n d s 7 i *. 

And the augh s BDC, lA)P lur to^ liar equal 
lo two right jangh's* 

Tlier* UirMnwo '.angle J’IjP is c j \d la the 

,c Amile PAC. 



V 


Arid ftjr the hie reason, the angle DI5P is equal to (he 
ang!-' DC A. 

I 

Aiid the atT'le P iiiey; common to lmlli oi.molcs, iho»e 
tiianglc.. must he cqui-augiilui, and con^ queotiv MunLr* ; 

#■111 " ' ■ 

}Kmc PA : Pcf$j$| : PB, 

Then fore PA x iB. zzz PC x Pi) ■ j\ 

09. if PB le a tangent to a ci>d, % (n >d PC a o rant • 
then the rattang!a PC X PD is eqmJ L, tie of ih# - 

lunge tit PB. 




-+-~ • " " ——- j — — 

qual lo the angle PC%^,7 *)\ 

’ i * 


BDC (.31. 


angle PBD !S 

ft 

A f> ' " 


/Ji> 


Jl / , \ 

to the angle 

.. ..A 




* 



t.: : >>: i v s. 


2I«I 


A}, r v ■ t?u' ji' , lrs ABC', B!)(\ being equal, their svp- 
]■' ;n.\!N or 1.1 ■ .ng h >, CUB, DDF must Lk‘ equal. 

Cv:i.(:be t; : n:JiN i’j;', BBC arc cqin-angulir : 

Fence PC : BB :: BB : PD. 

Tinteforc PC x PD _ BB 1 . 


.JS«- 


, JftytJQ triangles BPD, bPd a>f similar ; the lascs 
and tfatrs ioual : 

' BD / /MMfm. ■ :*. 


v«?s 


Rceause'lhe angles B2I#, /mP are 
the triangles BAB, /r:P :i:c also .-inular; 





A 


JMeuet* PB : IV» PA : Pa (lH, roro/. l), V_ 

y Aiul since BB : P/; :: BD : A</, / --— | 

Tlurdore 4D : id :: BA : Pa (by cy.islity,)*,. v 
*7 ■ •; ... 

101. 77z<? surfaces n area v o/ art? 


‘At? duplicate ratio for asjfmg&qiiaresj of fnmr homologous * 
ships. •'- c ' c * - 


*■£ 


Let the triangles BPD, IpJ he D 

sumI.u ; viii'l B#X, ///, the squares on /,,' 

the ,iJ . CD, !<.!■ V xr-V 

I ’ 

1 n i-i Hi 1 . C D : irinn-. ;,---J 


p / An 

A • i 


i '‘i 'l‘\ 


. . 11 • In. 


- „v% 


p.visi- the j^i] n“!.niLio BA, pa, arc let fall on BD, bd, 
j8fl\ -’M/cly; and join DG, >. j. 




Then hf.M c the triangles BPD, RGD nreonth^Mtnie base 
BD, we haw (S7, coral. ‘j\ J 

Triii!!-. BPD : triam. BCD :: PA : BG (BDL 

•. * 

♦ '< * V 

And, triang. /pd : truing, bgd :: pa : bg^d). 

Bui PA : BD :: p« : £iZ (too): 


f*AT 
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S2G 


Therefore (31% 

triang. BPD ; triang. BGD :: triang. bpd : triang. Igd: 
or triang. BPD : square BN ■: Iriaug. bpd : square b/i; 
, because the two squares must evidently have the same ratio as 
their halves. 


102. All similar right lined plane figures (ABDNCSj 
abdng) are to one another in the duplicate ratioyOr, 
squares of their sides 


i J' 

<si Jl 






n*»w * w/ 




:ing similar, the angle 


the remaining ang’cs GBD, be 

equal. 


.■i-JPflr* 

&<stf J yr 
#■ 


Hence AB : cr& :: BG : //£■; 

J * 


iV* 

* 


-v 


Then the fi 

A is equal to the angle cr ; and the including 
sides AB, AG; ah, ag, are proportional 
(9°); therefore the triangles A BG, abg are 
equi-angular and similar ( 94 , corol. 1). 

And if tht^egqal angles ABG, alg are 
taken from the-equal angles AlSD, abd\ 


V. 

\ 




A 


1 i 

1 1 

G 


v 


i 


•J* 

O 


AB ; ab :: BD : Id; 

# 

Therefore (31) BG : bg :: BD : bd\ consequently ( 94 , 
corol. 1 I the trjangles GBD, gbd t arc snml.ir. And in the 
same manner it may be proved that the triangles GDN, odn, 
are similar. 


Hence ( IM ),lrun-.r.OAB triong.*fflA .Ci' Gl>f ' gbdi.G D 2 gd' f JDK: 
adii j 01 GAB ; gab ;■ GI' D : gbd. . (JI)N ^ du 

v:; 


& ' 

And (94, sckol.) GAB : gab :• GAB 4- GBD -+■ G1 : gab + gbd-\-gdru 

'K t 

But the antecedents together is the figuic ABDNG, aud the consequents 
the figure abdng; * 1 ", * < 

v. 

Therefoie AG 1 : ag 2 (GAB : gab):: ABDNG : abdng. 

To illustrate thi* hy an example in numbers suppose AG sat 10 feet. 
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S tat; ami the area or surface of the figure ABD!NC = C^O 
square* feel; 


r I hen 10 Z 8 ’:: GjO : = .\ i 

luu 

iaceot abilng. 


G square feet, the area 01 sur- 


103. The Perimelen oj similar right lined plane figurcs 
are in the same ratio as their homologous sides. (See the 

OTfAt, ° ' 

fWea to. the, preceding T heorem.) 


irfStf - j, 


s 73 


For the angles being cquaty '^eii^to'ca^W ^ ^M ^ hie sides 

the equal'angles respectively pronortioqitij^RRR&. • 

-‘-<1 . 

AG i ag :: GN : gn :: ND *. nd. :: DB : :: BA : ba% 

therefore AG : ag- :: sum of all the antecedents AG GN -j- 
NO-+-DB -f BA (the pet muter) : sum of all the consequent* 
ag + gn -h nd -ir db ba (the perimeter). 

lot. The perimeters of similar Polygons. (ABDNG, 


abdngj inscribed in ciuhsf'huue the same ratio as the di~ 
a meters, (AP, ap,) of those . 



But the angle APG is equal to the angle ABG ; and the an¬ 
gle uj>'\ equal to the angle abg ( 70 ). And the angle'. AGP, 
anp, being right ones 172), the triangles A?G, opg'^nw iheiu- 
Fore etjLii ii»u!ar. 


< v 


Hence AP : ap :: AG : ag :: period, of polyg. ABDNG 

£ 

: peri m. ot po!\g, ahdng (U*)„ , 


(r 


Corel. Hence it appearsjthat the circumferences of circle* 
have the same ratio as diameters. For conceive regular 
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polygons of the like number of sides to be inscribed in both 
circles ; then it follows that those polygons will be similar, and 
that their perimeters are in the same ratio as the diamrtei>> of 
the circles, let the number of sides be what they will If now 
we suppose the number of sides to he continually augmented and 
their lengths diminished, it is manifest that at last, the dif» 
ferenees between the perimeters and the circumferences of th'lb 
circles, will be less t 


*, the ultimate r 

*L*s ' 





ices must 

305- The areas or surfaces of similar polygons inscribed 
in circles arc in the duplicate ratio, or as the squares of 
the diameters of the circles.: (Sec the figures to the picceding 
Theorem). 


£ 


For the triangles APG, apg y being similar, >tvc have (101), 

AP* : ap 2 ;: triang. APG r : trinng. apg :: AG* : ag » 

:: polyg. ABDNG : polyg. aMng (102). , 

> 

Corel, Hence, if we suppose fas in the last Theorem) the 
circumference of a circle to be the perimeter of a regular po¬ 
lygon, consisting of an infinite or rather an indefinite number of 
indefinitely short sides, it follows that the sui faces or areas of 
circles will be as the squares of their diameters. And because 
the circumferences are directly proportional to the diameters 
(104, corol.) the areas will be as the squares of the ciiluiu- 
ferences also. 

106. The area or surface of a polygon (ABDNG) h equal 
to a tinker half the perimeter and (CO) the distance 

of its centre jron^the sides . 

The centre of a regular pllygpn a point equally distant from all its 
sides; ami is the same as the centra' of the inscribed, or circuin-icribing 
circle. 
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Suppose lines are drawn from the centre 
to the angular points; then the polygon will 
be divided into as many equal triangles as 
it has sides. And because those triangles 
are isosceles* CO will bisect AG and be per¬ 
pendicular to it (46): therefore the area of 
Jibe triangle ACG is half the rectangle CO x AG ( 89 , cor. 2), 
6£'CO x -jAG J_jU)dthe area of another of, the triangles (GCN) 
is do x iGNT^fhd so all the side* 

together make half the perimeter; 
x half the perimeter^ it* the area of alf)SwfHi 
of the polygon. 


res or warl 


*K V 

J 


Corah Hence it appears, that the area or surface of a circus ,V 
is equal to a rectangle under the radius and a right line equal to * 
half the circumference. For* if we conceive the circle to be a 
regular polygon of an indefinite number of indefinitely short"*/; 
sides* the distance (CO) ofjtlje centre (C) from the sides* \ 
will in that case* be the ,jj|^Ss of the circle* and half* the 
perimeter becomes half the Cifcdrtifercncc. 

, 107 . If semicircles (O, R* S,) are described upon the 

s/d f’T of a right angled triangle (BCD)j that which is upon 
the Inn zest side ^DBj will be equal io both the other two 
taken together. . 

For circles being Munlav, and iti the same 
ratio the squares of their, diameters (105* 
forol.) the.r halves must also be similar, and 
in like proportion* thcrefbic 

8 ; R :: CB a : CD a * and by composition 
S ■+ R : R :: Cli 2 CD* (= BD% $3J : CD* :: Q : R, 
or S + R : R Q : R ; thereforejS*d-R is equal to Q (31). 

Hence* *if similar figures ptt described on the sides of a 
right-angled triangle, that oil the longest side will be equal tm 

the other two taken together,, 

* * 





C «.« ] 


Of Planes and Solids. 


Definitions. 



108 . A right line is perpendicular to a plane when it 
ight angles to in-Hhat 

c, from th^BHKon which n insists. 

JUT *+ ^ t 1 -U| .it 1 'i 9 1 ,. 

Ipp.’^iTie distance of a point from a Plane is a right line 
^ conceived to be drawn from that point perpendicular to the 
plane. 

* 

•4 

‘ Corol, From the two preceding Definitions, and Art. 48, 
it follows, that a perpendicular is the shortest lipe which can 
be drawn from any point to the Plane. 

|l1-0. The inclination of oneqtjfine to another is measured by 

f * j,* j z 

the inclination of two right lines in those planes, drawn from 
any point in their common intersection, and . i light 
angles to the same : Thus if AB is ihe line 
of Intersection of the two parallelograms 
AG, AD j and PR, PS arc perpendicular 

• to A3, the inclination of,the planes or pa¬ 
rallelograms is the angleincluded by the lines 
PS, PR. 

111. Parallel planes are those which arc not inclined to 
each njhcr^oj^re every where at an equal perpendicular 
d i s tanc#£f|fM?‘ ; 

W'" ' 4 \ . 

112. A solid anj|l&^& that which is nude by the meeting 
or more than two planfe^gleg, which arc not in the same 

plane, in one point. '^V. 

% 

t- 

* 113. Similar solid figures are jfcjch as have all their solid 
angles equal, each to each, and wijpti arc contained-by the 
fame number of similar planes. ^ - 


r 


1 “/ 
IT \ 


s 
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HI. A Prism is a solid whose ends are parallel, equal, and 
like plane figures, and its sides, connecting those ends, are 
parallelograms. 

Thus AB is a triangular prism, its ends being 
the parallel and equal triangles AOC, DGB. 

H5. An upiight prism is that which has the planes of 

the sides perpendicular to he ends or base. 

Thus AB is an upiight prism; the sides, or parallelograms 

CO, GA, CD, being perpendicular to the ends or triangles 
AOC, DGB. 



116. A Parallelepiped, or Paralhdopipcdon, is a prism 
bounded by six parallelograms, whereof the opposite ones are 
parallel, equal, and like to each other. 

117* A rectangular parallelopipedon, or prism, is that 
whose bounding planes arc all rectangles, and which stand at 
right angles one to another. 

US. When all the bounding planes are squares, the prism 
or rectangular paialldopipcdon, is called a Cube. 


119 . A Pyramid is a solid who:»c i '"=e is any right lined 
plane figure, and who*,e .sides are triangles having all their 
vertices united in a point above the hast, calleu the vertex 
of the pyramid. 

Thus AOCV is 1 triangular pyramid, its base 
being the oiaugie AJC, and its vcrlexjV. 



120. A Cviluder ABCD Sometimes called a 

•f 

round prism n> a m>Ii<I conceived to be generated 
by tile rotation of a rectangle SBCR about one 
of its side'* Si’, supposed at rest: which side SR 
is called the axis of tile cylinder. 



VOL. I. 
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Carol . If OG i> paiallel to SB, those lines will ih :orihe 
equal circles; therefore every section of a cylinder parallel to its 
ends, is a circle equal to the base. 


121. A Cone or round pyramid AVC is a 
solid generated by the rotation of a right angled 
triangle CDV about its perpendicular DV, called 
the axis of the cone. 





Corol . If OB is parallel to DC, it will desciihe aciielc; 
therefore the section of a cone parallel to the babe is a enclc. 

122. Similar Cones, and Cylinders, are suc h ns ha\e their 
altitudes, and the duimclctV of their bases proportional. 


r. 


l_\i. A Sphere ARBD, i-' a solid supposed / X V f 
to be generated by the ruolulion of a sani- 
circle (ABD) abouL the diameter (Ali) which v - v \ y 
remains lixul, and is called the axis. 

('ojt)L U ON is at right angles io the axi, AB, it v ill 
describe' a circ le ; thudoie any section ol a q,h< re, made In a 
plane, in a code. 

12-t. The altitude of a pyramid, oi pri-m, is the pc i pi ndi. 
eular distance oi the vertex, oj upper phu.e thucoh i;s m li.e 
plane of the base. < 



n f, m s . 


125. C'fiwtmt i'ht>v ,f \ IT' oj' In 

79 a right lint . 


11! u /i 






"For let the extreme points O, 17, #,T ‘he, \ 
common section be joined Iq the line GlJ, * 

then that line being in the plane Ail, and '' * * 

also in the plane CD (7*) it there lore nuis 1 ^ 1 - 

he the common section oi both. 



<r r 

t. I 


j: o r 


V A f 
4> i'A 


■1 


22 r 


1 _'k Tf a / ighl I'ne PB If; perpendicular fn lien i lyht lmc> 
liR, S3. of Ihr'ti pain 1 of loncoinse 15, it will be pcipendt* 
c uhit la A1) tin pi tee of fame funs. 


I or suppose i'li is perpendicular to a plane 
parsing thiough Lite point B; then all right 
lines in lh.it plane which meet in B will be at 
right angles to BP (10ft), therefore converse¬ 
ly, all right lines (KB, SB) which form right 
uu>h\; with liP at the point B, mu't fall m 
tint plain. 




tfphm^ 


tf two ri'jht linns (PB, RS) arc perpendicular to 
(AO,) thvy it ill be parallel la each other. 


Join the points B. S. Then because BP is 
• r 

perpendicular to the nline AD, it must lie in 
(nr is tin eonnnon intersection of) every plane f L I / 
that parses through the point B which is per- /. — !- 1 


it 

/ ! ! 




p; 

I . g- l - • 

pcmlieular to the pKme AD, it is therefore in 
the pcinesi'heuhir plane that intellects AD in the line BS. In, 
hl.e irnnsu i SR must aUoIie in that Faiueplane, or the perpen- 
thml.'r plane inter. j cclhig AD in the line SB; therefore as the 
mi .■ PBS, RS3 arc right angles m i!u same plane, PB, RS, 
a si! i ; all I it c .eh other ('to, trio? 


> i 


( <,'< >. *.. . i! ii dit lines ate j . rpe.'uh' ul'ir to thr 

o.. n * p ■’ , ■ I'VAillPe > 1 . li<*l So e.ii'n o.’.i _r» 


\ U fan ptanv't (At, C() ( 

(,'ht‘i, tf t n-'hf line < PB' uhi'h 

* _ # 


me part’]hi to each 
fa I f>< iidi alar to cue 


(A.l; wi 1 ' '• 1 1 pet pandit uhit !t> fi " of her J 

Prom i iv point S in the: plane AI creel ano¬ 
ther pe«pent • ■> tolli.it plji.i* meeting fh 1 ' 

other plane in R, anil draw PR, BS j ihen 
the plane) hem r parallel, the two perpend.eu- 
lars will bettpul (lit), and pa ilhji 
and as the angles at B and 3 are right angles. 


CO;. 



•» 

4k 
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i whatever direction BS may he drawn upon the plane AI, 
f he quadrilateral BPRS will always be a rectangle ; consequently 
BP is perpendicu'i -r 'o PRor to the plane CO. 

Coral, Since BS, PR are parallel, therefore the sections 
(BS, PR) made bv a plane iBi'RSi intersecting two parallel 
planes, are also parallel. And it is also manifest, that a plane 
will cut any number of parallel planes in like angles. 


129. If u Parallelapipcdan or Prism (AB) be cut by a 
plane (CD) parallel to its base (AG); the section will be 
like and equal to the base , 


For by supposition the plane CD is parallel 
to the plane AG, therefore (128, corol .), 
the sections of those planes with the four 
sides of the prism arc also paiailel, namely, 

CR parallel to AH, RD parallel to HG, &c. 
and because tin* sides of the prism are pa¬ 
rallelograms, the sides of the section CD will he equal to 
corresponding sides of the base AG ; ihercfoie the section 
is a parallelogram like and equal to the base AG. 



the 

CD 


Corol. And the like is evident when the base is a polygon 
of any kind whatever : for the method of demonstration will he 
exactly the same if the sides of the pi ism are parallelograms. 

130. If a Pyramid ( 1)VAB) be cut ly a plane (dba) 
parallel to the base (DBA), the section (dba) will he similar 
to the base . • 


x*or (126, cu7ol.) th* sectums db< da, ah 
are respectively parallel to DB, DA, AB, 
therefore the triangle d\ 7 h i* similar to tb* 
triangle DVB, the triangle dVa tfc* DVA, and 
a\b to AVB ( gi). 



Hence DB : db :: BV ; bV :: BA : ha 


m • 
• • 


AV : cV 
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:: AD : ad ; therefore db % ha 9 ad are as the corresponding 
sides of the base; and consequently the triangles dba , DBA 
are similar. 

Carol. In like manner it is proved that all sections of a 
pyramid parallel to its base are similar, and similar to the base, 
whatever be the number of sides. 

131. Parallelopipeds or Prisms (ABCD, AGRD) on the 
same base (AOPD), and having equal altitudes, are equal 
to each oilier. 


By substituting surfaces for lines, and 
solids for surfaces, the deinonstiaii.'-i will be 
similar to that in Aft. 82, for parallelograms 
when BR is one ri rht line. Thus, because 
the plane AB is pa' dl.J and trju il to the 
plane DC, and the planes AG, DR also pa¬ 
rallel and equal to each other, tin rUo»\* BC is equal to GR; 
and taking GC 3 which is common to both those lines, from 
each, there ruinijns BG upnl to CR; consequently the solids 
ABGO, DCRF aie bounded by tike and equal planes, alike 
situated, and therefore arc indentieal: now if the solid ABGO 



istAen from the whole solid AR, the remainder is the prism 
AGRD: and thf* s m; * while AR leaned by the solid DCRJ? 


leaves the pii.i.i ABC'D : 



two remainders or 


prisms AC, AR are <. pul (.5 i). 


But the name conclu¬ 
sion is muni m fr m> the 
JWrfhn/i of' Jf! It visible* 9 

which si.. My as that so'ids / 

' * L 

are compost"! of nn inde- A 

finite lumiiicr indefi¬ 
nitely thin elementary parallel planes or sections: Thus, lei. 
AC, AR be the prisms having like bases AP, AP, and equal 
aliunde? DO, DO; and conceive KH, K1J to be two ot those 
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indefinitely thin planes, parallel to the bases AP, AP: Then, as 
all the sections (KII, KM) arc alike, and equal in both prisms, 
( 129 .) it is e\ident each prism is made up of exactly the same 
number of those equal elementary parts or sections lying o».e 
upon the other, those in AC vertically, and the others in AR, 
obliquely: which positions give their wholes or the two equal 
solids a different appearance* 


The whole number of those indefinitely thin Iambicc in each 
prism, is denoted by the perpendicular height DO $ for if DO 
be divided into an indefinite number of parts, those parts, or the 
number of sections taken together, must again make up the 
whole line; hence it follows, that the base AP, or any section 
parallel to it, multiplied by the height DO, gives the sum of all 
the elements or the content of the prism. 


Coral. 1« Hence any solid AC having 
the base AP and height AO equal to 
those of the prism, will have the same 
magnitude as the prism, if all sections 
(KH, &c.) parallel to the base, are aho 
equal to the base. 



Carol. 2 . And therefore it follows that prisms and cylinders 
of equal bases, and altitudes are also equal. 


Carol . 3. Also because the base of a prism drawn into its 
height is the measure of its magnitude, therefore prism-* are in 
the same proportion as their bases multiplied by the heights. 
Consequently if the bases are equal, the prisms will be as 
their heights,• but in the ratio of their ba.-.,s when the heights 
are equal. 

132. Pyramids DVB, RVII^ standing upon the same, or 
■upon equal bases DAB, RGH, and having equal altitudes 
NV, RV, fire equal to each olhtr m 
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Let Jaf> be a sec¬ 
tion parallel to the 
bass D ABjancI V //N 
the perpendicular 
from the vertex V 
upon the base DAB; 
and draw BN, bn: 

(the point 11 being in the plane dab). 



Then the triangles DVB, dVb are similar; and because V»5, 
VNB, are right angles (126), the triangles VwB, VNB, will 
also be similar. 


And since the triangles DAB, dab , are similar (130), their 
surfaces areas the squares ot their homologous sides (101)^ 

Hence, triang. DAB : triang. dab :: DB* : db 2 BV a : bV * 
:: NV 2 : wV 2 : Therefore the sections DAB, dab, are as the 
squares of their distances from the vertex V. And in the same 
manner it is proved that the sections RGH, rqh arc as RV 2 to 
^V 2 . Now the bases DAB, RGH, and also the altitudes, 
being equal, the sections dab, rgh, at equal distances nV, rV, 
from the vertex, will also he equal. Therefore each pyramid is 
composed of a like senes of indefinitely thin triangular sections 
(or lam'i.Hv) ; the greatest term of the ^ciies being the base DAB, 
or RGH, and the 'casto at the vertex V: consequently the two 
pyramid.* arc equal. And when the bases arc polygons of any 
kind whatever, the demonstration will evidently be similar t#» 
the foregoing. 

Carol. Hence, if w e suppose a circle to be a regular polygon 

of an indefinite number of indefinitely short sides ( 106 , corol .), 

it follows that cones having equal bases and altitudes, are also 

equal. And Jut cones and | yrilmids of equal bases and heights 

arc likewise equai to each other. 

« 

lo3. A h iangular pyramid is one-third of a prism having 
the same base and altitude , 
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Let ABCDGR be a prism upon the triangu¬ 
lar base ABC, Then if it be cut through the 
diagonal RC by the plane RBC; and through 
♦ the two diagonals BR, BD, by the plane RBD, 
it will be divided into three equal pyramids 
ABCR, RGDB, and ROCB t 

For if ABC is the base.of the pyramid whose vertcx is R, 
fUldRGD the,base of the pyramid whose vertex is B, those 
pyramids and the prism will h.ne equal bases and altitudes; 
1 therefore the two pyramids will be equal ;132). 

a 

But the pyramids RDCB, ABCR, having the equal bases 
RAC, RDC, and the common vertex B, mint also be equal* 
because in that case, their altitudes will be the same; therefore 
the three pyramids are cqtul to each other. And since the 
prism and (ABCR) one of the pyramids have the same base 
and altitude* the truth of the theorem is manifest *. 

Corol, 1. Therefore prisms on polygonal bases are triple the 
pyramids on the same or equal bases, b^cau .■ • ,c plains may be 
divided into other prisms having triangular : ases, 

Corol. 2. And because prfoms and cylinder, and pyramids 
an d cones, having equal bases and altitudes aie respectively 
equal; therefore a cone is the third part of a cylinder of the 
same base and altitude* 

j 31. A sphere is two-third * of its circumscribing cylinder . 

Let C be the centre of the circle 

circumscribed by the square WBSE; 

and draw CB. 

» 

Then if the rectangle QA££^ re¬ 
volve about AQ as a fixed axis, the 
square CABP will describe the cylin¬ 
der PHWB j the quadrant APC will 

* A Learner will not readily comprehend this Theorem without models 
Of the three pyramids. 
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describe the hemisphere CPAH; and the triangle CBA will 
describe the cone CBW. 

Let Dd be parallel to PH, and join CO.‘ Then the radius 
CO = CP ~ RD: and because AB rr AC, RN will be 
RC: but RO® (RN a ) + RO 1 - CO* i63) RD*; or RN* 
RO* RDV But semicircles described on RC TEN), and 
RO, are together equal to a semicircle described on CO (107.) 
or RD; therefore circles described on their doubles willalso be 
equal, or the circle on Dd equal to both the circles on Nw, and 
OT: consequently Nw the section of the cone, and OT the 
section of the sphere will together (in every sectjjon parallel to 
PH i he equal to Dd the corresponding section of the cylinder. 
Now supposing the cylinder to be composed of indefinitely thin 
parallel sections (Dd, &e.) then the cone on the same base 
(\VB' being equal to one third of those sections, or y of the 
cylinder HB 133. corol. 2>, therefore the hemisphere must be 
equal to the remaining j of that cylinder, or the whole sphere 
- y of the whole cylinder EB. 

( oral. 1. A cone, hemisphere, and cylinder, of the saqie 
base and altitude, are in the proportion of y, j-, and 1; or 1, 2, 
and 3. 

i'omf 2. It aiM) appears, (hat he sph* • esl frustum HTOP, 
i* equal to the <iilh rence between the cylinder HcfDP and the 
cone C/zN. And that the - ncal segment TAO, is equal to 
the difference hcLwecn the cylinder rfWBD and the conic frus* 
turn «WBN. 

135. Similar upright prisms BD, bd a are in the same pro¬ 
portion as the tubes of' their altitudes • 


H H 
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Suppose G and g are cubes having heights respectively equal 
to AB and ab the heights of the prisms. Then pi isms of equal 
altitudes being as their bases (131, enrol. 3) we have 

prism G : prism BD :: ba*>e IVIN : base AD, 
or AB 3 : prism BD :: AB 1 : base AD, because the 
prism Gis thfc cube of AB, and the base MN its square. 


And in like manner, rib 3 (or prism g) : prism bd :: ab z : 
base ad. * 


But the parallelograms ABIIP, abhp are similar; and the 
bases AD, ad, are also similar; therefore (102), 

AB 9 : ab 2 :: ABHP : abhp AP 2 : ap 2 :: bass AD : base or/; 
or AB* : ub r :: base AD : base ad, 
or AB* : base AD :: ab z ; base ad; 

Whence by equality, AB* : prism BD :: ab * : prism bd, 
because the ratio AB 3 : prism BD, is equal to the ratio AB a : 
base AD,, by the second o t the above proportions, and the ratio 
ab 3 : prism bd equal to th«- ratio ab 2 : base ad , by the third. 

If AK, ak, are made the bases, and AP, up the perpendicu¬ 
lar heights; then the prisms will be as the cubes of A P and ap : 

Hence, 

Carol. J. When four right lines AB, AP, alt, ap, are 
proportional, their squares, and also their . ubes, will be pro¬ 
portional. * , 

Corol, 2. And because similar plane figures are as the 
squares of their heights, or breadths, or other homologous lines 
in those figures, therefore similar prisms of any kind, 
and also cylinders, will be as the cubes of their like linear 
dimensions. 
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Corel, 3. Hence also, snnilTir pyramids and cones, v’hich 
are like parts of sdmibir prism" and cylinder-, will be 1:1 the same 
proportion as the cube* of their height 1 ?. oi tin. diameters of their 
bases. And the lik-: n to be understood of spheres, these being 
■J of similar cylinders. 

Scholium, This lelauon of similar solids is railed Tiij'lii \te Ratio; and 
is sometimes demonstrated tit pnr.-i elo;i'|»'*ds, by considering tin ratio of 
the solid-* to be compounded ol the r u.us ol tiie homologous linea r dimen¬ 
sions. To give art cveinplili-.itioii in numbers : Suppose the bases AD, 
ad, are rectangular; and AB, AP, I’D, are in the same proportion as 12, 
15, (J; and ab, ap, pd, as 8, 10, 4 ; then the solid bd, will be to the solid 

BD as 8 x 10 x 4 to 1J x l.» X d; fhciefoic denote 

the ratio ol those pioducts(J)i?, An!h.): but this ratio is compi-i 1 ' let 1 of the 
ra'ios ot the homologous sicks, namely, of 8 to I'J or 1° to 1 j or J-f, 
and 4 to '>or %, and the con pounded ratio Is A X I'J X J (Ul,^nrt.) 
vhicli, in its lowest terns is *? 7 , the ratio of the solids; but -£ T is the cube 
of the ratio of eithei two homologous **ides. 


Sill 
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PROBLEMS, 


WITH THE 

Method of Tracing the Figures on the Ground-, 


136. To make a triangle with three given right lines AB, 
AC, BC. 

With the distances AC, BC as radii, 
about the centres A, and B, the extremi¬ 
ties of the longest line, describe two arcs 
of circles intersecting each other in C; 
draw CA, CB. Then ABC is the trian¬ 
gle. 

For the radii or two shortest sides of lire triangle are, hv 
construction, equal to the given lines AC, BC. 

If both the shortest of the given lines looethcr arc less that* 
the longest line, it is evident the arcs will not intersect each 
other, in which case the problem becomes impossible. 



By means of this Problem, anv right-lined figure may he 
copied: or a right-lined figure made exactly like another light- 
lined figure, first dividing the given figure into triangles. 


A triangle may be uinrknl on the noiind by means <>l coid*, or r.illier 
measuring tapes or tines; thus, supi-ose it ib rcijurul to lay down the 
triangle ABC, whose sides >hall be on jo, and -lo/tt/. 

* < 

Having; measured out AB= 60 feet, fallen the ends of Cm 


two measuring lines at A and B; fie/j draw them straight 
on the ground, and 1 ring 50 Jcet on one line to 40 on the 
other, and where they intersect will give the point C* A 
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When the sides of the triangle are too long for the common measuring 
tapes or lines, lay down a ti jangle similar to that proposed, Ufa then pro- 
long the sides to the length required. 

Thus suppose AB = 450, BC = 400, and AC s 300 feet. Take the 
same aliquot part of each side, TIT for example (in the present case), or 1 
45, 40, and 30 feet, and with those distances make the triangle B mn ; then 
measure out BA = 450, and BC =400; and if the triangle B mn is cor¬ 
rectly Ltd down, AC will measure 300 feet. For, by similar triangles, 45 
(llm) : 30 (mn) 450 (BA) : 300 (AC). 

It is evident that any error in the length of mn will produce 10 times that 
erior in AC ; and therefore it may sometimes be necessary to repeat the 
operation more carefully. 

137- At a given point P in a right line AB, to raise a 
perpendicular PD, to that line . 

On each side of P take equal distances 
PS, PS, and about S t S, as centres, with 
same radius, describe ares intersecting each 
other in D ; then draw PD for the perpendi¬ 
cular required. 

For if DS, DS, are joined, the triangle SDS will be isosceles; 
therefore ,40, rotol. 1 , FD is perpendicular to SS or AB. 

IVht n the given point P is near the, end of 
the line. About any convenient point C as 
a centre, discribe a circle through P, cutting 
the give h line in D, draw DCB, then join 
BP, which will be the perpendicular required. 

For DPB being a semicircle, the angle at P is a right oqc 
(y?); therefore BP is pcrpcqdicular to DP. 

This is readily performed on th<^ ground by means of three rods or lines, 
who*>c lengths are u> the proportion of 3, 4, and 5. 

Thus if the triangle SPD is laid down (by the preced¬ 
ing Problem) ,vith SP = 16, PD = 12, and SD = 20 
fcct\ then PD will be perpendicular to SP or £ 

AB (83) 
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Other vise thus: 




Measure equal distances PS, PS on ea» ii side of P; then two rods or 
lines I M), of an equ. I length, w iti make the 
tridiii.)•* ‘ fJ.‘. red c."i«-e iiently the di- 

recfi'ii o; «lie peq endk ul ir from P, is ma. ked by 
the ends which meet at D. 


AS 



& 3 


Or tl-us : 


Vl’lrn t»ie point P i> irr.r the end of lI k line. From 
any r onveni.-iit point C .'.ike (\S=l. CP, ^nrl C U = 

C.i. C, and D bei'i.i *.i - rjyht i m* . . , ,, l J }j will 
be pcr^cmkcular to PA. For the angle DPS is a ii^ht j ^ 
one (7_). 



138. To bisect or divide into two equal parts , a given 
right line AB. 


With any radius greater thon half the given 
line, about the extremities A and D as centres, 
dcsciihc arc; intersecting e. il» other in C and 
D : then draw CD, and it will bisect AB in the 
point P. 

Draw the radii AC, AD, BD, BC: then those radii being 
equal, and the side CD common to both the triangles CAD, 
CBD, those triangles are therefore identical; and consequently 
the angle ACD is equal to the angle BCD. And since the tri¬ 
angle AC B is isosceles, AB is bisected by CP (46, corol. l^. 



In tl iis manner a line may be divided into 4, 8, 16, &c. equal 
parts. Thus AP, BP bisected give i equal partaj and those 
again bisected would make 8; and so on, 


The most expeditions method of fufrling the middle of a line on the 
ground, is to measure equal distincts ^o-n its cvtiemities. Thus, suppose 
A and B are the ends of the line, and lli.it AD, 

BC (found by measuring from A and B) aic each 
Jj7 /eel', and the remaining part DC is 1!) /eel; 

¥ 

then O the middle of the line will evidently be 9% 

/eel from D or C. 


B 


0 

•1 


B 
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In measuring lines or d.-tunces on th* 1 ground, it ®ometimes may bene- 
ci*iiar) (o take off-sets when obsl ides tall in llit \\a) • 

Suppose A an ! B are the e\tr. mitics of a line to be measured : and that 
K anil b are po >N of water or swamps. 


Q* 




. s } 


Having set up marks at It, G, 

D, C, in the line AB, measure ----, • f ' ■ s>v— - 

cqu J off-seh CN, DO; .,nd GW, - 6‘ “Sf 

BQ, at rnilil angles to AB: then 

the quadrilaterals it\V, DN being reel angular, QW will be equal fo RG, 
and ON to DC ; and the whole line AB equal to All + QW + GD 
ON + C B. 

13J). To bisect a given right lined angle ABC. 








With any convenient radius Bf>, about 
the angular point B as a centre, dcsc r il>e ail 
arc SR, and from the centres S, R, with any 
radius longer than half the distance between . 
those points, describe two other arcs inter¬ 
secting one another in D; I hen the line joining B .and D will 
bisect the ainjje ABC, and the are SR. 

For if the radii SD, RD, arc drawn, the sides of the triangle* 
BRD, BSD will he respectively crpi:>I, each to each, therefore 
they aie Jm* «ipii-:ingii!ar*(-JrGuJ, and consequently the angle* 
RBD, S3D .ire equal. 

By ...rh bisections an angle or its corn spending arc may be 
divided into 2 , 4, S, &c. equal parls. Thus if ACB be aqua- 
dranl, or an angle of 90 degrees (tit.); the first bisection di¬ 
vides it imu two equal angles, dr the art AB 
into two parts (DA, DB) of 45 degrees 
each: another bisection divides the arc AD 
into two equal par 1 .a of 22 \ degrees', the 
next gives an jr: AO of 11* degrees : and if 
the bisection b> continued 7 tin»>s, we get an 
arc of 42^ vunvUs. Such a division is rea» 
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dily performed if the radius (CB) is 5 or 0 inches r and will 
be found convenient for measuring the degrees of an angle, 
- when the usual instruments for that purpose are not at hand. 


To bisect an angle ACB on the ground. Measure 
equal distances CR, CR, from the angular point C; 
then D, the middle of the cross distance RR, gives 
* the direction of the line CD which bisects the angle. 
For the tiiangle RCR being isosceles, the line CD 
which bisects KR will also bisect the opposite angle 
(46), 



XJ 


140. a given point P in a right line PG to make an 
angle nPG equal to a given right-lined angle BAC. 


About A and P with the same radius, de¬ 
scribe arcs DN, dn ; take dn equal to DN t 
and draw Pm ; then the angle nVd is equal to 
the angle NAD or BAC. 



A D C 


Draw the chords DN, dn. Then the 
corresponding sides of the triangles dPw, 
DAN being equal, the angles at P and A 
must therefore be equal (46*). 



141. When it is proposed* to rqake an angle which shall contain a 
given number of degrees, Sc c. (64); a protractor , line of chords, or a sec to, 
will be necessary. 


The common protractor is a semi-circular instrument for measuring and 
laying down angles The arc or limb is divided into ISO equal parts or 
degrees; and when its centre ispldu -' over the intersection of two lines, 
the number of decrees in the angle is shewn by the intercepts arc on the 
divided edge of the instrument. A protractor for t lie same purpose is fre¬ 
quently cut on the common plane scajgs, the centre being on one edge, and 
the graduations on the other. 4 
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142. A line of chords is made by trans- 
Ceir.hg the divisions on the arc of a quadrant 
to its chord. T hus, suppose ACB is a quad¬ 
rant, and the rip ht line B.V the chord ot its 
arc BDA. Let this arc be divided into 90 
equal parts or degrees: then if one foot of a 
pair of compasses be kept on the point B, 
and arcs successively described with the 
other, from eat h of the 90 divisions in BDA 
to meet BA, those arcs will divide it into a 
line of chords. 



143. To measure an angle with the line of chords.— Su p pose the angle 
ACB. \\ ith the radius CD equal 
to the extent ot 60 degrees on the 
line, ab ait the angular piont C as a cen¬ 
tre, describe the arc DC»; then the ex¬ 
tent from D to G measured on the 
clioids, gives the number of degrees, 

See. contained in the angle: which, in 
this example, is about 40. 

144 . Hence the method of laying down an angle which shall contain 
a proposed number of degrees is obvious, {suppose for example, it is re¬ 
quited to nuke the angle ACB of 40 degree v, CB being a given line. W ith 
CD the chord of 60 degrees, dess ribe ail arc DO as before ; thentfio de- 
giecs taken on the line of (fiords, will extend 'lorn D to tliepoiri^G in 
the ax through which the line CA must be drawn to form the required 
angle. 

f 

When the angles are greater than 90 degree' - , measure, or lay them off 
at twice. Or pioduce one side so as to ,orm two .’isgles at the angular 
point, and then measure the supplement to 180 degrees. 

The chord of 60 degrees is taken tor the dins, because the sum of the 
angles of ■ triangle being 180 degrees (41), eaci. angle of 
an equilateral triangle must theieloie contain te degrees. ^ 

Thus, if BCD is a quadiaid, and thf triangle BCD n,ui- 
lateial, BD (= the radius CD) is Ac chord oi the arc DB, 
or of 60 degrees. 
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145* To measure the angle ACB with the sector. See the Fig. to 

Art* 143. About C with aii^ radius CD, describe an intertept<d are DG. 

Open thi hector till t..e distance between thebiass points marked C» C, 

(the c\iieinities ot the*c hord-lwes) is equal to the radius CD. Then it the 

distance UG belaid cross-wa^s on those chords, so that its extremities are 

equally distant from C, C, or train the centred IhemsLiumeut, the points 


of the compass will tall on the number ot degrees 
In the angle- Thus it CO, C O, be the choid-Imes 
of 60 degrees each on the set tor, (mo\eable about 



the ci litre O) and 130 the choid of any other arc. 


40 degree, lor example : tlien by similar titangles q 

CO (die radius) : DO (the chord of 40 degrees) :: <=»"- ~jj - 

CC : DD; therefore ii CC be made the ladius ol , 


anj arc, or circle, DD will be the* chord ot 10 degrees in that me, or t iuk\ 


Hence it is, that the sector lias frequently the advantage of the pint ire- 
tor, or common line ol chords, because it maybe set to dillcreut laduJ 
the limits being the distance betweeh the brass point', C, when the in* 
strumuit is shut, and their distance when it is quite open. 


146. \\ hen it is proposed to trace an angle on 

the giound equal to another angle, the opt ration is 
binuIirtolii.it in Art. Lb I 'I inis, to I.i_ v down the 
angle ahn equal to the angle ABN, the elite clion of 
hn being <S\ ven. \Jt psuie equal distance , 1113, !’•(!, 



and also the ciO's dist.nce CD; then with lima* 
thiee tb.tam *s I iv down the tnangle hdg (136), ;iik( 
the point g'v- » the duet lion of ha. 

c 

147. It the angle ahn (when laid down) is to ton 
tain a given nimibei of degrees; fist, n...lt .m .unde 
Dt)H on paper e ual to those di.-iees; then having 
measur'd the equal sitlcs bD, SB, and the op (J cMte 
side HD on some conxenn nt scale ol equal pait , h i tl 
tri ingle gbd be tra« ed on the ground with Ihrt e toiji s- 
ponding distan'es mi /i.V or «jyA, . (.To). T'ms, 



suppose the angle BSD is 41 denuv-, ihm it si,, ''Dare rath 40 on a 
scale ol equal p .it', UD will be ‘Jx on tin ,.e ..t ..le, n »itly : coincqncntly 
if the In mgle gW is traced on the gfoi* id, with 40, 1 , and Jo.t, 
angle ahn will be 41 degrees. 
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' 148. And therefore to determine nearly, the 
angle P mi blended by two d&tant objects A and B, 
imasiue equal distance-'. PD, PG, and the cross- 
distance l)ii ; then eonstmet a triangle dpg on 
paper, similar to DPG, and measure tin* angl* p 
'with a piotiactor, or the chords. Thus il PD, 
Pi i, jre each JO /tel, and D(J = 'JR [ feet, iiie 
triangle dp# consttacted with 30,30, and L>8[ equal 
parts fioin any scale, will give the angle p (or P) = 
Jdj degrees, nearly. 



My. Through a given point P to draw a line CD parallel 
Hu given line AJ3. 


From P draw PG in any direction to meet 
the uju'ii line AB; then tmke the angle 
GPD equal to the angle AGP (140); and 
PD will "tie parallel to Af$; because the alter¬ 
nate angles AGP, GPD aic equal (10). 



To true e the par a llet (.' [) on th* ground; Piv on any 
ronu'iiienl point (J in All, and ineaMiie an isosceles 
tu.ingle IICK; then at the point P lay down the 
tri.u t.le OPQ equal to HCk; and PQ will bepa- 
ralh I to Civ 


A 


K G 

"XT' 

O/K 



• • • 4— -- h _ “ 

c p a D 


J50. 11 v I'M-aiis of this I.'st problem wee in 

bisei I li i i' t« %» i>!*■ : l ^'i*. J.s*t .t beir<.T ,i, i ! 
?,» tic’s ■ .ii* l!.■ * »!ii'S i n i of the< .'pital OP el : 
basuon. At an\ , u'lits il, S, in the dim ti» ns of 
ih.'iac.. I>!\ \P, el up two iiiaiXs; and Iroin ft 
ji j• »* I’li paiallei to P s ; mea.uie equal distances 
P>C, Bit, . ml in.uk the point K in the din. lion 
C!< ; tin’ll laid (i ihe middle of ( K: and the 
pH)lom;.lU"il t'l CP Will blsecl the .III*’ Ic APO. 



Vor tin? tii .c .le CPK being sin r.to (he i .-scelcs triangle CPF, tJ e 
imeCP hom the middle ot the base Cl. b.scits the opposite angle (1 G, 
tvrol. l). 


Ctral» Hence il we measure C ft, C K, CK, the distances CP, kP, ar* 
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found by similar triangles- ForCR : CJ5 :: CK : CP. And a perpen¬ 
dicular from B on CR will give the distance GP at another proportion. 

151. When it is proposed to trace 
a line through a given point P parallel 
to an inaccessible line AB, set up marks 
at any convenient points C, R, in the 
directional I*, BP; next, by means of 
three equal isosceles triangles Caa, Paa, 

Oaa, trace PO parallel to CB, and C)J) 
parallel to PC; then the direction DP 
ia parallel to AB. 

For by construction OD is parallel to CA, and OP to CB ; therefore thf 
triangles ORD, CRA; and OPR, CBR, are respectively similar; 

Hence RO : KC :: OD : CA, 

And RO : RC :: OP : CB; therefore by equality of 
ratios, OD : OP :: CA : CB. 

Now the sides about the equal angles DOP, ACB of the triangles DOP, 
ACB being proportional, those triangle* aie tlieielore similar (94, carol. 1); 
and since the homologous sides aie respectively parallel and like situated, 
the third sides DP, AB must also he parallel. 

Carol. Because the quadrilaterals RDPO, RABC are similar, if we mea¬ 
sure the sides RO, DP, KC, the inaccessible distance AB may be found at 
one proportion; for RO : DP :: RC : .AB. 

151°. In castramentation it is sometimes necessary to change the di¬ 
rection instead of continuing the fronts of all the battalions or divisions in 
the same line. Let QR be two divisions of the encampment, the front* 
being in the same line OT, and IL the distance between them; and let u 
be required to place the other di¬ 
visions GC, &c. that the fronts 
SG, &c. may be in a given ducc- 
tionor parallel to a given line BA, 
the distance between the divisions 
remaining as before or RS = IL, 
and (as is usual) the two pro- * t c 
longations RO, bO of the fronts equal to each other ; 

In BQand BA lake two equal distances BP, BD, and measure the sides 
of the isosceles triangle DBF; then the point O is found thus, DP • M ■* 
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RS (or IL) : RO. Suppose BP =S BD = 30, DP = 50, and US = IL =3 
510 ject ; then 50: 30 :: 20 : 12 feet a: RO. Therefore if RO be made =■ 
1 2 feel, a string or tape OS = 12 jeet , and another RS = 20, when stretched 
from O and K will give the point S, and the new direction OSG. For the 
triangles DBP, SOR b * ng similar (94), and RO parallel to PB, the angles 
BOR, DBP are equal, ami consequently OS is parallel to BD. 

152. From a given point P to let fall a perpendicular - 
PG upon a given line AB. 


About P as a centre with any radius PD 
greater then the distance of P from AB, de¬ 
scribe an arc DC; and from D anti C with 
a radius greater than half DC, describe arcs 
intersecting each other in R;join PR: then 
FG is the perpendicular required. 



Draw the radii RC, RD Then RC, CP being equal to RD, 
DP, respectively, and the side RP common to both the triangles 
RCP, RDP, those triangles are there fore identical, consequently 
the anglesCPG, DPG areequal,and the triangle CPD isosceles; 
therefore PG is perpendicular to CD ( 4 6, corol. 1 ), 


When the point is nearly opposite the 
end of the line. From any point C in 
AB, describe an are PDR; take DR equal 
to DP; then join RP: and PG will be 
perpendicular to AB, p j , 

For by construction CD bisects the arc PDR in D ; therefore 
PG is perpendicular to CD ■ b’5). 



When a perpendicular is to be traced on the ground: 
Fiist trace lie line CPD parallel to AB (by 149); then 
a perpendicular to CD at the point P (137) will also 
be perpendicular to A 15, 


a 

I 

fe 
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. 153. If the object P is inaccessible: Set up 
marks at anv two convenient points R, Q, in 
AB; then on RP, QP, trace the perpendiculars 
QD, RN; and the point of intersection O gives 
the direction of the perpendicular POG. 

We have to prove that FOG is perpendicular to 




Conceive DN to be joined: Then because the opposite angles ODP, 
ONP, of the quadrilateral ODPN arc right angles, a circle will pass 
through the points O, 1), P, N, ( 72 ), therefore the angles ODN, OPN, 
standing on the same chord ON (of the circle) will be equal to each 
other ( 70 ). 


And since RDO, QNO are right angles, and the angle ROD equal to 
the angle QON, therefore the triangles UDO, ONI) are rqui-angul.ir; 
hence DO : ON :: RO : OQ; therefore the triangles ODN, OKQ, are 
also equi-angular (9-1-, eorof. 1), lonsequently the urgle OHQ =ODN = 
OPN, But the angles OKQ, GQN, together au* equal to a light angle 
(41, coroL 2); therefore OPN and GQN make a light angle, and con¬ 
sequently PGQ isa light angle. 

Corot. Hence the three perpendiculars let fall fio the angles of 
a triangle upon the opposite sides, will uitci&cct one another in the same 
point. 

Or thus: 

Let AB be the line, and P th inaccessible 
object as before. At any con.en.ent point R 
in AB, trace a perpendicular* HO to AII, which 
continue till OI = RO. Make P'A a right line, 
then niaih the point S where the hues AOS, and 
HP meet, also the point Bor romnur-e ol the 
lines AB and ISsB. And PB will be perpendicular 

to AB. 

For let fC parallel lo AB meet AOC in C; then AR: RB:: CD: DI (Pj), 
and by composition (94, acA ol ) AB: RB Cl : Dl. But because the tri¬ 
angles OIC, ORC are similar, and Q1 == OR, theiefoie Cl = A R, hence 
the last proportion becomes 

AB: RP ::AR :Df. 

And AP : IP :: AR : DI, by tliesim. triang. ARP, IDP; 

Therefore AB :RB:: AP :1P (by equality); therefeue RI, BP 
are parallel (94). 
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Corot, By this problem we may find the distance of an inaccessible 
object P from an accessible line All. for if we measure AR and RB, 
will be All: 111All: BP. 


151. On a given base AB to make a Rectangle whose 
height shall be equal to a given line BC. 


At the extremities of the base AB erect the 
perpuiiliculars AD,’ BC, each equal to BC; 
then join DC; anti ADCB is the rectangle 
required. 


D C 

A 'B 

H-C 


For AB and DC being at the same perpendicular distance, 
they must therefore be parallel; and since the angles at A and 
B are right ang'cs, the parallels AC, BC, will meet DC in 
right angles v 40, corol. 2 )j therefore DB is a rectangle (22), 

Corol. l. In like manner a square is constructed T) C 
on a given line AB by making the perpendiculars 
AD, BC, each equal to AB, 

Corol. 2. Hencealso, a line 'DQ) is drawn parallel to a given 
line tAB, at a given distance (BCJ. 


15 5. The fallowing is also a practical method 
of du vmg a li.it* DC parallel to another line AB, 
at a giwu distance PD. , 



Alt 


o li 


With the gi\en distance PD in the compasses,, about any two points 
P, O, in AH, a.'i tent res, describe arts D and C; then lay the edge of a 
ru'er to tom h those arcs, and draw the line required. For if PD, OCare 
di,iv,si to the points ol contact, PDCO will be a rectangle (67). 

To trace a Rectangle on the Ground. Having measured out one side 
(the di.ecUou being given) to the required length, crert perpendiculars 
at ill ends; then if those perpendit ill irs are prolonged to the distance 
proposed, their e.\ tioinities will evidbntly mark the angular points of the 
Rectangle. 



548 


GEOMETRY 


In like manner a line is traced parallel to another line inaccessible 
at on * end, at a proposed distance from that 
other line. Let it be requited to trace the .line 
AB» parallel to the face ol the bastion CD, at the 
distance of 300 yards. 

Having taken the point G in the direction CD, 
make GU perpend,cuiar to DG, and equal to 300 
yards; then if BA is traced perpendicular to GB, it will bc^ parallel 
to CD. 

If a battery is constructed at A against the bastion, the shot (at 
sight angles to AB) will strike its face CD in a perpendicular direction, 
or with the greatest force possible. 

156. On a given lase AB to make a parallelogram DB 
of a given height GP, so that the sides AD, AB shall form 
a given angle . 

From any point G in AB erect the perpen¬ 
dicular GP equal to the given height M37); 
through P draw DC parallel to AB (149); 
and make the angle DAB qqual to that pro¬ 
posed (140); then draw BC parallel to AD: and ADCB is 
the parallelogram. For the opposite ang'es being equal, the 
sides opposite those angles will also he respectively equal (80). 

Carol . Hence from a given point (A) to draw a line ( AD) to 
meet a given line t DC) in a given angle BCP). At any point 
C in the given line, make an angle DCB^qnal to the angle 
proposed; then from the given point A draw AD parallel to CB; 
and the thing is done. 

157. To divide a given line AC according to mean and 
extreme proportion ; or so, that the rectangle under the whole 
line and one part , shall he tfitrual to the square on the other 
part: or CA : CG :: CG ; GA. 

Make CO perpendicular to, and = £AC; 
about O as a centre with O C describe a circle; 
draw AOD, and join DC, and parallel to it 
draw BGt Then CA : CG CG : GA. 
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Join CB. Then the triangles ABC, ACD being similar 
{ 99 » we' have, AD : AC :: AC : AB, or AD : BD :: BD 
: AB (because BD — AC); therefore AD is divided in B accor¬ 
ding to mean and extreme proportion: And,because BG is pa¬ 
rallel to DC, it divides CA in the same proportion in G, as DA 
is divided in B ( 91 , corol. 2). 

Coroll Hence AB = GC-. For becauseof the parallels BG, DC, 
\vc have AD : BD :: AC : GC (94). 

And AD : BD :: BD : AB; 

whence (by equality) AC : GC :: BI) : AB ; now the antece* 
dents being equal, the consequents GC, AB, are necessarily so. 

158 . In a giuen circle to inscribe a regular Pentagon • 

Having divided the radius CA -by the 
foregoing Problem) according to mean and 
extreme proportion in G, make GB — 

GC ; take AD — AB; then draw BD, 
which will be the side of the pentagon, or 
the chord of \ of the circumference of the 
circle. 

Dtaw GR parallel to AB: then CR — CG, and RB nr 
GA ( 94 ). 

By conduction, CA : CGG: CG-d GA, or because GBmGC, 

CB:GB::GB: RB. 

But the angle GBR is = the angle GCR, therefore the side* 
CB, GB ; GB, RB about those equal angles, are proportional, 
hence the triangles BGC, BRG are eqm-angular 94. corol. l); 
therefore the former being isosceles, the latter BRG will also 
be isosceles, consequently RG RR. But the outward angle 
GRC of the triangle GRB is Jtyial to both the inward opposite 
angles, and therefore equal to twice the angle GBR; conse¬ 
quently the angle ABC, which is equal to GRC, is twice the 
angle GBR; therefore BG bisects the angle ABC* Hence in 
- VOL, X*/ XX 
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the isosceles triangle ACB, each of the ancles at A and B is 
double the other angle ACB. 

Now all the angles of the triangle ACB being | of two 
right angles, the angle ACB is £ of two right angles, and its 
double, or the angle DCR = { of 4 right angles: therefore DB 
is the chord of ^ of the circumference: and 5 of those chords 
.form the pentagon. 

CoroL 1. Because the angles ABG, ACB are equal, and 
the angle CAB common to the triangles CAB, GAB, and the 
former isosceles, the latter GAB is also isosceles, and conse¬ 
quently AB ~ BG ( — GC); therefore if the radius of a circle 
is divided according to mean and extreme proportion, the greater 
segment (GC — GB =z ABJ will be the side (ABJ of a regular 
decagon in that circle. 

Corel. 2. Hence also, BD bisects GA, and the angle GBA. 

159. The ou em. The square on the side DB of a regular 
pentagon inscribed in a circle, is equal to the square on the 
radius CB, and the square on DA the side of the decagon 
taken together (Euclid t B . 13. Pr. 10.): 

Let CO bisect the angle DCA; and 
join OA. 

The angle DCB is equal to-^ } nf q right 
and DCO.to y 1 ., \ -rndes: 

Therefore OCB is equal to of : right 
angles. 

And each of th. angles CDB, CBD is also equal to T V of 2 
right angles: 

* • 

Therefore the triangle COB is isosceles, and OC zz OB s 

Consequently the triangles COBj DCB are equi-angnlar: 
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Hence, OB : BC :: BC : DB, therefore the square on 
BC is equal to the rectangle under OB and DB * 89, corol. 1). 

And because the triangles DOA, DAB are isosceles, and the 
angle ODA common, those triangles are similar: 

Therefore AD : DO :: DB : AD; hence the square on 
AD is equal to the rectangle under DO and DB : 

And therefore the m of the squares on BC and AD 
is equal to the sum of the rectangles OB x DB, and DO 
X DB. But OB x DB + DO x DB - DB 2 (84), that is, 
the square on BC -f- the square on AD ^ the square on DB. 

Ifio. On a given line AC lo construct a regular Pen* 
tagon . 

Mike CO perpendicular to and r- 
-?,AC: through () draw AD to nni.c 

- ' w. 

OD — OC : jom CD, and that will 
be the radius (if the cmle in uhich 
AC i* the side ul the i\.n'.ngon. 



T ake OB ~ GC. Tli-n as the c .instruction is analogous to 
that ui 107; AD will there f-re he th\ui cl aeeorUuig to 

menu and t\:ivtne proportion in B; ,m I c .iihequ' nth >i * D 19 
made 1 tic radius of a circle, BD will i.v he sine ol a Decagon in 
the same circle (I /<h, (mol. j. 


But the triangles ADC, ACB are similar (157) • 

Hence A!)': DC :: AC' (DB) : BC ; 

or ;v 1) : DB DC : 1>C ; therefore DC and BC 
arc in h. ratio ol the radius of a circle to the side of tjie in¬ 
scribed decagon. Hv.uce, lucause BCD i* a right angle, CD" 
-f- CB* BD® (>>'t ; therdfoTc if BD (AC) is tin side of a 
pentagon. CB mil be that of the decagon, and CD the radiut 
of thi eircmuscnhim. circle (159); 

Therefore make AG, CG, each equal to CD; and G will be 
the centre of the circumscribing circle. 

KK 2 
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l6l. On a given line AC to construct u. regular Hex* 
agon. 

Make AO, CO each equal to AC (136); 
and the triangle AOC will be eqti'lateral and 
cqui-angular; then 6 of those triangles, 
having each an angular point at O, will evi¬ 
dently form the required hexagon. 

A Pentagon, or Hevagon, when the extent of the sides arc too great 
for the (ouinioii measuring tapes or lines, may be traced on the ground 
by means of propoitio.i il distant os (136). Thu*, suppose it is required 
to lay down a Pentagon whose side AC shall be 100 yards* 

Having made the ang'e dOd — 72 degrees on paper 
(141), me-sufc equal distances Or!, O d on a scale of 
equal part-, suppose SO each, then the distance dd will 
be 94 in ail) on the same s>( ale. 

I^ay down 5 trianulc*. T)OD, fee, with the equal 
sides CD, 01), . each equal SO, and DT), &c 

equal to VI jcei (I '3<-)- 

Then 1)) sum] u li.. iHes, 0! (DP) : SO (OD) 

:: 300 (AC) • '.*ij /" / nearly — OC: theietuu- 
ifOA, OC, Ac- in C IIKMSlIlOil Ollt to fee/ 

each, their extremities will mark the angular points of the pentagon. 

And the Hexagon may be trared on the ground in the «ame manner by 
means oi <> equilateral triangles. 

But m tracing large and regular Winks when: cxaitnes is rouuirod, the 
angles at the centres should be laid down with a 'I'us.dolite, and the 
distances to the angular pomlb of the Polygons computed trigono¬ 
metrically. 

N B. Of the common Geometrical PinMcm*, the foregoing are 
among the most simple and nrrcssiiv mi I icid-piac tice. Il is easj to 
perceive however, that great accuracy cannot be expected, particularly 
■when the Ground is not level. . , 

■ y 

162. To divide a given line AB into a proposed number 
of equal parts: suppose .5. 
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From the extremities draw AC, BD 
parallel to each other; in those lines 
take 5 equal parts of any convenient 
length (BO -. OG &c. = AS = SN, 

&c.) join the opposite points of divi¬ 
sion ; and AB will be divided into 5 
equal parts. 

For BQ being parallel and equal to AR, AQ and BR will 
also be parallel and equal (so); therefore the lines joining the 
opposite points divide AB in the same proportion as the lines 
AR, BQ arc divided ^94). 

Or thus .—Having drawn AC in any convenient direction, 
take the proposed number of equal parts AS, SN, &c. as. be¬ 
fore; then join RB, and parallel to it draw lines from the 
points of division in AR, and they will divide AB into the re¬ 
quired number of equal parts '93). 

When the given line is too i?bort to admit of distinct divi¬ 
sions, the following method is sometimes adopted to answer the 
game purpose. 


fit 



Suppose AB is a triven line to be divided into 7 equal parts. 
In a line CO of anv convenient 

v • * 

length, tube 7 equal parts, suppose ^ _ 3 1> 


from C to A; with CB — CA 

and AB — the eucn line AB, _ 

° C i* 

make the isosceles triangle CBA 

(136); tala ( C = DC, CR = CO, &c. 

points of division. 


O JD A 4 
and join the opposite 


Then by similar triangles, CA : CD :: AB : DC ; and be¬ 
cause CD i« ' of CA, DG vilPbe of AB ; and therefore 
OR _ Sec. and the shortest line PP = f. 


163 [fence is derived the method of making Diagonal Scales, Let 
a Scale be constructed to \2ths, of die line AB. 


I 
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Having divided AB into 3 equal p.irts, 
draw two puiallcl lines All, UK m.ikinu any 
convenient .mg es with AB: in those lines 
take 1 eijual distant es, .oppose from A to 
D, and from B In R ; and through the 
points of division draw 4 lines parallel to 
A Hi next, divide DR into 3 eqii tl parts : 
then if the points ol division in A Rand DR 
are joined diagonally, the s.ale is < oiistiuiled* 

For by similar triangles, li 13 : J1S :: HO : OP; therefore TiO being 
l of RI3; OP will he x - of BS, oi J ot -} (or T x s ) of DA . and the n, divi¬ 
sion tin is &c. 

If QR .= C13 = BA is the scale for a foot, OP is an inch, «// = 2 
inches, IP = 13 inches, &l. 

But if we diMiIe AB into 4 equal narts onlv 3 must be taken in AM and 
UK to make VUhs. of AB (because 1 x l = li?J. 

(Jcmal/i /:—Resolve the l.uiT'hci to ulinli the divisions aie to be e\- 
toiid.'d, into two f x lois, then dm r ill" given line (AB) nno as many final 
palls as ilie.e .ire mills ri *>p.* lafor, id t k .s i.i.i y equal pails in 
the olli. . 'ines (\l ! , PI\) as the,nan u ,1s ■ n Ihi mi.i r. I Inis if AB is, 
dividi (I into 3 eti'i ,1 pal I-, Mid j ,ii, i ik l ,i in vil, UK; or d AB is di- 

I 

vided into and 3 am tai.iii m ui. i»!\, n (.din . ase the sc ah* givt s 
1 htii v of AB. On I lit- noiiini'm Plain Neal.-., Ilia eqiui pails in each line 
aie It), wlmJi gi\e the divisions in [OOlhs. 

A line divided into equal paits, and one of the parts subdivided, as in 
An Ifi'J, oi else di.igoii..ll\, i-v i died a line or Scale of Ejiial Earls. A 
variety arc to be tound on the < inimoii Plain Sale In longing to a Cate 
of lustiuments, 

■ 

164 . To find a mean Proportional hetireen livo given 
lines AB-and BO. 

Take AB and BD in one line AO, which 

V 

bisect in C ; and about C as a centre, with 
CA or CD describe a semicircle; then if 
BR be drawn perpendicular to AD, it will 
be the mean proportional required ( 97 , 
carol. 1 ). 


A-B 

E-D 
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165. To find a third Proportional to two given tinea 
AB, CD. 

Draw two lines AG, AR making any 
convenient angle at A 5 take AB — AB, 

AD and AO each z: CD; join BD, pa¬ 
rallel to which draw OP: then AP is the 
third proportional required. 

For OP being parallel to BD, the triangles ABD, AOP arc 
similar; iherefore AB : AD (AO or CD) :: AO : AP ( 94 ]• 

166 . To find a bth Proportional to three given lines 
AB, BC, CD. 



Having taken two lines AG, AR, as 
in the foregoing Problem, make AB — 

AB, AC “ BC, and join BC; then take 
AD z CD, and draw DP parallel to BC: 

By similar triangles AB : AC :: AD 
; APthe'lM. proportional required ( 94 ). 

167. This Problem is of very extensive use in the reduction 
of Scales, Plans , and Map*. We sli.d! -'ibjoin Kxamplca. 



J. If AIM 'D be t!i- II n 
of a countiy, .iinl sinjpwsi* 
tlie distance between the ol>- 
jecls O, l*, is 1700 pates of 
a horse at Qj fed e ith, il is 
requited 10 make :t Scale of 
yard* to the Plan, 


2-1 X 7 no 
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Having drawn two indefinite 
lines OK, OG, forming any an¬ 
gle at O, make 08 equal to the 
distance OP; and from any Scale 
of equal parts, set off OD = 

1558, and OR = 1000; join 
DS, and parallel to it draw UQ, 
then OQ is a scale ol 1000 yank, T Jiis divided, and subdivided is the 
Scale mm, in which cadi of the least drisions is Jon yards. 

Or without the construction thus: The distance Ol’ measured oil a 
scale is 1*53 inches. 



Then, as 1558 : 1 *53 1000 : 0 iO 8 of an inch, the length of nn the 

Scale of 1000 yards• 


2 . 


Let the Plan in the I vl Example be reduced to ;» Scale of 1 inch t* 


a mile ? 


On two indefinite line** 
OK, OG (as in the last 
example), set off OE = 1000, 
and Oil = 1700 (the ) arils 
in a mile) from any conve¬ 
nient scale of equal pan-.; 
and make ON = the scale 
mm; join EN, and parallel to 
it draw H\V; then OW is 
the scale of a mile to the 
Plan ABCD. 




Now with AC ~ OW, and CC = 1 
inch (the two ScJ->) make the isosicles ti 1- 
angle ACC: then because any two coiie- 
spouding distances on the Plans lnfol/jf in 
the same proportion as the two scales, it AR 
be made equal to the length ol the Plan 
ABCD, and AS = All its breadth, KN and 



SP (which are parallel to CC) will be the length and breadth of the 
reduced Plan abcd M 
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Oi, without the Construction * 

As t;53 : 1-53 inch. (01*) :: 1760 : 173 inch, length of a scale of 1 
m/7 l tu the Plan A BCD. 

J 1 length and breadth <>| the Plan AHCD are PSP, and 1*15 inches 

'I spei i '’l‘K ; 

1*73 : 1 •• 1-89 : l - 0> inches, the reduced length ad. 

1-73 . 1*17 : C*(?7.breadth ad. 


H i means of the triangle ACC we may transfer any points or lines from 
- nf Plan ui the othei exaitu in the same manner as the length and 
'“v i 1 tii ad, ah, wei'- immd l'or ui} diM.iiirrs on ABC-D l.«*ing laid on 
at , the piop'irlional digrames on ilu icdiM'd Plan will he I he correspond- 
i-;c paiuheis to CC Bi ' the t'roportr'nu/ ('ompitwes are petuharly 
* < 1 (or expedition in op. i i ion* ol dm hind: Thu . sliilt the centre 

.. '!‘viiiurn’i ,ill, at the s.i.m*opening, die i strut ot the points at one 

end is 1 'ijual to one of die Si ales (AC) *n<l the extent of the points at the 
olliei end oipial to the othe: Srile (CC.). 'Then any opening or distance 

ot the points at one end, will go• the proportional or corresponding 
di'taiiee at the other Or am two I pun in the same proportion as the btules 
•>na\ he mod instead of the Seales themselves 


And u\r rtrri, m\ iwo t onv-pob.lmg distances on two simila: Plans or 
1 ips. and 1 he length r.l one S t -ile, will give the length of the other. 

L.. SJuppoa. a Map .s laid down io these. • AI3 of 4090 Tones; and 
1 • -t be ie Hired to adajd * St ale (I’Q) ot Lnglish mues (J- lor example) 
to fit saiii'* Maji. 


'1 ni i * ■ fh 
• i , At >1 l )e 

Thcrelbie 



' 111 if 10(.. 
! i flO 


AI-+-T-* * -1-J-C£J 

ji}—f —t~- ._--j- j - 1 q > 


.— 4 :-d miles nearly the Scale AIL 



OG = the scale AB; join SG and draw RQ parallel thereto; then QO 
(PQ) is u scale of 4 miles. 
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Or thus :—The length of the scale Alt h 1 73 i m .* 

Therefore, as 4-84;?/. : l*73m :: 4iw. : l*43»w the length of the 4 mile 
scale PQ. 

Ami the Map, or any part of it, may he cnhrged, or diminished to a 
proposed Scale after the manner ot Runup. Tor we can suppose ABCD 
to be u given part of a large Plan. 

4. On a given line Alt to make a figure Nil similar to a right lined 
figure PD. 

With GD and Alt make the isosceles triangle 
ODD; and draw the diagonals GS, GCJ: 
r lhen v as in the foiegoing E.xamp. any lines of 
the figure PD being laid on GD, the corre¬ 
sponding lines of the required figure will he 
the parallels to DD. r llius if GW = the di¬ 
agonal GS, and GO = DS; \V\Y, and OO 
will be the diagonal AQ, and side HQ. 

Or the figure may be consti noted on the 
given one thus: 

Make Gn = Alt, then draw na, act, and ab 
parallel to DS, SC, and CP. 

An isosceles triangle is preferable to any other 
forthese reductions, because the paiallels (\V\\„ 

OO) or \th* propoitionals arc found with greater 
facility. 

N-B. The foregoing constructions which respect tin; reduction of figures, 
are necessarily confined to a small serde; but the method may be * xtemKl 
to Plans, or Maps of any si/c wh.iU'uT. 

168 . To fmd the centre of a given Cinle . 

Let any chord AB be bisected at right angles 
by GD, which therefore, will be a diameter lo 
the circle : then C the centre of,GD, will also 
be the centre of the circle (65, corol 

Gr 

169. Through three given points, not lying in a right line, 
to dcurile a circle . 


\) 
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Let A, B, D, be the three points. Draw 
BA, BD, and bisect those lines with the 
perpendiculars RC, PC : then the inter¬ 
section C is the centre of the circle (65, 
corol.), which described with the radius C A, 
CB, or CD, and ihe thing is done. 



And in the same manner a circle is described about a triangle. 


170 . Through a g:nn point P to draw a Tangent to a 
circle . 


If P is in the circumference of the circle, 
draw the radius CP, then a line through P at 
right angles to PC is the tangent required (67» 
corol, 1). 



When the given point P is without the circle: Draw PC 
to the centre C ; and on PC describe a semi¬ 
circle; then PA drawn to the intersection 
of the circle^ will be at right angles to the 
radius CA (72), and therefore a tangent to 
the circle. 



171 . To druiv a Tangent to a circle parallel to a given 

line AB. * 

A 

Draw the radius CR parallel to AB. and A 
make the radius CP perpendicular to CR ; 
then a iue through P, parallel to CR .and AB) 
will touch the circle in that point because it 
forms a right angle with the radius PC. 

172 . On a given line AB to describe a Segment of a cir¬ 
cle that shall contain a given. Angle, 



L L 2 
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At the extremities A, B, of the given 
line, make each of the angles CAB, CBA 
equal to the difference of the proposed angle 
and a right one; and with CA or CB de¬ 
scribe a circle: Then the segment APB on 
the same side of AB as the centre C, will 



contain the given angle when it is less than a right one ; 
and the opposite segment AOB will contain it when it is 
greater. 


For if RQ be a tangent at the point A, it will be perpendi¬ 
cular to the radius AC (67, carol. 1); then the angle CAB 
is the difference of the right angle CAQ and the angle 
BAQ; but BAQ is equal to the angle (APBj in the segment 
APB (73). 


And the angle CAB is equal to the difference of the rigrifc 
angle RAC and the angle RAB, but this latter angle is equal to 
the angle (AOB) contained in the segment AOB (73). 

173. To cut off" a segment from a given circle that shall 
contain an angle equal to a given angle ABC, Or to draiv 
a chord in a given circle that shall subtend a given angle at 
the circumference. 

About B with the radius of the circle, describe 
the arc AC ; make the arc DRG -: double the 
arc AC, and draw the chord DG: Then the an¬ 
gle (DPG in the segment DPG is equal to the 
angle ABC (69). 

Or thus ;—At any point (P) in the cirrmufennce, make an 
angle (DPG) equal to the gU'en angle; men ihe line <DG) 
joining the extremities of the sides including the angle, is the 
chord required. 



174. To inscribe an equilateral triangle in a siven 
circle • 
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Bisect the radius CD at right angles with 
the chord AB ; join BP, AP; and APB is the 
triangle. 

Draw AD, BD, AC, BC. Then because 
OC = OD, and the side AO common, the tri¬ 
angles A CO, ADO will be identical (38); therefore AD is 
equal to the radius AC or CD ; consequently both the triangles 
ACD, BCD, arc equilateral; but the angle PAB PDB, and 
PBA =■ PDA (70); and the remaining angle APB is =: 
ACD orDCB ( 71 ); therefore the triangle APB is equi-angular 
and equilateral, 

A Square is inscribed in a circle by joining the extremities 
tif two diameters which intersect each other at right angles* 

175. To inscribe a circle in a given triangle ABD. 

Bisect two of the angles, ABD, DAB, and 
from the intersection C of the bisecting lines, 
let fall perpendiculars CS, CG, CR on the 
sides; then if a circle be described about C 
with either of those perpendiculars, it will touch 
the sides of the triangle in S, G, and R. 

For the two angles at A being equal, and the angles at G, 
S right ones, and the side AC common to both triangles AGO, 
ASC, those triangles are therefore identical (38); consequently 
the sides CG, CS arc equal. And exactly in the same 
manner it is proved that CR and CG arc also equal. There¬ 
fore the sides of the triangle will be tangents to the circle at G # 
R, and 3 ^7)* 

Corel . Hence three lines bisecting the angles of a triangle, 
tvill intersect one another in^he same point. 



«6t 
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Bisect any two adjacent sides (BA, BD) 
with perpendiculars CO, Cft; then their 
intersection C is the centre of the inscribed 
circle. 

Draw BC. Then the hypotenuse BC being common to both 
the right angled triangles iiOC, BBC, and BO _ BR, the 
squares on OC, RC, will therefore be equal to each other (83, 
coroL), and consequently OC ^ KC. In like manner it is 
proved tb.«t :Tie jjcrj eudiculars bisecting the other hides are all 
equal and meet in the same point C. Therefore a circle de¬ 
scribed with CO or CU will touch all the sides of the po¬ 
lygon (67 j. 

And it is also evident that CB is the radius of the circum¬ 
scribing circle; but tl is line bisects the angle ABD : There¬ 
fore to circumscribe a regular Polygon with a circle; bisect an 
two of its angles ^except opposite ones) and the intersection of 
the bisecting lines is the centre of the circle. 

177 - To^ tiiake a square equal to twi given squares . 

Let BA f BC, the sides of the given squares 
be drawn to form a right angle ABC; join 
AC, wnich will be the side of the square re¬ 
quired (83). 

And in the same manner a square may be made equal to 
three, or more squares. For example, suppose the sides of 
three given squares are AB, BC, and BG; then because the 
square on AC is equal to the squares on AB, BC, if BR be 
made equal to AC, it follows that a square on GR will be 
equal to the three proposed squares. 

1 I 

178. To make a square equal to the difference of two 
given squares . 
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With two indefinite right lines BG, BR, 
make a right angle B» take BA equal to the 
tide of the less square; and about A as a centre 
with AC the side of the greater, describe an 
arc to intersect BR in C; then BC is the side 
of the required square (83, coroL ). 

179- On a given line AB to make a rectangle equal to 
a given rectangh A GOD. 

On AD 'produc 'd 1 'necessary) take AB = 
the line AB: draw BR parallel to DC ; and 
through O let AQ he drawn to meet DC pro¬ 
duced ; then if OS is made parallel to *DA # 

BRSA will b.e the rectangle required. 

For the triangle* ASQ, ADQ; and ORQ, OCQ being 
respectively (qua! SOthe quadrilaterals ASRO, AOCD must 
therefore be equal (3j); but the former, together with the 
triangle AOB, and the latter with the triangle AOG, make 
the two rectangles BRSA, AG CD, those rectangles must 
therefore be equal to each other, because the triangles AOB, 
AOG arc equal. 

180. On a given line AB to make a triangle ASB equal 
to a given triangle ADC. 

Draw AG and CG parnlhl to DC, and 
DA, respectively; then the parallelogram 
GD w ill be double the given triangle ADC 
(82 f , corol. l): take AB equal to the 
given line AB; and by the construction 
in the preceding Problem, make the 
parallelogram AR equal to the parallelogram GD; draw the 
diagonal SB; and the triangle*ASB will be equal to the given 
triangle ADG. 

For the parallelograms AGCD, BRSA being equal, their 
halves must also be equal. 

181 . To make a Triangle equal (a a given Quadrilateral 
ABCD. 
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Parallel to the diagonal BD draw CG to 
meet AD produced ; join BG: then the tri¬ 
angle ABC is equal to the given quadri¬ 
lateral. 

For the triangtes BCD, BGD on the 
same base BD, and between the same parallels 
BD; CG, are equal (82*), therefore the triangle ABD, together 
with the triangle DBG is equal to the same triangle ABD 
together with the triangle BCD (32), or the triangle ABC 
equal to the quadrilateral ABCD. 

182. To make a Triangle equal to the irregular pentan¬ 
gular Jigure ABCDG on the side AB* 

Let CR be drawn parallel to BD, 
and join BR. Then the triangles 
CBR, CDR, on the side CR and be¬ 
tween the parallels CR, BD are equal 
(82*); therefore the figure ABCRG 
with the triangle CBR, is equal to the 
came figure together with the triangle 
CDR, and consequently the given figure ABCDG is reduced 
to the quadrilateral ABRG. 

Now the quadrilateral ABRG is reduced to a triftngle by the 
preceding Problem, thus :-~ParalIel to the diagonal AR draw 
GS to meet BR produced; then join AS; and the triangle ASB 
will be equal to the quadrilateral ABRG, and therefore equal 
to the given figure ABCDG. 

And in like manner any muia-lateral right lined figure may 
be reduced to a triangle. 

183. To make a rectangle tqual to a given triangle ABC. 

Let the base AB be bisected in D; and 
draw CR parallel to AB; then if AR, DG 
are made perpendicular to AB, the rect¬ 
angle RD will be equal to the triangle 
ABC. 







V 
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Draw BO parallel to DG. Then the triangle ABC is equal 
to half the rectangle RB (82 carol, l): but RD is halt the 
Tectangle, therefore it is equal to the triangle ABC. 

And therefore a rectangle whose height is half AR, and base 
AB will also be equal to the triangle. 

184. To make a square equal to a given rectangle ABCD. 

Extend AR tdl BR - BC, and on AR de¬ 
scribe a semicircle, then produce CB to G ; 
and the square on BG will be equal to the rcct- \ 
angle under AB, BR or BC (l64). 



Schnl. Hence by this, and the preceding Problem, a square 
may be made equa' 1 to a given triangle : and consequently equal 
to any given right-lined figure (132). 


18.5. To make a rertangle of a given magnitude having 
iti sides in the ratio of two given right lines . 

Ir 

Let AB and BC be the given lines. 

Upon their sun* AC desciibe a semicircle, 
and make Bf) perpendicular to AC ; pio- 
liuce DB ^if necessary) till DG is the si de 
of a pcnurc cqml to tin* given magnitude; 
join DA, DC, uv\ through G draw R$ pa. .!U to AC meeting 
DA, DC produced (when necessary): Th* u RG, GS are the 
silks of ike required rectangle. 



For the angle RDS being a right one (72\ and DG 
perpendicular to RS, thercfoie the rectangle RS x GS is 
equal to the square on DG (97. carol. 2), or equal to the given 
magnitude (by the construction); and btcausc RS is parallel 
to AC. the sides RG, GS, tart: in the given ratio of AB 
to BC (95). 

1SG. If AC is a square on the line AO, and AQ, 
QP two given right lints; to find another square that 
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shall le to the square AC, as AQ is to QP. Or, to Jind 
two squares having the ratio of two given right lines . 


In any convenient direction from A, take 
the given lines AQ, QP; join QO, and pa¬ 
rallel there > draw PR to meet AO produced 
(if necessary): then if a semicircle be described 
on AR, OS will be the side of the required 
square. 



Complete the rectangle RC. Then because QO, PR are 
parallel, the triangles AQO, APR will be similar. 

Hence, AQ : QP :: AO : OR ( 94 , c<nol 2 ). But the 
parallelograms or rectangles AC, OD having the same height 
(AB or RD) will be in the ratio of their bases AO, OR (S7) : 

Therefore AQ : PQ :: AO 2 ^reilang, AC) : rcctang. OD 
(= OR x OC or OA): 


But the rectangle OR x OA is equal to OS* ( 9 7> coiol. Q ): 
and consequently AQ : QP :: AO 2 : OS 2 , the required 
square. 

187- To describe a figure (CRNO) similar to a given 
rifit-lined figure. BWAO, so that the latter may be to the 
former , as the line AQ is to the line OP. 

Find, by the last Problem, a square (OS 2 ) 
so that A£) : OP :: OA‘ : OS*; and 
make ON " OS; draw NR, PC' parallel to 
AW, WB, respcctneU 5 and CN is# the iigurc 
required. 

For the figures CRNO, BWAO being similar (l(i5, E.r. 4 ); 
and because similar plane figufese are as the squares of their 
homologous sides ( 102 ), we have BA : CN :: AO 2 : ON* 
(OS 3 ) :: AQ : QP (by the construction.) 

By thi 3 Problem, plane figures arc augmented, or reduced in 
Area according to any given proportion. 
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188. To make a triangle f ACS) of a given magnitude, 
which shall also he similar to a given triangle ADB. 


On AB make the rectang’e AR = to the 
given triangle ADB (183); then on AB 
(produced if necessary 1 let the rectangle AN 
be coiMrucied equal to the magnitude of the 
required trial.git*, having its sides AS, SN 
in the ntioof AB to BR (18 . draw CS 

parallel to BD, meeting AD produced : and ACS is the 
triangle. 

For the triangles ADB, ACS being similar, and also the 
rectangles AR, AN, wc have (10-), 

rcctavg. AR : toe tang. AN AB 3 : AS* :: Iriajig. ADB 
: triang. ACS : 

Or, rerfang. AR : rectang . AM :: ADB : ACS; and th; 
antecedents being equal b\ the constru* tion) the con^fcflicnts 
AN, i\C S mint also hi- equal, or the triangle ACS ~ the given 
inn :>*:tude . bv constructiun.) 



Sefu'L 
angle and 


Th'-’vfnrc a triangle may h- -fade similar to one tri- 
qnal in .motlier. 


ISt) 

Jig lire A 


It, dcu i :le a figure 'ASOW 1 similar *o a given 
iCDK, andequL < to a give*! i g.i'—.ned jig’irc G. 


Let tie 'w > (i.-ures KB, and G h-* l educed 
to squ irt ^ iiSt, 1st.'. 1 hen htions ne- 

tion uiiJ t\'dimly hi ^xnctly tin. same as that 
of tlie prei tiling pronlnn. For if tile rect- 
ang e A'\ bt muieiijuil to ite ligur. KB, 
and a similar rectangle AN eq AI to G (1S j j 9 
the side AS of that rectangle will be the base 
of the requited figure: then the sides SO, 
OVV, WP being drawn parallel to the cor res- 
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ponding sides of EB, the figure PS will be similar to EB, and 
equal to AN or G, 

Methods of determining distances ly means oj similar 

Iriangles traced on the Ground. 

190. To find the length of the line AB accessible only at 
loth ends. 

Having fixed on some convenient point 
P, measure BP and AP; and prolung those 
lines till PG zi PB, and PL) - PA ; then 
the do lance between ihe points D and G 
Will be equal to AB. 


For the sides of the triangles GPD, BPA about the equal 
angles at P arc respectively equal, therefore the third sides GD, 
BA wdkalso be equal (38). 



Or thus. 

Having measured PB, PA ,'as before), take PC some conve¬ 
nient aliquot pail of PB, and PO the same aliquot part of PA ; 
then measure the cross distance OC, which will be the like ali¬ 
quot part of the required distance AB. 

For the -i.h'? PO, PA, PC, PB being ntoportional, the tri¬ 
angles OrC, '.PB will he silo lar ; 

Hence PO . P V :: OC . AB , then fore whatever pari PO is 
of PA, the like OC will bt ot AB 91 ). 

f.i”;.oose FA = A 0 '.?, and PB—4H/>/; and let PO, PC he -{ o< PA 
Pli, or equ.il to 7S/- j in. and 8 f .V’ U \ut And supple OC lneasurctt y.J' 
feet ; then A> = i>J a x j = feet. 

191 . When the line (AB) is accessible at one end (B) 
only . 
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We suppose some object at the in¬ 
accessible end A : and let a mark be G- 

set up at B : then in the direction AB 
take BG (the longer the better), and 
through a convenient point ias in the 
preceding problem, let the distances 
BD, GR be measured, so that PD = 

PB, and PR - I G ; then if a mark 
be set up at K the intersection of AP and RD when produced^ 
DK will be equal to AB. 



For the triangles PBG, P DR being similar and equal in 
all respects, the triargles PBA, PDK will also be similar and 
equal ,93). 


Or BA may be found without the distances PD, PR, 
thus; take PC, PO, like aliquot parts of PG, PB; then SO 
will be the same aliquot part of BA (93). 

For PO : PB :: OS : BA. * 


Suppose IK’, PG = 4 64 Jcet \ and that PO =: 1104, PC = 116 
feet ' J o. PB uvl Po), also, suppose OS measures 113 feet\ then BA = 
15J jeet • for 1J01 : 4 12 ■: 1 13 : 432, 

192. Lei O be an object on the opf»i\:tc side of a rivet ; 
to find the distance DO. 


Lay down an isosceles triangle DBA, 
the side DB being in anv convenient 
direction; tlv_n having measured a 
base DR, si < up a mark at R; and in 
the same direction take another base 
R d, and m.ikt the tri ingle dla similar 
and equal to DBA da bcit.g parallel 
and equal to DA): then find the con¬ 



course (C) of the lines ORC, daC 3 and measure dCi 


By similar triangles. Ref : dC : : RD : DO* 
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Suppose DR = 300, "Rtf =: l J 0, .mil oC zs 27OX feet, 

Then 80 : 270$.:: 300 : 1014 /cet neur'y = DO. 

193. But the most expeditious method of finding the dis¬ 
tance to an inaccessible object, is by means of * Rhombus, as 
follows: 


ft 


l i 


& 
B C 


Suppose O the object, ctvd OB the required 
distance. —With a line or inc^puriiig tapv whose 
length is eiju.il to the side of the intended i horn- 
bus, lay down one side BA in the direction BO, 
and let BC another side be in any convenient di¬ 
rection : fasten two ends of two of those lines at 
C and A, then the other ends (at D) being kept 
together, and the lines sketched op the ground, those lines AD, 
CD will form the other t*o sides of the rhombus. Set up a 
mark at R where. CO, AD, intersect; and measure RD : 

Then the sides of the mangles RDC, CBO being respectively 
parallel, the triangles will be similar; hence, RD : DC ;; CB 
: BO. 


Suppose the side of the rhombus is 100 feet, and IvD 
Jlj 7 ^ : 100 :: loe : Soil jeet nt/ely = BO. 

• 

Or thus Having laid down the rhombus, 
mark the concourse of the lines ODS, BCS, and 
measure CS : 1 hen CS : CD :: AD : AO. 


= 11/. 7im. then 




If the ground is nearly level, a rhombus whose sidt is 100 feel will deter¬ 
mine distance'! to the extent of D00 yards within a very few feet of the 
truth. . 

€ 

194. To Jind the length of an inaccessible line (QR) by 
weans of a rhombus . 
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At some convenient point B, 
lay down the rhombus (BADC), 
so that two of its sides BA, BC 
are directed to the extremities 
of the line. Mark the inter, 
sections O and P (as in the first 
case of the preceding: problem): 
then the triangle ODP will be similar to the triangle RBQ j 
and OP parallel to QR. 

For each of the rectangles DO x BQ, DP x BR being equal 
to the square on the side of the rhombus (as in the preceding 
prob.) they must therefore be equal to each other, or DO x BQ 
— DP x BR ; therefore DO : DP :: BR : BQ ; and since 
the angles at D and B are equal, the triangles ODP, RBQ will 
be similar (94, corol, l). Therefore OD : OP :: RB : RQ. 



Suppose OD = 9/. 5m. PD = 1 \f 10m. OP = 13/. 7 in. and the side 
•f the rhombiib = 100 ject. 


Then 1I{° : 100 100 : = RB. 

1 Ti 

10000 


10000 X 


Therefore (OD) : 13/ x (OP) :: ~ fRB) . 

11 is. J (i X 11 Ti 

1219 fret = RQ. 


Therefore the inaccessible distance RCt is found by multiply¬ 
ing the square of the side of the rhombic by OP, and dividing 
that product by the product of OD and PD. 

The length of an inaccessible line may also be found by 
tracing a quadrilateral, as in slrt . 151. Both methods how* 
ever, arc necessarily confined to moderate distances, and re¬ 
quire much care in the execution in order to bring out satis¬ 
factory results, * 


v 
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PLANE TRIGONOMETRY. 


Definitions. 

195 . A Triangle has three sidesand three angles: And 
any three of those being given (the three angles excepted) the 
others are found by means of similar triangles : This is the 
business of Tr i c o n o m et r y. 

196 . Hence it follows that Plane Trigonometry will admit 
of four different Cases: For the data may be 

1. One side and two angles. 

(Therefore the 3 d. angle is also given, jirt. 41). 

2. Two sides and an angle opposite to one of them. 

3. Two sides and their included angle* 

4 . The three sides. 

« 

197. The sides of the similar triangles for lines proportional 
to those sides) which enter into the compulations, are called 
sines, tangents , secants , &c\ 


198. Let C be the centre of a circle, 

CR a radius perpendicuhu to the diameter 
WB, and PCB an angle* its measure be¬ 
ing the arc OB (64* 144). , 

Draw the chord OS and BG perpendicular to the radius CB ; 
and ODj RP perpendicular to the radius CR. 




TRIGONOMETRY. 


2/3 


Then, 


* 


AO is the Sine 
AC or OD the Cosine 


BG the Tangent 
RP the Cotangent 
CG the Secant 
CP the Cosecant 


%of the arc OB, 
I or angle PCB. 


is 


199 . The Cosine, Cotangent , &c are the Sine, Tangent , 
&c. of the complement of the angle PCB to 90 degrees, or a 
right angle ( co being a contraction of complement). 

Thus, OD or AC is the Sine, 

RP the Tangent, 

CP the Secant of the angle PCR which i «5 the com- 
plcment of the angle PCB to a r-ght angle; for the angles PCB, 
PCR together make the rio-ht aiiffic BCR. 

O CO 

200 . The Sine, Tangent, and Secant of an angle PCB arc 
also the Sine, Tangent, and Secant ot its supplement PCW, or 
die difference of PCB and ISO degrees. 

‘J 01 . AB is the versed sine of the arr OB or angle PCB : 
and AW the versed tine of the angle PCW. 

O 

When the arc is a quadrant or 90 degree 1 ,, its sine is 
the Hidin',, and unine o : But tnc tti/.gt nt and secant are in- 
limlc, hi < ausc liny become parallel and therefore do not meet. 

Thus, CR is the sine of 90 degrees or the right angle RCB. 

203. The degrees, minutes, &c. contained in an arc or angle 
arc usually maikcd thus, °, \ " 9 &c. So 29°; ^7 / » 42 f/ denote 
it9 digrets , 57 minutes , 42 seconds. * 


» 

201 . Corollaries . 

1 . Hence it appears that (AO) the sine of ap arc (OB) is 
half the chord (OS) of twice that arc (65). 

VOL. I. N N 
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« 

2. Because the lines in and about the quadrant RCB form 
equiangular triangles, we have, 

CA : AO :: CB : BG, 
or, cosine : sine :: radius : tangent. 

And, CA : CO :: CB : CG. Therefore the radius is a 
mean proportional between the cosine and secant of an angle. 

And BG : BC :: CR : RP. Hence the radius is also a 
mean proportional between the tangent and cotangent, 

3. When the angle is 45° or half a right angle, the sine and 
cosine are equal; and the tangent and cotangent each equal to 
the radius. 

And other properties are easily derived from the same figure. 


Of computing the Sines , Cosines , &c. 

m 

205. Since 4 right angles contain 360° x GO or 21 GOO 
minutes , it follows that the side of a regular polygon of 
10800 sides inscribed in a circle, is the sine of an arc or angle 
of l'. Half the side of a polygon of 5100 sides, is the sine 
of 2'. And half the side of a polygon of 2700 sides, the sine 
of 4', &c. But these figures cannot be inscribed geometrically ; 
for which reason the formation of the Trigonometrical Canon , 
or Tables of Sines, Tangents , &c. has been attended with much 
labour. Before fluxions were invented, the method of approxi¬ 
mation was by continual bisections, which brought out chords 
corresponding to arcs in a descending geometrical progression ; 
in this manner, the chord of a small arc being obtained, the 
chords of other small arcs weje inferred from analogy on a sup* 
position that the chords and arJs are nearly proportional when 
the angles arc small: To explain this, 
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£06. Let CRB be a quadrant. 

Make the chord BG equal to the radius 
CB; then the triuigle CGB being equi¬ 
lateral, the angle GCB or arc GPB will 
contain 60 ’. Draw CP to bisect the 
chord BG: then GD or BD is ihe sine 
of 30° or the angle GCP or BCP. And 
if CO be drawn to bisect the chord BP, 

OPjwill be the sine of 15° the angle PCO, &c. 

If the radius CB or CG is 1, then GD is =0-5 the sine of 
30° : and the cosine CD is equal to the square root of the dif¬ 
ference between the squares of CG and GD (83, coral .). 

The square of 1 is 1, and the square of 0*5 is 0*25, their dif¬ 
ference is O’73, whose square root is u*b66025't037S &.Q. ~ 
CD the cosine of 30° or sine of 60°, which taken from the 
radius CP (l) and the remainder is 0*13397459621 &c. the 
versed sine DP. 

Now the chord PB is equal to the square root of the sum of 
the squares of DP and DB (83 , and is found to be 0*51763809 
fkc. its half is 0*258819045 &c. r=r PO the sine of 15°. 

And the cosine CO is — 0-965925826 &c the square root 
of til*; difference of the squaies of CP*and PO. 

a 

And the next bisection would give the wie of 7-* degrees. But 
this method, though perhaps the most obvious, must evidently 
be extremely tedious. The like hi ections, however, mav be 
obtained with much greater facility by means of the following 

207 . Theorem. If any arc RPG of a semi-circle be 
bisected in P; then the chord SP is a mean proportional be¬ 
tween the radius CP, and t.ke*chord SG and diameter SB 
taken together . 


675 
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Produce SG till GR is equal 
to the diameter SB, and join 
PR ; then SR is equal to SG 
and SB. 



Now the quadrilateral SGPB being in a circle, the external 
angle ' GR is cqu..i to the angh PBS (75 . And because 
BS (i!h and Pi’ irr PC, therefore in the triangles PGR, 
PBS, the sidc^ about ‘.he equal angles PGR, PBS aie equal, 
therefuie tin iri.inHis are identical, and consequently the thud 
sides PR, 1 S an. also equal. And because the angles PSC, 
PSG art 1 equal (70, tom!, i, the isosceles triangles SPR, SCP 
will thcreloie he eqin.u gular. 


lienee CP : SP :: SP : SR, or SP; - CP x SR. 


Now if the radius CP be J, L P 2 will he equal to SR, and SP 
equal to the squire root of SR, or equal to the square root of the 
sum il ~t“ ' G, (because GR — SB *i). 

Hence, if the supplemental chord SG;ol any arc (BG) be 
increased by th diameter (2 , the square root of the sum will be 
the supplemental chord\SP, of halt the arc (BGj. 

m 

208. Let the chord KG he equal to the radius, then BPG is 
an arc ol 6() c . And lkcau-e tiic angle SGB is a right one (72), 
SG i" equal lo the -quare 10 .t of llic chilcrence of t!ie squares of 
SB and BG 

The square of SB i-. 1, and ihc square of BG is 1, therefore 
SG the suppleon ntal chord o. die ;uc BG or £ ol th*’ eireum- 

fertnee is 1 *732050bo;5<.bS7 <Vc. tile square root of 3. 

< 

Consequently SR is -* C-f iOM>75o837 &c. and its 

square root is r931 Saida257hi3 etc. SP the supplemental 
chord of the arc BP or T h- of the circumference. 



p 
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• 

And the square root of 9 + 1*93185105257813 &c. is = 
1*98288972274702 &e, the supplemental chord of \ the are 
BP, or of the circumference. 

In this manner, after eleven bisections, we get 2 + 
1*99999973854478 the square of the supplemental chord of 
ttttf °f the circumference or 1 # 45 # '44 : Which taken from 4, 
the square of the diameter, ’eaves 0*00000026145522 the square 
ofthechordof l # : And the square root is 0*00051132692 

the chord of l 7 45"-j£, or the side of the inscribed polygon of 
12288 sides*. 


Now the chords of small arcs being nearly in the same pro¬ 
portion as the arcs themselves, we have, 1 7 45"~ ] : 0*00051132692 
:: 2' : 0 0005817764 the chord of the arc ot 2'; and its half or 
0*0002908882 is the sine of 1. 


And the cosine is -- 0*9999999577 the square root of the dif¬ 
ference of the squares ol the radius 1, and the sine. 


209. The sine and cosine of l' being given, the sine of 2' 
will he erjitul to twice the product of thut sine and cosine. 


—(V 




V 


5 


C JP 1DB 


For ht B be the centre of a circle, 
and OD, DC the sine and cosine of the 
are OB or angle OCB, and GP the sine 
of GB or twice the arc BO. Then if CR 
he perpendicular to SG it will also bisu r 
it ,63 . A’-o because the angles OCB, GS° are equal (71), 
and CO equal to SC, the triangles SRC, CDO will be equal, 
therefore SG is equal to twice tlic cosine CD, and the triangles 
SPG, CDO arc similar: 


Whence, CO : OD :: SG (2CD) : GP; 

■ b # 

Therefore when the radius COisrl, GP is — 2CD x OD(89). 
Again CO : CD :: SG (®CD) : SP: 


* See Ludolph Van Ceulen dc Circulo et Ad script is, where the bisections 
are continued 30 tunes, and the supplemental chords brought out to 40 
places of figures, * 
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And if CO is 1, SP is — 2CD x CD, orfiCD*; and the 
Cosine CP equal to the difference of SP and SC, nr ihe difference 
of 2CD“ and i. 

Therefore if the angle OCB is V, GP the sine of 2' will be 
= 2 X 0*9999911)5/7 X 00002908882 r= 00005817734. 

And the difference of twice the - quare ot 0*99999. l 'iy577 and 
1 , is 0*9999993303, the cosine ot 2 . 

210. But to find the sine of 3 , or the sine of triple an are 
when its sine and cosine are given. 

Let SH be the sine of the 
arc BS ; OS or OG the sine 
of h„lt the arc SDG; and GP 
the sine of the sum of both 
arcs BS and SG Then DS 
is the common difference of 
the arcs BS and BD, and BD 

and BvJ; and therefore the arc BD is an arithmetical mean be¬ 
tween the arcs BS, BG. 

On CB let fall the perpendiculars DK, f I, and draw SR, 
OQ parallel to BC : Then because OS, OG are equal; QG 
and QR will also be ctjuai (93 1 : and RG being the difference of 
the sines HS, PG, therefore QG or QR is half their difference, 
and 01 half their sum. 

Now the triangles COT, CDK being similar, we have 
CD : DK CO : OI; therefore when the radius CD is 1, 
01 will be rz CO x DK : 

But DK is the sine of the mean arc BD : therefore the pro¬ 
duct of DK the sine of the mekni^trc, and CO the cosine of the 
common difference DS, is equal to OI: consequently 2CO X 
DK is equal to twice OI or the sum of HS and PG: and there¬ 
fore PG is equal to the difference of 2CO x DK and HS. 
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Now if the arcs BS, SD, DG are each 1 ; , then H$ is the 
sine of ]'; CO is the cosine of i # ; and DK is the sine of the 
are BD of s': 

Therefore to find PG the sine of 3', multiply twice the cosine 
of Tby the sine of 2% and subtract the sine of I' from the 
product. 

And if the arc BS is 2', and SD, DG each 1'; then DK is 
the sine of 3', and PG that of 4': 

And PG is equal to twice the cosine of l f x sine of 3’ minus 
the sine of 2 ; . 

In like manner, ifBS = 3'; SD and DGeach = l'; PG the 
sine of 5' will be = twice the cosine of T x sine of 4 f minus 
the sine of 3': and so on for the sine of any multiple of the 
arc l # . 

Carol. If the mean arc BD is 60°, then CK the sine of 30* 
will be equal to £ CD (205); and because the angle IOS is 
the complement of IOC to a right angle, the triangle RGS is 
similar to the triangle OCI orDCK, therefore RG will be — 

GS (the arc BD being 60 °) or the sine of the arc DG or DS ; 
consequently PG (or PR RG) will be equal to SH + OG : 

Therefore if two arcs be taken, one»greater than 60°, and the 
other as much less, the sine of the greuer arc will be equal to 
the sine of the less arc, together with the sine of the arc which 
is the common difference from 60 °. 

Thus if the two arcs are 15° and 45°; then 0*2568 &c. the 
sine of 15° added to 0*7071 &c, the sine of 45°, gives 0*9659 
&c, the s‘ne of 75°. 

t 

211. The sines and cosines being found, the tangents, co¬ 
tangents, Stc. are obtained from similar triangles (see the fig. 
Art . 198): 
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Thu?, 

AC : AO :: CB : BG, 

or cosine : sine : : radius : tangent • (204}. 

And, AO : AC :: CR : RP, 

sine : cosine :: radius : cotangent. 

Also, AO : CO :: BC : CG, 

cosine : radius :: radius : secant . 

And, AO : CO :: CR : CP, 

or sine : radius :: radius : cosecant, 

212. When the sines, cosines , &c. are computed to every 
minute up to 45°, and arranged in columns, they form a Table 
of the natuial sines, cosines , & c. to every minute of the 
Quadrant: these arc called natural sines, 8c c. because they 
exhibit the lengths in parts of the radius : i. the Logarithms 
of those numbers or'natural sines, &c. comp km. the art ificial 
or Logarithmic Canon . 

Of the Tulle of Sines and Tangents . 

213. The Table contains the Logdiithms of the Sines and 
Tangents to every minute of the quadrant. Two degrees are in 
each page; and the minutes in the lelt, and right hand columns, 
answer equally for both. 

The degrees up to 45 arc at top, the minutes being iu the 
left hand column; but the degrees from 45 to 1)0 necessarily 
fall in a contrary order at bottom, and the minutes are num¬ 
bered upwards on the right. 

» 

Thus, if the arc or angle be 1 j° 17' (page 32): 

lo° 17 sine SMM9J3 the comie 

cosine 9\‘>S43b‘3 . une 

tang. 9' 436j70.... cotang. 

cotutig. 10*563430 . tang. 


t 

l 

j 


of 74° 43’. 
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214. But if the radius or sine of 90° be 1, its logarithm is 0-000000 ; 
and therefore as the sine of any other are must, in that, case , be Jess than 
1» the index of its logarithm will be negative (166, Ari/h.). For example, 
when the radius is 1, the sine of 30° is = and the cosine or sine of 60° 
is Ear 0*8o602540378 &x. (206). Now the logarithm of \ or 0 5 is 
■— 1*693970; and the logarithm of 0-866025 See. is—• 1-937 >31; these 
are the log. sine , and cosine of 30° in the Table, excepting the indices, 
which, instead of — 1 and — 1, are 9 and 9. 

If therefore, to avoid the use of negative indices in the logarithms 
(lSi, Arilh.) we multiply, or suppose all the jzuct, &c. to be multiplied 
by 10000000000, 

we shall get 0*5 X 10000000000= 5000000000; 

And the log. of 5000000000 is 9 698970, as in the table. 

Also, 0*8660251033 x 10000000000 = 8660254038; 

ft 

And the log. ol 86602510^8 is 9-937531, the tabular costnc. 

The log. of the radius or sine of 90° will be lO’OOOiOO, which is the log. 

ot 1 x looooouoooo. 

In like nuniu-r 0 0007.908882 the* sine of I' multiplied by 10000000000 
g’ves 2908887, whose Iogai it lull is 6-168726, t‘ie log. sine of 1'. 

I ini the s.ime indices will evidently result by consi deling the sines. Sic. 

m 

:is fiMiipnb-d to a radius of IOOOUOOOOOO equal oarts: Thus in tle-caily 
pi in it* i taoli s »it uatmal sines, tangents, At ae/ind 1279978 11 the tan- 
f/i ut oi ii, 'a 1 udne, being lOOOOOOOilOO: t onsetpienlly 8-luTJOJ the 
log mill.a < 1 : 2. ' 1, i» l!ie log. tangent of l 

215. The log, setfini of an arc or angl^ is found by adding 
10 to the index of the arithmetical complement of the log. 
cost tic • 


Thus, if the pioposed angle be 30°: 


Then (711), 

A' J cost nr of 10° 

to the radius 
so is the radius 
to the secant 


t 

log. 9 9 i7 531 

0 Ou 1-1.9 arilh * comp. (135, arilh.) 
log. 10 U00009 
log. 10*00001 (U 
log. lOOn’ilO 

l. 


TOL. I. 
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And the index of the arithmetical complement of the log. sine increased 
by 10 gives the log. cosecant. 

210. To find the log . versed sine of an arc, add the log. 
of the number 2 to twice the log. sine of } the arc, and the 
sum, rejecting 10 in the index, is the log. required. 


For let ADR be a scmi-circlc, DR and 
RB the sine and versed sine of the arc 
DB: Then ADB, DUB being right 
angles, the triangles ADB, DRB will he 
similar, and we have 

AB : DB :: DB : RB, 



consequently DB is a mean proportional between AB and RB: 
and when the radius is l, the diameter AB will be 2, therefore, 

DB 2 

if for AB and DB we substitute their measures.-is the va- 

2 

lue of RB. 


Bisect DB in O; then DO or BO is the sine of the arc 
DB: and because the square on any line is equal to 4 times 
the square on 4 that line, 4BO" will be equal to DB 2 ; therefore 


4BO a 


or 2B0 3 is the versed sine RB. 


Suppose the arc DB = SO 0 , tiro BO i, the wic of |j° s 
1 >° log. sine '»■] T'!'! 1 -; 


f) 


h ■/ BO 2 

2 l02. O'lOlO.JO 


Verged sine of 30° lo^. o : J7() 


Sine RB : RD :: RD : RA; therefore RA, the versed 

% 

sine of the supplement, is a third propoitional to th c wised 
sine and sine of an arc. 4 
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JLet the arc DB s= 30°. Then 30° log* sine (liLJ) 9'CP85)70 

2 

19'397940 
tog. versed sine 9 • l 27 022 

Suppl. versed sine log* 10 27 O. 11 18 

217. If at any time it should be thought necessary to make 
use of a log . sine or tangent to parts of a yninufe> it may be 
found tolerably near by taking the proportional part of the 
difference of the log. sines or tangents next greater and next 
less (174 ,Arith.). 

Thus, suppose the log. tangent of 17* 20" is required : 

J 7' log. tang. 7NW417P 
18' log. tang. 7-71^00) 

2 1 S i J difference. 

Then, as CO'' : 24824 :: 20": 8277 which added to the log. 1a.*g. of 
17' gives 7 702434 the log tang, of 17' 2i/' neaih , the eiior being in defect 
because in tJiis part ol ihc Quadianf, the ihiiVn rtces of fho log. tangents 
in sue cession, decrease; tor example, the* chilci mount the log. tangents 
ot IS and 15/ is less than that between the log. tangents of 17* and IS', 5cc. 

And the foregoing operation reversed brings out the arc cor¬ 
responding to a given log. sine or tangent ; 

Unr, to find the arc or angle answering to the log* sine £*613714: 

given log. 3*G-1371 4 

next h v 8 1 1 1 23(i'3 log . sine 2 a \31 1 

cliff. 1 1 ,j J 


And the differeme ol the log. su'd of 2° 31' and 32' is 2863 : 

Then, as 2863 : GO" :: 1131 : 21"; therefore the angle is 2° 31'24". 

218. To find the natural sine, Cc.c. corresponding to a 
given logt lithmic sine, ike. when the radius is 1; take the 
number answering to the given logarithm from the table of the 
logarithms of the natural nutaf)ers; then the first figure on the 
left will he as many places to the right of units as the index is 
below 10; or as far to the left of units as the index is above 
J0(2J4;. 


oo5 
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Thus, 7*241S77 is the log. sine of 6'; ami the number answering to the 
logarithm *24 J 87 7 is 17453, therefore 0*0017453 is the natural sine of 6' to 
the radius J. 


Again, suppose we would find the natural tangent of 59° 2i\ 

The log. tang, is 10*228120, and the number to the 'og. *228120 is 
169091; now the index being 10, the iiist figine on the left will be an in¬ 
teger; therefore 1*69001 is the na/i.r.d tangent o' 59° 21'. In like manner, 
the natural tangent coi responding to the log. tutig. 12*104901 is 
127 321 Ac. 


219 . The use of the sines in the resolution of Plane Tri¬ 
angles will appear from the following 

Theorem. The sides of avert/ plane Triangle me in the 
same proportion as the sines oj their opposite angles* 


Let ABD he a triangle; C 
the centre of its circum- 
scribinL’ circle : then the ra- 
dii CA, CB, CD being 
equal, the triangles AC 11, 
A CD, BCD, arc isosceles. 

About C with anv radius 
CN, dcsc»ibe a riri J; , and 





draw* l!i‘j chords NS, NO,’ Q)S, which bisect with the perpendi¬ 
culars CO, CR, CP; and the angles NCS, NCO, f>CS, will 
also he bisected (TO, coral, J j. 


And since the side* or radii CN, CO, CS, arc equal, the 
triangles NCS, NCQ, O^S "ill be isoiitlcs and similar to 
AC’D, ACB, BCD, rc^pn lively , 

whence NS : AD : : NO : AB :: OS : BD; 

^ v J 

and NO : AD : : Ml * AB :: QP BD, because 
the halves of any lines must have the same proportion as the 
wholes. 


But NO is the sine of Tie ancle NCO: NR the sine 

J 
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of NCR; and QP the sine of QCP to the same radiu 9 (204, 
corol . l): And ( 71 ) the angle NCO is cqvd to NQS (or 
ABD); NCR equal to NSQ (or ADB)s an<l QCP equal to 
QNS (or BAD . Therefore the sides AD, AB, BD, have the 
same proportion as NO, NR, QP, the sines of their opposite 
angles. 

T ims if the angle A = <12°, B = 64°, D = 74°. Then the latlius CQ, 
CM or CN being = l, 

NO = ■ 8.0S3 Ac. sine of (71° the angle B, 

N It = 9t7I3 &c. .sine oi 74° angle D f 

QP = ■ 00 DI &c. bine of 42° angle A; and their doubles, 

o- NS = I-7D7G, NQ = lQS = 1 are the s:des of the 

1 1 tangle NQS which is similar to the triangle ABD. Hence if one side of 
the triangle ABD be given, the other sides are (omul by propoition. Let 
DB (Ibr example) = 100 yard*: 

Then QS : NS .: BD : AD, , 
rfr. 1*3382 : 1-7970 :: 100 : 

or -ofilM : -S'>88 :: loo : 13J 3 yard'* neatly, by using the bines 

ui halves of QS and NS, whith have the bairn- ratio :ib the wholes. 

And OS : QN BD : BA, 

or *»iu91 : -9ol3 :: 100 : 117 7 yards nearly, by taking the halves 

of QS and QN. But it ib much more expeditious to work with the 
togas ti inns of the sines. 

220 . But independent of computation hv the table of Sines, 
Tangents, See. ihe several cases of Trigo uimetry are also re- 
- olved gcomelt icalh/ j and instrument ally . A scale of equal 
parts, with a Line of Chords or a Protractor for laying down 
or measuring angles, are sufficient for the geometrical construc¬ 
tion, which is the most simple but hast accurate method of 
solution. 

The Sector is an instrumeiitiparticularly adapted for trigono¬ 
metrical operations. On each of its legs are laid down the 
natural sines, tangents. See. together with the corresponding 
radius divided (on the 6 -inch Sectors) into 100 equal parts: by 
those lines, the common proportions in trigonometry may be 
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wrought tolerably correct: But the Logarithmic or Gunter's 
Scale is the most commodious for that purpose. This Scale 
on the sector usually consists of three contiguous lines, 
namely, the line of numbers, that of sines, and the other 
of tangents, marked N, S, T; part lies on one ltg, and part 
on the other, and therefore the sector must be quite open when 
it is used. 

The Line of numbers is nothing more than the logarithms 
of the natural numbers from J to 10 taken from a scale of equal 
parts, and each extended from the beginning of the hue on the 
left hand, towards the right; Thus, 

From a scale of equal parts lake *301 the log. of 2, which 
set from l to 2. . 

And from the same scale set off ’477 the log. of 3, from 1 
to 3: • 

And *602 the log. of 4, from l to 4: and so on to 10. 

Then the line AB will be the log. scale of nu nhers from 1 to 
10 , or from 10 to 100, or from )00 to 1000, &c. 



And because the logarithms of 10 and 2 added together make 
the log. of 20, if the distance between 1 and 2 be set from B to 
C, then AC is the log. scale of 20 when AB is that of 10, or 
of 200 when AB is 100, &c. 

But in taking the logarithms from a scale of equal parts, it is 
not necessary to consider them as decimals; far instead of'301, 
*177, * 602 , &c. we may use any convenient numbers in the 
same proportion, as 3*01, 4*77^6*02, &c. or, 30*1, 47*7, 
CO-2, &e. And when the scale is of sufficient length, these 
primary divisions may be divided and subdivided by laying 
off the logarithms of 1 • 1, 1*2, 1*3, &c. &c. as we find them on 
* feet ruler called the Gunter’s Scale. 
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In adapting the Sines and Tangents to the Scale of Numbers, 
the line AB is considered as the logarithm of the radiusj for which 
reason the sine of 90 ° and the tangent of 45° are coincident with 
10 (or B) on the scale. And when the sines and tangents cor* 
respond to a radius of 10 , their logarithms are laid down from 
the left towards the right by means of the same scale of equal 
parts used for the logarithms of the natural numbers: Thus, the 
radius being 10, the sine of 30° is 5 (206), and therefore 30® 
on the line of sines answers to 5 on the line of numbers. 

But because the radius is a mean proportional between the 
tangent and cotangent of an arc (204), it follows that the log. 
tang, and cotang, together always make double the log. of the 
radius or tang, of 43°, whence it is that the degrees above 45 
on the line of tangents are numbered in a contrary order: thus 
20’ is also marked 70° j for the log. tang, of 70° is equal to the 
log. tang. of45 c together with the difference of the log. tangents 
of 20° and 45°. This inverted order of the tangents above 45* 
may be said to reduce the scale to half its length with the same 
extent of divisions. 

Having premised what may be thought necessary respecting 
the Trigonometrical Canon, and the Logarithmic Scale; we 
shall now proceed to resolve the several Cases of Plane 
Triangles. 


CASE I. 

221. When one side and the angles are given. 

Examp . 1 . Given AD = 360. 

C A = 43° 15* 

Angles < D ;= 79 51 

f B = J 63 54 


Required the sides AB and DB ? 
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Geometrically . 


From any convenient scale of equal parts* 
make AD~36o; then at the extremities A 
and D lay down the angle A = 43° 13'* and 
the angle D n 72° 5l' (144); produce AB 
and DB till they meet* and ABD is the tri¬ 
angle. 

AB, and DB measured on the scale upon which AD was 
taken* will be found 380, and 273 nearly. 


W 



Arithmetically , or by computation . 


By the Theorem Art . 219, As the sine of any angle. 

Is to its opposite side. 

So is the sine of any other angle. 
To its opposite side. 


The natural sines of S 
to the radius i £ 


43° IS* ) CO'6852) 

72 51 > are >{ 0-9555 £ 

63 54 ) 10-8980 \ 


near!), (218). 


Therefore 8980 (sin. ang. B) : 3C0 (AD) :: -9553 (sin. ang D) « JSj'I 
nearly, = AI5. 

And -8980 : 360 :: -6S52 : (sin. ang. A) : 27t-7 nearly, BD. 

« 

But the usual method by the logarithmic sines is much 
shorter: thus* 


As thcttwc of the angle B, 63° 54 log. 9]i)53 o, )0 

U‘0467 lOtoiV/t comp .(1S6, Arilh ■) 
To the opposite side AD = 360 log. 2 55 <> 3 i»J 
So is the iinc of the ang. D, 72° 51' log 9 9SQ'.’47 

To its opposite side AB, 383’1 log. 2v3s >-jf>u 


And . 

As sine 63° 54 # .5 

To AD ... 

So is the sine ol the angle A, 43° 15' 

To the opposite side BD, 274‘7 .... 


, log. 9 953290 

TTuToTTo* 

log. 2 556303 
log. 9-835807 

log. 2-438820 * 
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222. When the two first terms of the proportion are re¬ 
peated, as in the present example, the operation may be some¬ 
what abridged by taking the sum of the arithmetical comple¬ 
ment and the log. of the 26?. term, instead of setting them 
down separately a second time; 

Thus, 2*603013 is the sum of | 

9*83 jSQ7 log. sine 43'' la* 

2 43hs'J() log. of 271*7 as before. 


Instrumental!y % by the Logarithmic or Gunter’s Scale, 

Set one foot of a pair of Compasses at 63° 54* on the line of Sines and 
extend the other to 72° 5 1', then that extent will reach the same way from 
300 to 383 on the line of Numbers. 

d 

And the extent ftom OS' 1 54'to 43° 15' will reach from 3G0 to 273 

The reason of this operation is evident from the nature of 
logarithms: lor when 4 numbers are directly proportional, the 
second divided by the first, is equal to the fourth divided by 
the third, and vine vers'/ (22, Arilh.) ; therefore the difference 
of me logarithms of the first and second terms is equal to the 
difft re nee between the logarithms of the third and fourth 
(183, j,lrilh.) : Thu* the difference of f the log. sines of 63 u 54 1 
and 43 ' l V is equal to the difference of the logarithms of 360 
and 274 *7- 

* 

Jlxamp. 2. Given AD — 33-15. 

i A = 29 ’ O' 

Angles -< D r 56 11 

l B - 94 49 

Required the sides AB and DB ? 

1 * 

Here the fust t< nn of the proportions is the sine of 91° 49 / or 85° 11 # (200); 
and the sides will be. All = 27*64, and BD= 16*13. 

P P 
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Examp, S. Given AD =: 1863. 

Angles 5 ^ = 49« 17' 
b / D = 90 0 

Required the other two sides ? 



Construction. Take the base AD = 1863 from a scale of 
t^ual parts; and make the angle A =49° 17'; then if DB be 
eifected perpendicular to AD, the triangle is constructed. 

Computation. Since the triangle is right-angled at D, the angle B is 
the complement of the angle A: 


Therefore, 

As cosine of angle A.log. 9*8Ml 60 

()• 1853 it) artth. comp. 

To AD, 1863 .. log. 3*270*13 

So sine of angle A, '19° 17' log. 9-879677 
To DB .2164-7 log. 3^35390 


And, 

As cosine of the angle A . 0-1875-10 arith. comp. 

To Al) . log. 3 *70.13 

So is sine of angle D, 90° log I P-OQWW) 

To AB 2856 .....log. 3 l jj 7 ji 


By the Logarithmic Scale * 

The extent from 40° \Z* to 49 1 17' on the line of sines, will reach on the 
line of numbers from 1863 to 2165 nearh, for DB. 

« 

And from 40°43 / to 90° will reach iroin 18CJ to 2833, the li} pothenuse 

AB. 


G23. But the angle at D being a right one, the operation for 
finding the perpendicular DB is rather more simple by means 
of the tangent of its opposite angle A; 

Thus, * 

A~ the radius ... log. lO'OOOOOO 

1 o thc.owg o f the angle A, 49° 17' log. I0'0tijl78 
So i Al), 18 ft . log. 3-2“ Oil'S . 

To DB, 21C4 7.log. 3-3.) >391 
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And the secant of ‘19° 17' taken for the second term of the proportion, in¬ 
stead ot the tangent t will bring out the side AC. 


Jiy the Log, Scale, 

The extent from 45° to 4<P 17 ' ( io° 43' ) on the line of tangents (220) 
will reach (the contrary wax) trom 1SG3 to 216i neatly, on the line 
of numbers. 


CASE II. 


224. When two sides and an angle opposite to one of them 
ate given. 

j AB r 24fi*5 
Examp. I. Given < BD =: 37<> 5 

(Ang. A = 101° 21' 

* 

Required AD, and the other two angles? 

Construction . At A the extremity of an in- ^ 
definite right line AC, make the angle CAB 
~ 101° 21 # , and set ofiT AB " 2J(i*5 from any 
convenient scale of equal parts ; about 11 with 
BD — 370'5 taken* from the smie scale, de¬ 
scribe an arc intersecting AC in D ; draw JBD; and ABD is 

1 

the tnamr'e. 


The measure of the angle ADB is 41“, and that of B, 38°, 
nearly : andAD is 230 on the scale of equal parts. 

Computation. The proportion in this case for finding an angle will be 

As the ‘iue opposite I he given angle. 

Is to l!u‘ s’ne o' that angle. 

So is the other given side, • 

To the sine ot its opposite angle: Being the reverse of that in the 
former Case for finding a side. 


F P 9 
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As BD, 370*5 . log. 2 568738 

7 4 i i 2 1 2 arith. camp. 

To sine of angle A, 101° 21' . log. 9 951422 

So is AB, 24(5*5 . log. 2-3. 0IS 17 

To the sine of the angle D, 40° 13'_ log. 9-8!44.»l 

• I ■ m m ■ — 

Now the two angles A and D together make 142° 4', therefore the third 
angle B is37°56 / (41). 

Then by Case 1 : 

As the sine of the angle ADB, 4G°'13'Iog. 0-81445 T 


0*1 i j j 

To the oppositr side A B. ... * . leg 2-301817 

So sine ol ai gh- B, 37“ jo' . log 9*7"Sl>94 

To AD, 232 3 . log. ¥-366060 


By the l*g Scale. The extent fiom 370{ to 245* on the line of num¬ 
bers, will rcarli Ironi 7S° 39' (the supplement of 101°21') to 41° on the line 
of sine-*, for the angle ADB. 

C AB = 49'fi 

Examp , 2. Given < BD =81 

l Aug. A = 90° 

Required AD, and the other two angles? 

This is constructed in the same manner as the 
preceding example. 

Computation. t 

As BD, SI.log. 1 -9 0S is 7 

I.) i 5 

To sine of the opposite ingle A, £)(*• I 015 IomuViOOO 
So is \B, IM-tf.log. 

'lo sine ni (lit* angle AD:*, 37 ‘ 4o' log. , i-TSt>--5 , 7 

And 52° J4' the complement of 37'’ 4G' is the angle B. 

As the sine ol the angle A, 90° log. ((W)OOOOO 


To BD ... log. 1-91-8185 

So is the sine of B, 52° 14' 4 . log. 9- v 7908 

ToAD, 64*03 .. log. i*.v/ >3y3 


225. But AD may be found independent of the. angles, thus 
(83, corol.) : 
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Square of BD =6561 

of AB = 9460.1 6 

dilf. 41 uo*84 t and its square root is 64*03 nearly, the side AD. 

CAB = 4 516 

Examp. 3. Given -?BD = 2721 

£ Ang. A = 29 ° 20 f 

Required the other angles, and side? 

Con 9/ ruction. Having made the angle A 
~ 2<*° 20', and AB — 4.516, about B 
with 2721 describe an arc Dd to intersect 
AC ; draw BD, B d to the points of inter¬ 
section; then cither of the triangles ADB, AdB is that re¬ 
quired. 

For it is manifest that when the arc cuts the base line AC in 
two points, cither AD, or A d will be the unknown sideband 
this ambiguity must always take place when the side (BD) 
opposite the given angle (A) is less than the other given side 
(AB,, except the arc, instead of intersecting AC, should 
touch it; in which case the angle opposite AB becomes a 
right one ( 67 , a.ral. 1 ). The single -in^wtfts are therefore 
limited to examples where an angle opposite a given side is a 
riglu one, and such as have the side opposite the given angle 
greater than the other given side. 

Computation. 

As BD or B d, 2791 . log. Vt'lWloQ 

(V Jj «'j Al 

Is to tlv 1 mho oi l he opposite angle A, 29°20* log. 9*690098 
bo is A3, l.» lo .. log. .3-654754 

I’o the sincoi j4°21 , or its supplement 193 °j 6' log 9*9i0123 

• #■ — 

Therefore the angle ADli = 125° 36' Aud ArfB(BDrf)= 54°24 J 

ABD= 25 4 ABd =96 16 

Consequent It, 5 ** 

As the sine of the angle A.log. 9-690098 

0 Jr9:>02 

Is to BD . log 3*434729 

So is the sirut of the angle ABD, 25° 4' log. 9*627030 
To AD, 2353-2 .Jog. 3 371,601 
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And, 

As the sine of the angle A . 0-309902 arith* comp. 

Is to B d ... log. 3-431709 

So is the sine of the angle A Bd, 9d° 16' log. .9‘9«* V>97 
To Ad, 3321*1 . log. 3*7t':;»i8 

This is called the ambiguous Case in Trigonometry. 


CASE III. 

226. When two sides and their included angle are given. 

The two remaining angles will be found from the following 
Theorem : 

As the sum of the given sides, 

Is to their difference, 

So is the tangent of hi f the sum of the two unknown angles. 
To the tangent ot half their difference. 

«3 

Demons In tion. Let DC II be the 
proposed tiiani'le ; CD, C3 the given 
sides including the given angle DCB. 

Produce DC; and about C with the 
radius CB describe a semi circle: join 
BG, BR, and draw RO parallel to 
BD. 

Now the sum of the angles CRB + CBR is equal to the 
sum of the unknown angles CDB +- CBD, each sum being 
the supplement of the angle DCB to two right angles; There¬ 
fore as the triangle RC B is isosceles, each of the equal angles 
CRB, CBR, is equal to half the sum of the unknown angles 
CDB, CBD. 

And because RO, BD are parallel, the angles RBD, BRO, 
will be equal, and the angle CRO equal to the angle CDB : 
But the angle RBD added to CBR (half the sum of the 
unknown angles) is the greater angle CBD; and the angle BRO 
taken from CRB (the like half sum) is the less angle CRO 
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(CDB1; therefore BRO or RBD is half the difference of the 
unknown angles CBD t CDB *. 

Let RA be parallel to BG. Then the angle RBG being a 
right one (72)# BG and RA will be perpendicular to BR. 
Now if an arc was described about R with the radius RB, and 
another arc about B with the same radius, BG would be 
the tangent of the angle GRB or half the sum of the un¬ 
known angles; and RA the tangent of the angle ABR or half 
their difference. 

But CG, CB, CR are equal, therefore DG is the sum, and 
BR the difference of the given sides CD and CB. 

And because GB and RA are parallel, the triangles DRA, 
DGB will be similar; whence we have, 

A 

DG : DR :: GB : RA; 

That is, as the sum of the sides, is to their difference, so is the 
tangent of half the sum of the unknown or opposite angles, to 
the tangent of half the difference of those angles. 

Examp . 1 . Let CD — 4100 

CB zr 2265 
Angle DCB zr 67° 52'. 

Required the other two angles, and the side DB ? 

Construction. Mike the angle DCB z= 87° 52'; and from 
a scale of equal parts set off CD — 4100, and CB.— 2265; 
join DB; and the triangle is constructed. 


* Half the difference of any two numbers or lines added to, and sub¬ 
tracted from half their sum, give the greater, and less, 
respectively. - Ia*t BD, BR,‘ be each equal to half 8 DB R. If 
the difference ot two lines, and BS, BM, each equal I I l i 1 
to half their sum: then RS is the greater, and KM 
the less. For SM is the sum, and KD the difference of those lines. 
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DB measured on the same scale of equal parts is 461 o nearly* 

And the measures of the angles D and B arc 29 0 and 63 * 
nearly. 


Calculation. 

CD = 4100 
CB= 926 5 

sum 5 
diff. 1 N3?» 

As 6365 


Included angle DCB. 

Sum of the unknown angles 
Angle CDR or CRB. 


ISO* ' 
87 52 


To 1835 . ] t 

So is the tangent of 46° 4 (BRG) .log. 10*018174 

To the tangent of I6*i 0 the angle KBA .... log. 9 476012 

Greaterang.CBD=oj*44-sum - 

Less CDB=}iR4 diff. 


= si* 

s 

= 46 

4 

. 3 80.T 

798 

6* 19o 

02' 

■ 3 *263638 

10*0161 

74 

9476012 


The side DB is found by Case I. thus. 

As the 'i/i of CUD, 62 5 44 ', 
is to CD, 4100, 

So is the sine of the angle DCB, 87° 3C', 
To the opposite side 1)B, 4609*3. 


J>y the Logarithmic Si ah. 

Having taken the extent fiom CCGj, tin* sum of the sides, to 1STj the 
difference, on (he line of numbers, set one loot of the coinpassis at J3° on 
the line of tangents, and let* the other rest on that hue while tin* loot 
which was on 4 j c is moved back to 43° jo' (or 46° 4'); take oil tne com¬ 
passes and set one foot on 45° again; then the other will extend to 
16' 30 nearly, the 4 tit. term of the proportion. 

To explain this operation, it may be necessary to observe, that if the 
tangents above 45° were laid down on the scale in their natural order 
to the right of 4 *°, the extent r rom 6365 to Is; 3.5 would ri-ach 
from 46° 4'to 16° 30' on the left; therefore the distance of Jfi 3 30' 
from 45° must be less tli.m that extent by the distance from 45' to 43° 
(220); now the difference was lound by moving one fool of the compasses 
from 4j while the other rested, and consequently that ilillerenccor extent 
when laid from 45° will give the llh. term of the proportion, as in the last 
step of the piocess. ■ c 
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CD = 94 
■Eramp. 2. Given -^CB — 26 

included angle 22 n 20 / 


Required the other angles, and the third side ? 

Answer . Angle D 

B 

DB 



8 ° 2 * 
149 38 
70*7. 


CD = 94 
CB = '26 

Sum i so 

iluY t>a 


Jiy the logarithmic Scale . 

180° ' 

included angle 22 20 
2) *57 40 


_jO half sum of unknown ang«> 


The extent from 120 to G8 on tiie llnp of numbers will reach from 
78° :>()' (or 11° 10') to 70° 3O' (or 19° 30) nearly, on the line of tangent*. 
Here the extent from the first term of trie proportion to the second is from 
right to left on the line of numbers, but the contrary way from the third 
fo the fouith on the line of tangents, because (as it has been observed) the 
tangents above 4*> ,J aie counted to the left. 


n.iifs.'.i'n of the unknown angles 
J! .it d oereii-.-e . 

Annie B 

Ai.ele 1) 


73° 51 
70 t 


1 IP 0 sum 
S 7 i cliff. 


Now f'n * su nt 1 1 1 'ni 20' (the angle T>) In j 2°2(/ (angle C) on 

f l.c* line c>! will j< .eh Inc me uay c*j the hue of numbers from 

44 C.DC) to 1 0, D6. 

C BD = 22-64 
Fxamp. 3. Given < BC — 36*4 

( Angle B ~ go 0 


Required tiic angles at D and C 9 and the side DC P 


Construction . Erect BC perpendicular to BD; 
then from a scale of equal parts (which should 
have a diagonal scale decimally divided) set off BD 
= 22*64, and BC = 36*4 j join DC 3 and DEC is 
the triangle. 

VOI.. I. Q O 
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DC on the same scale measures 43. 

And the angles D and C with the chords, will he found 
58° and 32°. 

Computation. 

IiC — 3ti*4 
Bl) = 

sum 5 v '* >f 

dill. TT T». 

As 59 04 . h.g. : • ;711 

3 J,-' S * 

Is to 13 76 .. ... W. 1-138618 

So is the tang. of45°, half the -sum of angles D and C lug. 10-000000 

To this tang, of Ml 7 # f half tlin’i dilhience . log* L'"* 

sum 58 7 angle 17, 

dilf 3 l 53 angle C. 

And DC found bV Case I. is 4J SC &.c. 

m 


Jtj the !,<. gar itiur it 


The extent from 59-01- to hV. 6 on the line of mn.-ber , 
from 45° to 13° 10' on the t:*i gents f"/Ji-ll the dilleu nu- o, 
D and C* 


Will nv.c *• 
the ;• :i* lo 


Half sum 45°' 

Half riiii 1” ’0 , 

A ng. D j J 0 


C 


o 

m.* 


*0 


Then*lie extent liieu 3 1 ° >(/ t.i 90 ° on the I: of -iiiics, will icacii f.on* 
S 2 m 6 i to 4 1 neuily, for DC 1 on the line of nuinn. i«. 


227. But when the included angle is a right one,- as in tin* 
present example, if either of the given sides he made radius , 
the other wi’I be the tangent of its opposite angle (198J. There¬ 
fore to find an unknown angle* suppose D, 

As BD, 22*64 . log. 1*334876 

8-61512* 

Is to BC. 35 4. log. 1*561101 

So is the radius . log. 1 0*0000 00 

To the tang, of 58° V, the angle D # as before ; log. i r .-2Q6? < ?5 
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P.y the logarithmic Scale. 

The extent from i’2'64 to 3b*l on the line nf numbers, will reach, on the 
lme of tangents, from 43 ° to SS° 10* (31° iG') tho angle D. For the 2rf. 
term being gieater than tl.e first, the ith. must be greater than45°. 

lint the unknown side DC may be found without the angles, 
thus (S3, corol.): 

Square of RI) = r > 

<>', DC = 

Si.iii and the square root of this sum ij 

4t? , 8o &c. tl p hypotenuse 1)C, a> l-efoie. 


CASE IV. 


Wiiln the three hides are given. 

We shall lay down two methods of finding the Angles. 


l. Sir pose ACD the proposed 
tiiangle; am! let the perpendicular 
f 'V divide it into two right-angled 
•rian-dis APC, DPC : 

Then, 



As ihe side AD, 

Is to the sum of the other two sides AC, DC, 

So is ihe difference of those sides AC, DC, 

To the difference of PA and PD,thc segments of the base AD. 


Demot/'iration. Produce AC'; and about C with the side 
CD dtsenbe a Kemi-circle, and ihaw ( O. Then tbe radii CR, 
CD, CB bemj* ujeal, AB is tfic sum of the sides CA and CD, 
and AK is their diifirence. 

And becau<( PO and PD are equal '65', AO will be the dif¬ 
ference of the segments PA and 1 D: therefore (98J, 

Q Q * 
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AD : AB :: AR : AO which being taken from AD, and 
the remainder OD divided by 2, gives PD (or PO) one of the 
segments; and the sum of PO and AO is the other. Then 
the angles of the triangles APC, DPC are found by Case II. 

Examp . l. Let AD — 462 i 

CA ~ 384 > required the angles ? 

CD =: 169 ) 

The Construction from a Scale of equal part3 is according to 
Art. 130. 

Calculation. 

CA — 3A4 
CD = im 

Sum 1 1 = AR 

X>ift. • * j > = A It. 

As 462 : 553 :: 215 : 237*33 = AO, nearly. 

462 = AD. 

Diff. 201 *6’> = OD. 

Half 102 33 = PD or PO. 

2.7 )b = AO. 

3V«^ = AP. 

Nowin the triangles APC, DPC, 

are given AC = 334 and DC ~ 169 

AP = 359*63 Dr = 102*33 

And the angles found by Cate II. will 

be PCA = t>'J° 30* anil TCD = 37° 1 d 
PAC = 30 30 PDC __ v? 44 

Therefore t'u-angles are, C = l-*'6° 46' 

D = 52 44 

A = 90 30 


By the Logarithmic Scale. 

The extent from 462 to 553 on the line of numbers, will reach, the same 
way, from 215 to 237 nearly, on the same line. 

4 

The perpendicular however, may be drawn from either an- 
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gif; I)ut when it falls without the triangle, it must meet the 
opposite side produced • in which case the calculation is no 
ways different from the preceding: Thus, suppose ACO to 
be the triangle; and let the perpendicular CP meet AO pro* 
duced; 

Then AO : AB (CA + CO) :: AR : AD; and half the 
difference of AD and AO is the segment PO as before: now 
the angles PCO, PCA being found (by Case II.), their dif* 
JcrencCt instead of the suw, will be the angle (ACO) opposite 
the base, 

229- Method 2 . This is principally derived from the pre¬ 
ceding Demonstration. Thus, suppose CGA is the proposed 
triangle ; and let it be required to 
find the angle CG A. opposite the 
base CA. 

Make GO — GA; and OC will 
be the difference of the sides GC and 
GA : then 

As the rectangle of the sides GC and GA, 

O 

Is to the rectangle of half lire sum and half the difference 
of CA and CO, 

So is the square of the radius , 

To the square of the sine of half the angle CGA. 

Demonstration . Let AO produced meet CD drawn parallel 
to GA, and make GS and CP perpendicular to AD : 

Then the trianglesOCD, OGA will be isosceles and similar; 
and the a; gles OCD, OGA, and also the opposite sides are 

bisected by the perpendiculars CP, GS. 

» 

Now if AD is the base of the triangle ACD, and AC, DC, 
the other two sides, AO will be the difference of the segments 
PA, PD, exactly as in the preceding demonstration: 


O 
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Therefore, 

As th*’ side AD, 

Is to CA -+ CD, the sum of the other two sides. 

So is CA -CD, the difference of tho^e sides, 

To OA. —Or because CO -tJD, ii will be 
As AD : CA-+-CO :: CA —CO : OA: 

And their halves will also be proportional, 
or. As j AD, 

To half (he sum of CA + CO, 

So is V the diff*. of CA— CO, 

To 1 OA. 

Therefore the rectangle ’-AD x vAO is equal to the rect¬ 
angle under the {- sum and - z diff. of CA and CO (S9)» 

But OP — I OD, and OS =r -? r OA, therefore OP-f-OS or 
PS rrr ^ AD; and consequently the lectangle PS X OS 
i ~~ j AD x I AO} is equal to the rectangle ot the aforesaid ? 
f-'jm and J difference. 

Now the tiiangles OPC, OGS being similar, wc have 
OC : OG :: OP : 0>; and by c imposition (9-1, schol.) 
OC + OG (GC) : OG :: OP + OSfPSj : OS, 
or GC : OG :: PS s OS : 

And GC x OG : OG x OG :: PS x OS : OS x OS, by 
taking equimultiples of the two first terms of the proportion, 
and also of the two last (Arith. 95’: 

or GC x OG : OG* :: PS x OS : OS 2 : 
whence GC x OG : PS x OS :: OG 2 : OS 8 . 

But PS x OS i9 ~ the rectangle under the ~ sum and ■% 
difference of CA and CO, hciic# the last propoition becomes 
As GC x OG, or GC x GA, 

Is to the rectangle of £ the sum and \ the diff*. of 
CA and CO, 

So is OG 2 , to OS*: 



|WWG0.N OM ETRYl 




Therefore, if OG or G A be made the radius , OS will be 
the sine of the ang’e OGS, or of half the angle CGA. 

Example 2 Lei ihe sides of the Triangle CGA be as in 
the preceding example, nfcmely, CA r= 4 62, GC = 384, 
GA = 169. 

Then, 

GC = ns-t 

GA = I 

21 5 dift. 7 '1 156C9 ariih. comp, log 384 = GC. 

CA = 4(92 7 772113 ariih. comp. log. 1 69 = GA. 

*um 077 half = 33S‘5 log. 2*329551? (1SG, Ariih.) 

d.if 2^ half = 123*5 log. 2*0916G7 
radius square, log. 20 OPQQQJ 

2 ) 19 SO? m) S 

\1B,U OGS 53° 23* log. sine 9*9013C4 

Ar.jlc CGA. 'i„ 4a as before. 

The other two angle*; are found bv Case If. 

We • 

The method of working the last proportion by the Logarith¬ 
mic* Scale is omitted, it being rather complex, and therefore 
mty produce considerable uncertainly in the results, particu¬ 
larly on the six-inch Sectors. We may also remark in general 
respecting these operations, that w heu the sides of the triangles 
exceed 10JO, th: calculations rhould he made with the pen, 
because the it is too much guc*s-tcoik on the Scales whui the 
integers are more than three. 


application of Trigonomctnj to measuring Heights and 

Distances . 

230. The Instrument proper for measuring horizontal and 
vertical angles in common 1 trigonometrical operations is a The^ 
odolite furnished with one or two Telescopes, and a Vertical 
arc: And if the horizontal circle is not less than about 62- 
inches in diameier, the observed angles may be read off to half a 
minute. The student, however, would benefit little from a 



304 HEIGHTS AN'D DISTANCES. 

description of the Instrument, because the method of ex¬ 
amining; and correcting the Spirit-levels, &c. and adjusting 
the whole for observation, must be acquired under the eye of a 
Master. 

> 

* 

t 

But after all the care that may have been bestowed in cor¬ 
recting the line of colliination, telescope-level, &c. it seldom 
happens that the elevations or depressions shown by the Instru¬ 
ment are correct. It is therefore always adviseabfc to deter¬ 
mine the error, or how much the elevations or depressions are 
too great, or too little. This may be done in the following 
manner: 

Let C be the centre of the earth, SR an 
arc on its surface, A the place of the tele¬ 
scope when the Theodolite stands in the ver¬ 
tical line CA, B the place of the telescope 
when it stands in the vertical CB, AG (per¬ 
pendicular to AC) the horizontal line at A 
drawn to meet CG, and BO (at right angle? 
to BC) the horizontal line at B. 

Then, if the telescope at B be directed to a mark or object at 
A, the elevation of that object above the horizontal line BO is 
the angle OBA ; and when the telescope is at A, and directed 
to an object at B, its depression below the horizon AG will be 
the angle GAB. 

Let SD — RB, andltPmSA. Then because the triangles 
A PC, DBC arc isosceles, and the angles CAG, CBO right 
ones, the angle C AP -i- angle PAG = a right angle; but 
the angle CAP + half the angle AGP also make a right 
angle, therefore the angle PAG or its equal DBO, is equal to 
half the angle C. 

Now the depression or angle GAB = GAP-J-PAB (or ABD); 
or GAB=PAG + DBO + OBA; but PAG + DBt) wangle C: 
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Therefore the depression GAB — ang. C -f- elev. OBA; 
tor depr. GAB -+*e/e v. OBA ~ ang. C ■+• twice the elev. OBA; 
Therefore the elevation and depression together, les>fened by 
the angle C, is equal to twice the clevatum : consequently half 
the difference between the sum o f the elevation and depression 9 
and the angle C, is the elevation . 

Now, whatever be the error in elevation or depression, their 
sum will be constant; for one is always diminished bv the same 
quantity that the other is augmented ; hence the preceding rule 
gives the true elevation , except the angle C be greater than the 
elevation and depression together, in which case, the said half 
difference is the true depression of the highest of the two points 
or objects A, B. 

0 

And when the observations are both elevations, or both 
tdcprcssiqns, their difference is constant, and half the difference 
between the angle C and that constant difference will be the 
true elevation of' the highest of the two points \ , B, if the 
angle C be the /-'jf, but equal to the true depression oj that 
highest point or object, when it is the greater. 

Should both the reciprocal observations be depressions 'or 
both elevations), and equal loeich other, the vertical heights 
SA, and RB are equal; and the true depressions vwh be half 
the angle C. 


Examp. The following observations were mad ■ with a Theodolite for 
detei milling the erroi in the veitical angles taken with that instrument. 


Two marks* A and B, were set up exactly at the same height «*bove the 
ground as the height ol the telescope; and at - , the depress*.n «-i B. or 
the <m*!e GAB was 24'; and at B, the elevation of A, or M e anile OBA 
— 1 ■/ The -Jounce of the station* or arc S?. varus, v for _ uow- 

mg (jO} t miles to a degree, gi\es 1* 2S of a degree niMih, the angle C. 


n/if 

Then, 


12' — l'-2S 


9 . 


_ = 17**36 or about 


17'-.'- the 


true 


cloation or 


angle OBA; consequently 17'*. — 12'= j'j is the error, or what the alti¬ 
tudes shown by the instrument were too l.ttle, or the dvprc sions too great. 


VOL. I, 


u a 
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A distance of 600 or 700 yards however, is Sufficient for 
trying a common Theodolite. I 11 which case the angle C may 
be neglected, and the verticals SA and RB considered as paral¬ 
lels : the expressions then become more simple. Thus if one 
observation be an elevation — 17', and the other a depression 
=: 13', then half their sum ~ 15' is the true elevation or 
depression; and w l7' — 15' — 2 ' is what the instrument gives 
elevations too great.—If both arc elevations, or both depressions 
half the difference is the true elevation of one station, and the 
true depression of the other. 

Here the observations themselves arc supposed to be correctly 
made; for the result will evidently partake of any error that 
may arise in consequence of a mistake. 

231. Short Bases for temporary use only, arc sometimes 
measured with Rods, or the Gunter’s Chain of (>(i feet. But 
the common 50, or 100 feet Tapes arc much better addled for 
expedition; with these lines, when the ground is tolerable 
level, and the direction or aVguement of the base pretty cor¬ 
rect, the error in distance will probably be about 3 inches in 
50 feet, or of the whole measurement as long as the 
Tapes arc kept dry: after frequent use however, they should 
be tried on a level pavem< .it, or long floor, for which pur¬ 
pose a distance of 50 feet fn.iy be laid down by means of one or 
more Rodi> properly adjusted in respect of length. 


23*2. When a Base is measured on slnp.ng g.or.nd, it must 
be reduced to the corresponding horizontal line, if horizontal 
angles at its extremities ai^ l?4:cn with a Theodolite. Suppose. 


AB is a base of 300 yards ; OB a Theo¬ 
dolite ; and let the height of the st.uf A It 
be equal to OB the height of the instru¬ 
ment; also suppose HOR, the angle 



of depress.on of the top R below the horizontal line HO is 
5°; then if OC is perpendicular to HO, the line AC, pa¬ 
rallel ’ HO, will be the horizontal base corresponding to the 
measured base AB, 
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Now the anglc 3 HOR, BAC being equal, we have (by 
Case I.) 

As radius .log. 10*000000 

To AB, 300 . log. 2*477121 

wSo is cosine of 5° (the angle BAC) log. 9*998344 

To AC, £?QS*9 . log. 2*475465 

The difference of AB and AC is only 1*1 yds. Therefore a 

reduction of this kind seems unnecessary when the measured 

* 

base is inclined to the horizon in a small angle, except the ope¬ 
ration is intended to produce a very accurate result^ 


23 3. 


Examples. 


1 . To find the distances AO, ItO from the stations A and B 
fn the inaccessible object 0,1 measured AB which was 730 feet 
the ground being nearly level ; and having set up marks at A 
and B, the angles at those stations, taken with the Theodolite 

C A = 57° 12 ', 

v. ore *•’ 

(JR — 21 45. Whence the distances AO, BO are 
required ? 


The :iii',Ir at O, or supplement of the arch's 

A ami li i OS” S'. And the Con.\h net ton and 

('alcuUihon vuil lh' c\;u tJv tl.»* s.i.utt a*, m the I wo 

% 

f: r-st iwumph o, Cast 1. (22 I ). 


And 


{ \H will be found = 3<'S*6 f.ct, 
\ C.O ~ u 1 9 7 



2 . Wanting to know -the breadth (DO) of a river, I mea¬ 
sured a base AB of 100 yards along the bank, and at the ex¬ 
tremities A and B took angles to an object O on the opposite 
tide, 

OB A = 37°40 / , 

OAB — 59 15. Hence the breadth OD is 

required ? 



R R 2 
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Construction, Make BA ss 400 from any 
convenient s< ale oi equal parts; and at the 
extremities B and A, la) down the respective 
angles37°40'and 59° 15 ;then the perpendicu¬ 
lar OD upon t e base BA (lj2), will be the 
breadth required. And Us measure is212nearly. 

Calculation . By Case I. (221). 

As the sine of the angle BO S3° 5' ft he 
supplement ot the angles B anil A) . 

Is to BA, 4f>n.. . 

bo is sine of angle B, 11/. 

To AO . 

Then, 

As uV<" of the angle 00 A. 90*.log. io*nooooo 


Is la U). loir. 2'I'M32 I 

bo the '*no ot (he angle A, 59° la'.leg 9 93 119‘> 

To\>D, 31 ro yard' .Iu*f, 2 325 >20 


I?y the L garilhmic Stale. T!ie extent trom ».i° j to 37° 40 f on the 
sines, will reach from POO to 24 5 (AO) on the line ol numbers. 

Then, the extent horn 90° to j°° |j' on thusinca, will reach from 245 tn 
210, for OD, on tin'line ot numbers. 

3. To find the height, and the distance of the object O on 
the top of a hili from the jdation B, we measured a base BN of 
642 yords up the sloping crmmd BC, d redly from the object 
O, the points O, B, N, being hi the «amc vertical plane, then 
having set up a staff RS wIhh- length was equal to the height 
of the Theodolite, we found the angles of il<\ation and de¬ 
pression to Le as follows : 

At the station N, 5 ^ ° 39 ' = ^ 

( top of staff S depr. 39 — ang. HAS. 

« 

At the other station B, the elev. of O — 5° 52* — ang. PSO. 

Hence the horizontal distance BR, the height RO, and also 
GN the height of the station N above B, are required ? 



0 0‘ ’3 17 *’ 


log 2 * 1)02060 
lo^. JH7860S9 

log. 2 iimTi 
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Method of Construction. Draw R G i ndelinitelj to represent an horizontal 
tine, and from any point B draw the slope BC making the angle CBG 
=J}*'(lhe angle 11 Ab): 
then Irom.a scale of 
equal parts set off BN 
= 6t2, and make BS 
perpendicular to BG 
and eijualto the height 
of the Theodolite N A; 
let SA he parallel to 

lX'iind equal to BN, and AG parallel to SB; also draw the horizontal 
lines, AH, SP: then if the angles OSP, OAII are made equal to 5° 52 % 
and 3° 59', the angles of elevation respectively* and OR is perpendicular 
to GK, the figure will be constructed. 



Calculutiot: 9 
Angle OAII = 3° 5.9' 

HAS =_39 .... its supplement 17.9° 21' angle ASP 

Angle OAS = 4 33 subtract 3 5-2 angle OSP 

173 29 angle OSA 

Therefore the angles of the triangle OAS are OSA = 173° 2D' 

OAS = 4 38 

AOS = 1 53 


By Cate I. (221), 

As sine AOS, 1° 53' . 

I O AS, 612 . 

So is uif of OAS, 1 0 38' 
To SO . 


log- 8-516726 

i* S3274 
log 2-807535 
lo . 3*007297 

log. 3 198 1 OC 


Then, as sine SPO, 90®. log. !0 00( 000 

To SO . lop. 31* 3106 

So is \inc ObP5° j 2 # . log. «i-'U)o'*l5 

To the height OP, 161*3 . log. 2*2o7i»2l 


SO. log. 3 198106 (222) 

5° 52 # cosine .... 9 997719 
Distance* SP — BR =s I569i7 log. 3* 19 ~?825 


As sine ang. NCB 90 c . log. 10*000000 

To NB 642 . log. 2*807535 

So wire N BG 39'. log. 8*054781 


To NG 7 3 yards, nearly ... log. 0*862316 
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And if SB (PR) the height of the Theodolite when standing on the 
ground, be added to OP, we shall have the height of O above the horh* 
zontal line GR. 

N. B. If a correct result is required from an operation of .this 
kind, the error (if any) in angles of elevation should be deter¬ 
mined (230); and care must be taken to adjust the height 
of the instrument when at B, so that the telescope may be 
exactly at the height BS from the ground. 

4. Wanting to kuow the distance (AC), of a hill from the 
station A, and also the height (OC); we measured a base AB 
of 298 yards on ground nearly horizontal, and at the extremi¬ 
ties A and B observed the horizontal angles, BAO (or BAC) = 
42° 17 ; , ABO (or ABC) := 79° 29* ; and at A llie angle of 
elevation OAC was 4° 51'. Required the distance AC, and 
height CO ? 

Method of Construction . The thr’r ponds 
A, B, C being supposed in a plane parallel to 
the horizon, and the plane of the instrument at 
A and B in that plane, the angles taken to the 
point O in the perpendicuhti CO will be the 
same as they would be if the telescope vvas di¬ 
rected to the point C, because the horizontal circle o' tlv' Theodolite is not 
moved by elevating or depressing the telescope. Therefore, having made 
AB = 293, and the angle BAC = 42° 17', ABC = 79° 29', and OAC = 
4° 51', raise the perpendicular CO ; then AC is the distance, and CO the 
height sought* 

Cakuhtlirn. The angle ACB is 53° 14' the supplement of the horizontal 
angles at A and B. 


A-> of 58° J4'. I 0 £ 

0 070470 

To AB, 29B.by. 2 47421.: 

So it fine of ABC, 79° 29' .log. 9*^9261.J 

To AC, 34 1*6. , € . .lor, 22J733S 

Ang. OAC = 4° 51'.... tang, fi (223) 

Height CO = 29*2. log. ] 4ti309ti 


And the height of the instrument being added to 29*2 yards will give the 
whole height of the top O. 
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5. To find the distance of the object 0 on the top of a hill 
from the station A, and also its height, we measured a base AB 
of 210 yards up sloping ground, its inclination with the hori¬ 
zontal line AC being 9° 3©' the angle BAC; and the horizontal 
angles at A and B (found by directing the telescope to O) were 
PC A = 64° It)', and PAC = 76° 17' 5 also the angle ofeleva* 
tion OBH (HB being an horizontal line) was S’ 1 34'. From 
hence the height, and distance of the object O are required ? 

Method of Calculation. fx*t the horizontal 
tines BU, AP meet OP the line from O perpen¬ 
dicular to the horizon; and suppose AC is the 
horizontal base (232), and BC perpendicular to 
AC. 

In the right angled triangle ACB, the hypote¬ 
nuse AB and all the anglis are given, whence CB 
the height ol the station B above A will be found =r 34*7 yards: and AC 
the reduced base ;= 2.07*1 yards. 



| PCA sa 64° 10' 

znntal distance fiom A =s 292*8 yards', and CP the horizontal distance 
from C = 316 yards — £11. 


Then AC. and the argles f ~ J2 

ot the triangle ACP, 1 VII „ . . 

IAPC = 33 will give AP the hon- 


Now in (he right angled triangle OlIB the sid«* BR and all the angles are 
given, wm-nce 110 =c 30 S yards tin- be-glit of O »bo\e £, to this add BC 
and we h.:\e OP = ?yards the bright abow ^ To t : ,.\ ji-.n ifmuld 

he added the height ol die ia=ln jt.-'i.: lor the whole hei 6 rjt oi O the 

giound at A, 


0. At B, th» top of a castle which stood on a hih near die 
seashore, the depletion ol a ship at ar.chor was 4° 52 ' (the 
angle HBS), and at R, the bottom of the castle, its depression 
was 4° 2 (the angle NRS). Required the horizontal distance 
of the vessel, and also the height of the castle above the level of 
the sea, supposing RB the castle itself to be 54 feet h : gh ? 








Sit 
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Method of Construction . From any scale of equal parts make EH =3 
54, and draw the horizontal 
lines RN, BH at right angles 
toBR: let the angles HiiS, 

NRS be made as 4® 52', and 
4° 2', respectively; then ii SA 
is drawn perpendicular to BR 

produ< ed, it will be the horizontal distance, and AR the height of the hot- 

% 

tom of the castle. 

Method of Calculation. The angle BSR is equal to 50' the difference 
of the angles of depression, therefore by Case I. (221), 

As the sine of 50' 

Is to BR, 54, 

So is the sine of the angle SBR (the cosine of 4° 52'), 

To SR. 

And as the sine of ang. A, 90° 

To SR, 

So is sine of ang. RSA (NRS) 4° 2', 

To AR. 260 jtxt. 

And, so is cosine of 4° 2', to 3690 feet = AS the horizontal dist. 

7. In surveying with the compass, an object C bore SE b S, 
and when we had gone 240 yards in a SW direction, the ob¬ 
ject bore E b S. Required its distance from the stations 1* 

and A ? 

a 

Construction. Let the circle whose cent re is B 
represent the compass; E, W, S, the east, west, 
and south points; draw EbS one point or 11_Jcleg, 
from E; S E 1>S three points or 33$ deg. from S; and 
SW four points or 45“ from S; and make BA = 240 
from a scale of equal parts; then it AC be drawn 
parallel to the EbS direction, C will be the place of 
the object. 

Method of Calculation, c 

( ang. ABC = 7 point* or 78° 43' 

In the triang. ABC < ACB ■= 4 points or 43 

( BAC = 5 points or 56 15 
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And the side BA = 240, whence, by Case I. AC = 333, atfd BC = 232 
yards. 


8. If BG the height of the rampart ABRC be 16 feet , and 
the exterior talus BR of the parapet is inclined to the horizon 
in an angle of 4 3 ; what is the difference in the distance (BO) 
of a mufckct shot made directly in front, and another (BS) in¬ 
clined to that direction in an angle (OBSj of 40°, both shots 
being made in the plane of the talus ? 


Calculation. 

As sine of ang. GOB, 4° log. 8*843535 

(V SfMl 5 

To GB l fi . log. l -a(M i so 

So sine of ang.G 90°.... log. lo*uooooo 

To BO, 239-4. log. 2 B 3h0535 



\ 

* 


Now OS is the intersection of the plane of the horizon and that of the 
talus, therefore the direct shot, oi the line IJO is at right angles to OS, and 
consequent!) the angle BSO is the complement of OBS; 


Whence, as cosine of 40°. log. 9*384254. 

0* 11 j716 

To BO. log. 2-3C0535 

So iine of BOS, 90°. log. 10*000000 

To BS = 299 4 . log. 2 * 17628 i 

BO = u 


di/f. 70 feet, Arts. 


»). Wan'inrr io know the horiz6ntal distance between 
the inaccessible objects O, W 3 and also their heights, we 
measured a base AB of 670 yards on ground nearly hori¬ 
zontal; and at the extremities A and B took the following 
angle* 5 

CBAW = 40° 16 '. Elevation of W — 3 ° 46'. 

At A, ang j WAO _ 57 40 . of O = 3 33. 


. . _ CABO = 42“ 22' 

AtB, ang. J OBW= 71 7> 

Hence the heights, and distance OW are required ? 


a s 
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Construction. From anv convenient 

•• 

of equal parts, make AB = 670, and lay 
down the respective horizontal angles at A 
and B; join O, W, the points of concourse 
of the lines from A and B; and OVV mea¬ 
sured on the scale from which AB was taken* 
will be 1170 yds. nearly, the distance be* 
tween the objects. 



Calculation. 

The angles of the triangle AOB arc 


ABO = 42° 22 ' 
OAB = 97 56 
AOB = 39 43 


Whence, by Carre I. (221), AO will be found = 706*8 yards. 

( BAVV = 40° 16' 
And the angles of the triangle AWB ' ABVV = 113 £9 

t AWB = 26 15 

will give AW zs 1389-4 yards. 

Now in the triangle OAW we have given \ V. ' 

( l\U — iUl> Cm 

and the included angle OAW = r>7° l ., 


To find OW (by Cast III.) 

AW ~ ;.5c!9-4 


AO = 7(m;-8 

180’ 0' sum nuyj . log. 3-521437 

'' 7 _i2 - 6-678567 

sum of unknown ang. 12 2 1*0 dill. 6 S 2 -C . log. 2-S34166 

half 61 10 . tang. 10-259233 

half diflf. 30 36 . tang. 9*771966 

ang. OWA = 3u 34 


Then, as iinc OWA, 30° SV . log P-703.3 26 

n‘-‘7’3G74" 

to AO .log. 2-319310. - 

so is sine ang. OAW as 57' u/ .log. 9- , >C683j 

to OW, 1174 yard* .log. 3‘0b98 15 


The liiic 3 AW, AO in the preceding figure are 
represented as drawn to the objects W and O on 
the elevated situations, because the telescope of 
the Theodolite is pointed to them when the an¬ 
gles are observed; but the distances by con¬ 
struction and calculation are the horizontal lines 
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supposed to be drawn from the stations to meet the perpendiculars OP, 
WTl, let fall from O and W upon the plane of the horizon- (233, 
ftxarnp. 4.) 

Therefore to find the heights of O and W, wc have, in the triangles ARW, 
.APO light angled at Rand P, the distances AR, AP equal to 13S9'4, and 
‘#06 S yards, and the angles §t A, 3° 4G', and 3° 33' the elevations, whence 
(?23) \VR will be found = 91-3, and OP = 13-9 yards. 

10. When a distant object near the horizontal plane sub* 
tends a small angle, the following method of determining its 
distance would be simple, could we measure such angles with 
accuracy and expedition. Let OB be a distant object, and sup¬ 
pose the angles OAB, OCB, arc { i' 

and 2^\ respectively, the base or dis- o 

tance AC, which is in a direct line from _- cl 

A towards the object, lx mg 400 yards, a V' it 

Lot Cd be parallel to AO; then the 
triangles BCd, BAO will be similar, whence 

BO : B<7 :: AB : CB, and by division, (91, corol. 3.) 

BO — B d : B d :: AB — CB : CB. 

Brti the angle BCr7 is equal to the angle BAO; and because 
the sines or tangents of small arcs are nearly in the same pro- 
poitiouas the aro or angles themselves (208), BO and B d will 
be as the opposite angles BCO, BCcf, therefore the proportion 
becomes — -2 : 2 :: 400 : 3200 yards , the distance CB ; 
That is, as the difference of the angles, is to the less angle,, 
so is the difference of the distances or measured base, to the 
less distance. 

Corol. JIcncc the distances BC, BA, are reciprocally as the 
ryhglcs subtended at A and C. 

Remark. Several attempts have been made to bring this 
method into general practice; and some ingenuity displayed in 
contriving instruments for measuring the angles; but it is known 
from experience that the extremities or boundaries of objects 

s s 2 
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standing on the ground at any considerable distance, seldom 
appear, even through good telescopes, sufficiently defined to 
permit the angles to be taken to that precision which is evidcnly 
necessary when a satisfactory result is required; for a small 
error in either angle will produce a very considerable one in 
the distance. Thus, in the foregoing example, suppose an 
error or variation of 3" in the angle OCB, or let it he 2' 12" in¬ 
stead of 2' 15", 

Then, as 12" (the difference of 2' 12 " and 2'\ is to 2', so is 
400 to 4000 yards the distance CB, instead ol 3200. 

Again, Let the base AC — 300 yards, and suppose the an¬ 
gles at A and C are 3' 20"and 4 # , respectively ; 

Then, as 40" (theirdiffeier.ee), is to 3'20", so h 3^0 yards, to 
1 500 yards ~ CB. 

Now admit an uncertainty of 3" in each ar^lc, and take that at 
A = 8' 23", and the other at C := 3' 57 and we have 


As 34 ,; ithe difference' : 3' 23" ■: 300 yards: 17£)t yards; tin- 
difference is 291 yards in about a mile ; an uncertainty per¬ 
haps as great as that in an estimate by the eye at the same 
distance. 


11. If CS be a line of cavalry; to determine the wheel ins; 
intervals between half squadrons marching en a c hr I Ion from the 
light, when hated and formed 0:1 the line AB which is in¬ 
clined to CS in a given angle 


Consh uction. L«*l C -> < o,,sht 
of two squadrons (’ll and I ^; 
the ext-lit oJ e.it!i=r y,uu\ t 
depth t.K .= T-f yards, the 1 nf* r- 
val HIC = 16 yards, and MippotC 
the angle BAS = 35°. 

Drawn N« perpendicular to CS 
(the half 9quadron NS being sup¬ 
posed to march from N to O in a 
direction perpendicular to CS), 


B 





l-F 



I 


• i 

Or I 

n.... i- r r 

HEN S 
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and make rte = NE, ek = EH; /.Q, QT each = NE; and from n, e, 
Q, T, draw lines parallel to CS, and on those line* make paral’dograms 
each equal to CN for the half squjdrons: then if the hill s juadrons wheel 
on the phots n, e, Q, T, till their fronts aie in the line Ali, the extent TB 
will be equal to CS, with the proper Interval between the squadrons, or 
he = HE. 


Culculntioiu We want the perpendicular distances 01, IP, and VR, DR. 

en = EN = 24 yards = 72 feet. 
cQ= IS'H = 40 yards — J20 feet. 

In the right angled liiangles el//, QRe the angles at Q and e are 35°. 

As rad .: 72 (—cu) :: sin. 35°: 41-3 feet— «I, whence OI =19 fed, nearly. 
rad. : 72 :: cosin. 3o° : V 1 feet — el, whence IP = 13 fed, nearly. 

?ad. : 120 (=eQ):: mu. JI»° : GS-8l i /t*trf=sR, whence VR;=4 6fed, nearly. 
rad .: 120 :: cu\in. 35° : 9S fed, nearly, whente DR = 2G feet. 

But the measurement of those lines from construction, will be sufficiently 
coriect for practical puiposes. 


234. In the preceding examples, the angles subtended by 
distant objects are supposed to be in an horizontal, or in a vertical 
plane: We shall now give the method of computation when 
they are measured in planes oblique to the horizon. 


Angles oblique to the hoiizon are usually taken with a sex¬ 
tant or Hadley’s quadrant, which is held in a position so that 
its plane passes through both objects and the eye of the ob¬ 
server. And elevations arc found by reflecting the object from 
an artificial horizon. But whoever intends to observe with a 
sextant must acquire the method of using it from practice 
under the direction of a person who is master of the several ad¬ 
justments, fee.; for which reason we shall not aitempt a 
description ol the instrument. 


Examples. 

I. Suppose ON is an object standing on the horizontal plane 
HNPj HA and PC two staves or rods equal in height to that 
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of the eye; and let the plane ABC be parallel to the horizontal 
plane HNP; also suppose HP or AC is a base of 250 yards; 
and that the angles taken in the plane OCA, are OAC rz 56* 
46', and OCA = 62° 54'; the angles of elevation OAB, OCB 
being 6° 40\ and 7° 6', respectively. Hence the height, and 
horizontal distances AB, CB, are required ? 

When one of the sides fAC) in¬ 
cluding an angle (OAC) oblique to 
the plane of the horizon, is horizon¬ 
tal, the angle is reduced to the cor¬ 
responding horizontal angle by the 
following proportion, 

As the cosine of the angle of elevation ( OAB), 

Is to the cosine of the given ang. (OAC), 

So is the radius or sine of po°. 

To the cosine of the reduced nnrjic (BAC). 

For let DBO be a vertical plane* and .he angle ADO a right 
one ; then the triangles ABO, DISO being als<.» nrlit angled at 
B, we shall have, [Case I. 221 ) 

Sine ABO, 90 ' : AO :: sine AOB : AB; 

Sine ADO, 9© 0 ; AO :: Cue AOD ; AJ.'; 

Therefore by equality, 

sine AOB : sine AOD :: AB : -\D sine ADB, 90 ° mine ABD; 

or, sine AOB : sine AOD :: %inc 90 J : sin? ABD; 

But AOB is the complement o’ 1 he elevation ; AOD the com¬ 
plement of the observed angle OAC ; and ABD that of the 
reduced angle BAC ; therefore, &.t. 

As cosine 6° 41/.Jo<r q 097053 

"iTn-,ViH7 

To cosine 5f^ 46' . log. 9 73889U 

bo ut.e 10° .]f,u. 

To cod nr 56° 31' llie reduced angle BAC log. " y-i+ribi 
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As cosine 7° 6' . log. 9*996657 

O'003313 

To cosine fi-° 54' . jog. 9*658531 

So situs 90°. log. 10 000000 

To cosine 62° 40' tlu* reduced angle ACB 0-f.fi 1S7T 


Therefore llie angles of the triangle AOC 
reduced to the horizontal plane are 


CBAC 
-J ACB 
(.ABC 


56° 31* 
62 40 
CO 40 


And the side AC being 250 yards , we shall have (by Case I. 221) AB = 
254*4, and CB = 238*8 yards ; whence 110 = 29*7 yards: to this add 
NB the height of the observer’s eye above the horizontal plane I1NP, and 
the sum will be the whole iieight Is O. 

But the distances AB, CB, and height BO may be calculated without anT 
reduction of angles; for AC an 3 all the angles ot the triangle AOU being 
given, the sides AO, CO are !«n. r id iy Case I. and then the right angled 
triangles ABO, CBO, will give AB. CB, and BO at three proportions. ' 

And should it be neces> irv, the educed angles may be found from the 
sides ol the triangle ABC. by C.- i c IV 


2. If A and C are two stations on sloping ground ; O an ob- 
,f l on the top of «• hd) . r’*ie angles OCA, OAC (measured 
with i s-exmnt) equal to 79° and 63* 11respectively; also 
-suppose. the angle of*elevation at A is — 6* 36', at C r 5 J eg': 
What re the horizontal Jjsta.io’S and height of the object, 
AC being ~ 4 ] 0 yards ? 


Let OG he pn pendu.idar, «i . G, CB, 
parade 1 , to the horizon : iJuu ..v. CB are 
the horizontal distances. 


.yy. 


'A 

s / 






In*the triangle AOC 
the angles are 


C OCA = 79° 29* 
< OAC = 63 11 
C AOC =^37 20 


And AC = 410 yards* 


Whence (221) AO = 664*7, CO = 603-4, these hypotenuses, with the 
angles of elevation OAG, OCB, in tire right angled triangles AGO, CBO, give 
AG = 66G‘3j OG — <$'4, CB S3 600*1, OB s; 56*4 yards. 
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And the difference of OG and OB is 20 yards^ BG as CP the differ¬ 
ence in the heights of the stations, AP being supposed horizontal. 

The sides AC, CP, will give AP. And the angles of the triangle AOC 
when reduced to the horizon, may be tound from the horizontal distances 
AP, AG, CB, taken as the sides of a triangle (22S). 


3. At a mile-stone N on the ascending road NS we observed 
the angle SN W between the next mile-stone S and the windmill 
W on the top of a hill, and found it to be 46° 37'; the elevation 
of W, or angle WNP was 3° 49*; next; at the mile-stone S, the 
angle NSW measured 9i° 4*. Hence the horizontal distance 
NP; and height PW are required ? 

SNW = 46° 31' 

NSW = 91 4 

SWN = 42 19, and 
NS = 1760 yards : 

these give NW = 2614 : 

Then in the triangle WPN, right angled at 
P, the hypotenuse NW and all the angles arc 
given, whenceNPs2608; and FW = 174 
yards. 


The angles of the 
triangle SWN are 



In this example, no reduction is necessary on account of l! e inclination 
of the base NS to the horizon. 


4. Let BC be a measured base of 370 yards on the plane 
ABC; and suppose marks are set up at the stations A, B, C, 
and the following angles taken with a sextant to the elevated 
object O: 


A a fOAC= 20° 50' 

A tOAB - 80 18 


At B 


At C 


c OB A = 73 44 
tOBC = 16 4 

| OCB = 149 10 
i OCA =140 6 
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Required the distance of the object O from the station C, and 
its height above the plane of the base BC. 

The angles of the trianghs QAC, OAB, OBC, are 

0\C= 20® at/ OAB as 80° IS' OBC ss 16* 4* 

OCA = 140 <5 OBA = 73 44 OCU = 149 10 

AOC = 19 4. AOB = 23 58, BOC = 14 46. 


These three triangles form the sides of the pyramid whose vertex is O, 
and base ACB: we have therefore to find its height OD, and the point D 
where the perpendicular OD meets the plane of the base. 


Calculation, 

14° 4(/ am. 9_4063}^ 
Ij* .7*3639 i 
BC = 370 lo». 2*5(.H203 J 
OiiC I6<>^«V9-44209S 

CO log. 2*603937 
OAC=2£)°50 'ar.co.sw. 0.118976 
AOC = 19° 4' sin. 9 ; 11107 

AC = 309 log. 2*‘*h7i)r> 


The rides of the 
ti.urgio ABC 


sum 3-161861 

9*709730 sift. 149° 10'=s OCB 
2 871591 log. OB 
0*006254 or.to. sin. 80° 18* =OA*B 
9*641324 tin, 25° 58' = AOB 
2-jl91tiy Jog. AB = 330*5 

0*358676 ar. co. sin. 25° 58', AOB 
9*983257 sin. 73° 44\ OBA 
2-860102 log. AO. 


c rc = 370 
■JAC — 3 of) 

( AB = 330*5 give the angle ACB = 53° S # (228), 


I. *t OP, Olt, meet AC, BC pioduccd, at right angles in P and R; and 
suppose OD ib the perpendicular on the phjie of the base, and join PD, 
CD, RD. TIkm OCP r= 39° 51' (the supplement of OCA); and OCR 
= Jo°50‘ (the .pjiplement of OCB); 

Then, 39° 31' cosine 9*88^39 30° 50' cosine 9 933822 

CO log. 2-603957 CO log. 2 603957 

CP= 308 2 log. 2-488846 CR = 345 log. 2*537779 


Now in the quadrilateral CROP (in the plane ot the base ABC) we have 
the a^les CP, CU, and their included angle = 53° 8*, whence (226) we 
getyihe angle CRP ss 57° =CDP (because the angles CPD, CRD being 
rh,nt ones, a circle will circumscribe 0 the quadrilateral), therefore CP and 
s 1 the angles of the right angled triangle CPD are given ; whence the 
distance CD = 367*5 yards ; from this side and the hypotenuse CO, the 
perpendicular OD will be found = 162*3 yards, 

i 
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Of REFRACTION. 


If the triangle ABC is on level ground, CD is the horizontal distance of 
the object O from the station C, and OD its height. 


OF TERRESTRIAL REFRACTION. 


235. As the apparent or olserved elevations of objects are 
always greater than the lnie % it may not be improper to give a 
shoit explanation of Refraction. 


Let E be the place of an observer’s eye, EH the horizontal 
line, and O an object, suppose on the summit of a distant hill. 


T 




Then if the rav e of light proceeded 
from the object O to the eye at E 
in a straigh’ line, the object would 
appear in its true place at O, and E *1- 

OEH would be the elevation (consi¬ 
dering EO as a right line ; but the rays in passing through the 
atmosphere are continually attracted or bent downwards from 
a rectilineal direction, by which means the object is seen in the 
direction ET, which is supposed to be a tangent to the curve at 
E, and therefore the apparent or t iserved elevation is the angle 
TEH; and the angle T'EO, or rather the angle comprehended 
by TE and a right line from O to E, will be the refraction. 


This Refraction which is called the terrestrial, to distinguish 
it from that which affects the altitudes of the heavenly bodies, 
is not constant at the same elevation and distance, but is found 
to vary with the changes in the atmosphere, as heat, a different 
density, moist vapours. Sic. &c. At the distance of 8^ 10 
miles it is sometimes no more than about 30 seconds , itot in 
particular states of the air we«find it amount to upwards o& 2 
minutes. 

230. It 13 a difficult operation to determine the exac| 
quantity of refraction at any particular time. The followir 
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method however, has been successfully practised in the Trigo¬ 
nometrical Survey carried on by order of the Board of Ord¬ 
nance. 

Let A and B be two sta¬ 
tions, SS the intercepted or 
corresponding arc of the 
earth's circumference, C the 
centre of the earth; AG, 

BH y the horizontal lines at 
A and B drawn to meet 
CG, CH. 

An instrument being at 
each of the stations A and 
B, the reciprocal observations 
are made at the same instant 
of time, which is determined by means of signals or watches 
previously regulated for that purpose; that is, the observer at A 
takes the depression (for example) of B while the other person 
at fi observes the depression of A. 

If a and h represent the apparent places of the objects A 
and Bj the angle £AB is the refraction at A, and aI5A that at 
B; therefore, half the sum of those angles will he the i(.fraction, 

* i 9 

■>1 w j suppose it equal at each station. 

In the quadi (lateral AOBC the angles at A and B are right 
ones, therefore the sum of the other two angles at O and C 
are equal to two right angles, and consequently the ancles 
OAB, OB A are together equal to the angle C or arc SS, thcrefoie 
if die sum of the two depressions or angles HBa 4 - GAh is 
idea from the sum of the angles HBA Hr GAB or the angle 
/C, the remainder is the supi of both refractions or angles 
JaBA + MB; therefore half the difference between the svm 
• of the two depressions and the contained arc SS {or angle C) 
is the refraction . 
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If one of the objects (B) instead of being depressed, is ele¬ 
vated, suppose to the point R; then the sum of the angles 
JAB -h JBA will be greater than the sum^OAB + OBA* (of 
angle C ’ by the angle of elevation RAG; but if from the sum 
JAB 4- JBA we take the depression HBA, there will remain 
JAB -f- aBA the sum of the two refractions; therefore, if 
the depression be subtracted from the sum of the contained 
arc and elevation , 
this case . 


half the remainder is the refraction in 


It is almost unnecessary to remark that the distance between 
the places of observation A and B should be known sufficiently 
near to give the contained arc SS true to a very few seconds of 
a degree. The refraction however, 13 generally too,minute to be 
of consequence in the operations with a common Theodolite, 
which are usually confined to moderate distances. 


Of Surveying. 

S37« Surveying is the Art of laying down the true po¬ 
sitions of the principle features, and exhibiting an exact repre¬ 
sentation of the boundary of a country, or any part thereof, 
on a plane or paper, so, that the dimensions, &c. may be 
readily measured by means of a scale of miles , yards , chains , 
&c. &c. When fields or other inclosurcs, and Gentlemen’s 
estates are surveyed, not only a correct delineation of the boun* 
darks is required, but the superficial content in oaei t 8c c. 
must be computed. This is called Land Surveying, er Land 
Measuring. 

V 

238. To lay down or make a Map or Plan of any consider^ 
able extent of Country, a series of connected triangles should v. 
be carried in all directions to its boundaries from a long and \ 
well measured base as the foundation : For that purpose the 
most conspicuous points, as the summits of hills, roofs of 
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church-towers, See. See. must be chosen for stations; and all 
remarkable objects in view should be intersected at every place 
where the instrument for taking the angles is set up. When a 
high pointed spire, or the like, upon which the instrument 
cannot be conveniently placed, presents itself as a proper 
situation for carrying on the triangles, it should always be in¬ 
tersected from several stations in order to compare, or correct 
the connecting distances by a computation from independent 
triangles. 

It will be adviseable to observe every angle of the prin¬ 
cipal triangles if the situations permit; then, as the sum of the 
three angles of each triangle ought to be very nearly equal to two 
fight ones, the deviations will in some measure, enable us to judge 
of the accuracy of the work. 

240. The sides of the principal triangles should be calcu¬ 
lated. But objects situated within those triangles may be laid 
down by means of a protractor : these objects however, should 
if possible, be intersected from three stations. 

2 -11. The principal triangles and interior objects laid dov. n 
on a large scale, suppose 5 or C inches to the mile, will be a 
sufficient ground work for Military sketches which are usually 
drawn bv eye without any actual measurement. The method 
of adapting a scale to the Plan; and enlaisring or diminishing it 
to any particular size is given in Art. 16/. 

242. But the most difficult and tedious operation connected 
with a Survey, is that of measuring a base-line accurately. We 
shall therefore recommend a perusal of the Account of the Tri- 
gonpmctrical Survey (236) to those who may engage in an un¬ 
dertaking of this kind when great exactness is required. A bas$ 
r or common surveys may be measured with a 20 feet deal-rod : for. 
^his purpose a rope not less than 100 yards should be stretched 
very tight along the ground; the rod must then be applied to 
the rope, and its extremity may be marked with a small pin 
stuck in the rope to preserve the distance while the rod is removed-, 
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When the measurement is carried on to the extent of the rope, 
a peg should be driven in the ground and a notch cut on its top 
exactly under the end of the last rod. The rope must then be 
taken up and stretched again in the direction of the base, and 
the measurement continued as before. 

When the measurement is carried over hollows or ditches, it 
may be necessary to support the rod in the middle: it should 
not however, be made very slender. 

If rising grounds intervene, the slant distances must be 
measured separately as hypolhenuses, and afterwards reduced to 
the corresponding horizontal lines (832): the elevations or 
depressions may be taken with a Theodolite which has a verti¬ 
cal arc. 

It may be necessary to observe, that 20 feet should be trans¬ 
ferred to the rod from a standard measure. And with re¬ 
spect to expansion and contraction, it is pretty well known th it 

well seasoned deal is subject to very little alteration while it is 
kept dry. 

243. If a measurement of this kind be performed with 
tolerable care, we may safely conclude there will not exist 
an error of more than T y of an inch in each rod of 20 feet , or 
S6i inches in a mile . Supposing however, the accumulated 
errors amount to 3 feet in a base of 2 miles , and that a scries 
of triangles whose sides are about 3 miles to be determined 
from such a base, then combining the probable errors from ob¬ 
servations made with a Theodolite, the uncertainty in a direct 
distance of 20 miles from the base cannot amount to 30 yards • 
Erroneous as this may be consul*, od, we believe most of the 
County Maps have been laid down from operations less ^ 

curate. ' 

• 

224. If the variation of the Magnetical needle is known, 
the direction of the meridian may be drawn sufficiently near 
for a Map or Plan by means of the compass belonging to the 
Theodolite. 
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We shall now proceed to such trigonometrical problems as 
usually occur in the practice of Surveying. 

245. Let AB be a base of 2 miles or 3520 yards $ and sup. 
pose poles or flag-staffs are set up at the stations A, B, C, D, Gj 
and that the angles at those stations taken with a Theodolite are 
the following ; 


namely, CAB = 

64° 29 # 

DCG = 

73° 58* 

CBA - 

75 15 

CDG - 

41 27 

ACB = 

40 18 

CGD = 

54 33 

sum 

180 2 

sum 

179 58 

BCD = 

53 41 

DGP = 

71 7 

CBD = 

64 6 

GDP = 

46 51 

BDC = 

62 14 



sum 

180 3 




It is required to find the distance of the spire P from the 
station A ? 

The error in the sum of the three observed 
angle-* of the li-'.t triangle is l 2'\ in the second 3'; 
and in the third 2 '. The angle at Pin the fourth 
triangle is supplemental. 

But no certain rule can be given for correcting 
the observed angles: this must be left to the 
judgment of the observer, who, trorn circum¬ 
stances, will seldom be at a loss to point out 
where the greatest uncertainty lies. To make the calculation however, 
we will suppose the corrected angles 


CAB = 

64° 

28' 

DCG = 

73° 58 

CBA = 

75 

14 

CDG = 

41 

28 

ACB = 

40 

18 

CGD = 

54 

34 

« 

180 

0 


180 

0 

BCD = 

53 

40 , 

DGP = 

71 

7 

CBD == 

64 

7 

GDP — 

46 

51 

BDC as 

6‘J 

13 

GPD = 

62 

2 


180 0 
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Then (221) 

ACB = 40° 18' . sin. .9 -810785 

6* 189237 

AB sb 3520...log. 3546 j43 

CAB = 64° 28' . sift. 9’955369 

3-691 148 log. CB. 

BDC = 62° 13' ar. co. sin. 0*053196 

BCD s= 63 40. sin. 9 9»61il 

3 -65t»4 »5 log. BD “ 4471 5. 
3 74434.4 (222.) 

CBD = 64° 7'.. sin. 9*954090 

3-69M434 log. CD. 

CGI) = 54^ 34* ar. co. sin. 0 088954 
DCG = 73 58 . sin. 9-982769 

*3 770167 log. GD. 

GPD = 62° 2' ar. co. sin . 0*053931 
DGP = 71 7 .. sin. 9*975974 

3*800062 log. DP ss 6310*5. 


Now from the sides BA, *BD f and the included angle 139° 21' we get 

the angle BDA =3 17° 48', and AD = 7301*1 yards, (‘226). 

* 

And if BDA be taken from IMF 32' the angleBDP, there remairis 132® 
44'the angle ADP, which, wilh the including sides AD = 7301 1, and 
DP = 6310*5 will give the distance from P to A = 12639 yards. 

When triangles are carried on from the original base in all 
directions, the distances towards the extremities may, in some 
respect, be verified by independent calculation*. 

N. B. All the principal distances should be laid down from 
a scale of equal parts, because a triangle can be protracted 
more accurately with its sides than with the angles. 


246. Suppose in making a Survey, the distance between 
the spires A and B has been determined equal to 65£j4 yards; 
and that G and D are two eminences conveniently situated for 
extending the triangles. . 


Now if we observe the angles 

CAGE = 65*46' | ADG = 31°48' 

“ G /BGD = S3 56. atu ?ADB =68 2. 



G 



A 
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It is required to determine the distance GD ? 

Construction. At the extremities of any 
right lineg-rf make the angles bgdsz 23* 

56', Agb = 85° 4G'; A dg = 31° 48', A db 
= 68° 2 # ; join the points A, b ; and make 
AB (on Ah produced if necessar\) = 6594 
from a scale of equal parts; then if BD, 

-DG are drawn parallel to bd, dg, respec¬ 
tively, GD will be the distance required. For the quadrilaterals A gdb, 
AGDB are similar by construction, and AB in the second figure being “ 
6591 the distance ot the spires, GD must be that of the stations on the 
same scale. 



Calculation . 


Angles of the 
triangle Agd 
or AGD. 


Agd = 109° 42* 
A dg = 31 48 
gAd = 38 30 


SSSd !4* - 


[$= 

\gbd = 


99° 50' 
23 56 
56 14« 


Now to obtain the angles gbA, dAb, assume gd of any length, suppose 
1000: then the computation is made exactly as in examp. 9, art. 233. 

38° 30 ' or. comp* sin» 0*205850 

gd = 1000.log. 3*000000 

31 0 43'. sin . 9*72 1774 

g*9 na<n log. 846*5, A g. 


14' ar. comp . sin (V080238 
^ d , ■ ••••«■ 3-000000 

50'. sth. 9*o n^.72 . 

3 -oi iSiO log 11S'"2, gb. 


The sides gh, Ag, with the included angle A gb = 85° 46' give the 



57° 18'. 
36 56. 


Whence d\b 


18* 48'. 


Now all the angles in the quadrilateral GABD are given, and the side 
AB/being = 6591 yards, we get AD at one proportion by means of the 
triangle ADB; then the triangle GAD gives GD m 4694 yards, the dis¬ 
tance required. Which may serv£ as a base for determining other die* 
tanccs, or continuing the tnangles. 


And the method of solution is the same when the stations lie 
on contrary sides of the given distance AB. 
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247. When the top of a Church steeple becomes a station 
in consequence of the wind-vine or a pinnacle having been inter¬ 
sected, the instrument is placed in the most convenient situ- 
ation, and a reduction of the observed angles will in that case be 
necessary. 

Let A and B represent the wind-vanes on two steeples, their 
distance having been determined equal to 25S7 yards ~ AB; 
and suppose N is the place of the Theodolite when it is on the 
steeple A, and Sits situation on the steeple B ; also, suppose the 
observed angles at those stations arc the following; 

(ONB 45°42' COSA = 70 ° 39 ' 

a ^ONA 96 0 a (fOSB 147 0. 

And let the distance fioni N to the wind-vane A be 111 
feet , and that from S to B * 10* Jcet, Hcncc it is required to 
find the angles OAB, OBA, or what the observed-angles to 
the distant object O would be if the instrument wa* at the point*. 

A and B ? 

The angles 45° 42', TO® 39, and £ 3° 39' 
their supplement, with the distance AB =3 
2587, will give 2066 and 2724 yard*, the 
distances BO, AO, neat ly. 

Then (224) as AO : sin. 96° (ON A):: 

NA, 3 81 yards : sin, 5'nearly, the angle 
AON. 

And 96° — 45° 42' = 50° 18', the angV BNA ; 

Hence, AB : sin. 50* 18'NA : mi. 4' nearly the AdN. 

Therefore the sum of the two angles NOB, NBO is greuter than thf 
sum ot the two angles AOB, ABO by the difturenepof U»N, ALN ; con¬ 
sequently ONB is less than OAB by l f ; t|erelore AOB is = 45° 43'. 

Again, as BO :sin. 147° (OSB):: 31 yards (SB) : sine 3' nearly, the 
angle SOB. And, AB : fin. 142® 21' (ASB) :: £& (SB : svt. 3' nearly, 
the angle SAB. 







SURVEYING. 


S3 i 


Now the angles Si\0, SOA together are iesi than both the angles BAO, 
Boa by the sum of the angles SAB, SOB; therefore ASO is greater than 
ABO by that sum; hence the angle ABO ~ 70° 39' — 6' = 70 6 33'. And 
BO, AO < alciil if«‘d with the corrected angles 45’43' and 70° 33*, are 
2063*3 and ‘J12Q m ‘J yards. 


It is not necessary that the angles ONA, OSB should be 
very accurately taken; but the distances NA, SB must be care¬ 
fully measured. 


248. If A, B, C, be three objects whose distances from 
each other arc AB — 451 fi, AC — 4809, BC = 3018 yards i 
and support* at the station S we observe the angles CSB r_ 117® 
56', BSA v. 110° 12'; it is required to find the distances from 
the station to the three objects. 


Construction. IT the triangle ABC be laid 
down with the three pimii <!'<ttamcs, and seg¬ 
ments o( ciit les described l pun an} two tides 
to contain the angles the) ‘-uhtend (172), the 
iult iseition of the arcs will eudcptly be the sta¬ 
tion. whether it l.dls within, ci without the tn- 
angle. But the following method is rather more 
Minjjh — \h.»ol Ali cies* ube a cm Ic so that the 
segment AB*» sh ’II tout..in the angle l!(i # If ; 
make In; angle B\lt = 02° 4' the supplement 

of I IT - j >' (CSi"), join C'U ; and S, when- -t hitei sects tFie circle, is the 

i 

station. I'm it A"», bd, IK aie diawn, t»— angle AS3 is r= 110° 
1 y by (oiidiiution ; .uni KMJ being equal to liAti (70) or 62? 4', the 
angle C^B whu.li is it', Mipplciiieut, will be 117° die other observed angle. 



Calculation. The three sides -J j 1G, 4 SOD, 3018 give the angle ABC = 
76'28' (J2‘). 

Angle AUK (= ASK the supplement of ASC) =s 48° 8' 


B.iK . = G2 4 

A Kit . — 69 48, these with the 


side AB give BR = 1201 *3. » 

The angle BBC -- 48 ® S' + 76° 2S'= 124° 36'which, with the two 
including side’, gs* e RC’B = 32°47', and CRB = 22° 37'. 

irus 
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Now SAB = SRB = 22® 37'; therefore all the angles of the triangle* 

ASB, BSC are given; 

namely, SAB ss 22°37' SCB =s 32°47' 

ASB = 110 12 CSB = 117 56 

SBA = 47 11 SBC = 29 17 

Whence (221), the distances SA, SB, SC, are found to be 3530, 1851, 
1672 yards, respectively. 

When the station is without the triangle 1 (suppose at I\) it is evident the 
circle must be described so that the outward segment ARB shall contain 
the whole obses ved angle ARB; then if the angles ABS, BAS be made 
respectively equal to the observed angles ARC, BUC, and CR drawn 
through S, R will be the station. 

If the whole observed angle AR B should be equal to the supplement 
of the angle AGB, the (iicle will pass through the point C; in wIikIi 
case the problem is indeterminate: for the angles standing on tlu: 
chords BC, AC would be the same in all points oi (lie arc ARB, (70.) 

249. The last problem will be found useful in reconnoitring 
a country with a map or plan ; for the angles taken to any 
three objects which are laid down, will determine the situation 
of the observer. A small pocket sextant i> the mo?t convenient 
instrument for measuring the angles. And it appears from the 
preceding construction that it is not necessary to describe a 
circle. For example, if the station be 
within the triangle, then the angles 
BAR, ABR being made equal to the 
supplements of the observed angles BS f \ 

ASC, the intersection of AR and BR 
gives the point R ; then if the angle 
ARS be made equal to the angle ARC, 

BS will meet RC in S the sta'ion. On 
the contrary, when the place of observa¬ 
tion is without the triangle, the Ingles 
ABS, BAS, are made equal to the observed angles ARC, 
BRC, respectively, then CR being drawn throughS, and the 
angles ABR, BAR made equal to ASR, BSR, BR and AR 
will meet CR in R the station. 


C 
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In this latter case however, when the point S falls near the. 
object C, the construction may give the point R considerably 
wide of the truth. 

250. In making a Survey we found two spots N and S 
conveniently situated for stations; and at S took the angles 
NSA = 52° 58', NSB i 55° 4', to the spires A and B: Blit 
at N an intervening height hid the spire B; we therefore ob¬ 
served the angle between the wind-mill W and station S, and 
found it — 38° 4 and then took the angle SNA which was 
41 ° 46 '. Now AW, AB, BW being respectively equal to 

5232, 4490 , 267s yards , it is required to find the dis¬ 
tance SN ? 


Construction, With the three given sides 
lay down the triangle AWB. Then about 
A15 and AW describe circle* so that the 
segment AblJ shall contain an angle of 
108° S' (yJ c 08 ' ■+• 4') ; and the seg¬ 

ment ANW an angle of 79° 50' (38° 4' 
+ 41° in'). Diaw the chord At) to sub- 
Mid an angle (AND) =41° 46', and the 
uiord ,\G to subtend an angle (ASG) = 
'v 1 ’ jS' ; join DG; and 1 lie intersections S, 
N, will be the stations. I-br if JSli, JSA ; 
NA, N’U are driwn, the angles at h> and N 



'o the 'hiee nbjfils will be equal to the observed unjes, 
struct-in, and Art. “0. 


by the con- 


emulation. Draw DW, GB. Then all the angles of the trian-les 
ADW, AGI5 are given ; 0 

T)NVV = DAW = 3S° 4' GSB = GAB = 550 4 . 

DNA = DU A = 41 46 Gil. 1 ! s GUA = 52 38 

ADW = 100 Jo AGIJ = 71 58 

As sin. ADW : 5232 (AW) # : ; sin. DWA : 3540*6 = AD. 

Ami sin, AG B : 4190 (AB) :• sin. GBA : 3769 5 — AG. 

I be sides of the triangle AWB give the angle WAB = 30 ° 47 * 


394 
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DAW = DNW = 38® V 

WAB .= 30 47 

BAG = thG = 4 

DAG = >:3 >5 with this angle and the in* 
eluding sides we get ADG =■ 'Ji)° = AWN; therefore in the triangle 
AW N all the angles and the side AW are given, whence AN — 2577 ; 
then, as the angles of the triangle ASN are also given, wc get SN = 3217 
yards. 

And the method of construction and calculation will vary 
little from the preceding, howsoever posited the stations may be 
in respect of the three given objects. 


Of Surveying with the Compass. 


* 





951, In this operation we do not measure the angles sub¬ 
tended by distant objects in the same manner as with a The¬ 
odolite, but take their angular distances or bearings from the 
magnetical meridian. Thus if NS 
represents the magnetic needle or 
meridian, W the west, and E the 
east; and suppose the sights on the 
Compass are directed to the wind¬ 
mill A: then if the angle. ACN is 
40°, for example, the wind-mill is 

paid to bear NW 40°, or 40° westward from N the magnetical 
i.orih. Or if the sights are directed to the spire B, and the an¬ 
gle SCB is 64 ° then the spire bears SE 64°. 

If CH represents the direction of the true meridian , the 
angle NCH is called the variation of the magmtical needle; 
which, at this time, is about 23 n or 24° westward at Londort. 

2.52. Let A and B be two stations hearing SW 61 9 and NE 
til 0 from each other; 

. , C O hears NW 29 s 

and suppose at > p SW I8 

A the objects ^ R sw M 
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and at B 


s 


G bears 

P 


NE 88 
SE 83 


From A draw the NW 89° and SW 
18° lines; and from B the NE 22° and 
SE 83° lines; then their inteiscctions 
will give the places of the objects G 
and P. 

Suppose C to be a third station, 

f G bears NE 51 
where the objects < P SE 7 o 

/ R SE 31 


4 . 



Then from G and P draw two lines parallel to NE 51 ° # 
and SE 70 °, and their intersection will determine the stal¬ 
lion C. 


And the intersection of the SW 54° line from A, with 
that of the SE 31° line from C gives the position of the 
object R. 

253. Since the magnetical meridians are considered as pa¬ 
rallels, it is evident that the bearings of any two objects already 
laid down will give the place of the observer; but every inter- 
section should he as near a right angle* as circumstances will 
admit. The bearings of all conspicuous objects however, 
ought to be taken at every station, by which means a gieat nmn. 
ber may be fixed from several intersections. 

This is a very expeditious method of laying down the relative 
situations of the prominent points of a small tract of country. 
The com past. *s most convenient are about 3* ittrhes in dia¬ 
meter; and may be carried in the pocket. They are easily 
fitted to the top of a stick or stafr which must he stuck upright 
in the ground that the needle mav plav freely. These com* 
passes are divided into degrees only, and consequently much 
accuracy cannot be expected in Surveys of (his kind: they 
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may serve however, as the ground work of, or for correcting 
Military sketches. 

For temporary use, it will sometimes be necessary to mea¬ 
sure a distance by pacing , in order to adapt a scale to the plan 
or sketch (167). 

254. The Compass will also be found useful in reconnoit¬ 
ring a country with a map or plan when the direction of the 
meridian is laid down, and we know 
the magnetical variation. Let SN be 
the direction of the true meridian on a j 
map; and suppose the wind-mill O ■/ 
bears NE 68°, and the spire R, NW ^ 

36° by the compass; also let the vari¬ 
ation be 23° W. 

Make the angle MCN = 23°, then CM will represent the 
magnetical meridian: let the angle MCP — 68°, and MCD 
— 36° ; then if OB, RB are drawn parallel to PC, DC, re. 
spectively, the intersection B will be the place of observation on 
the map or plan. If however, the intersection (B) is very acute 
or obtuse, the position thus determined may be considerably 
wide of the truth. 




C sir ] 


ADDITIONAL EXAMPLES 

IN 

PRACTICAL GEOMETRY, TRIGONOMETRY , 

and MENSUE A TION. 


1 . If the diagonal of a square redoubt be 67 yards 5 what 
is the length of the side ? 

Ans. 47*376 &c. yards . 

2 . The sides of three squares being 4 , 5 , and 6 feet; then 
how long is the side of that square which is equal to all three ? 

Ans. 8*7749 feet % nearly. 

■ 

3. If the lengths of two 'ines are 20 and 30 inches ; what 
is the length of that line which is a geometrical mean between 
them ? 

Ans. 24*4949 in. nearly; 

4. If the diameter of a circle be 50 yards; what is the length 
of a chord which is 5 yards distant from the centre ? 

Ans. 48*9899 yds • 

• 

5. If a point be 20 inches distant from a circle whose di¬ 
ameter is 20 inches, and a line 30 inches long he drawn from 
that point to the circumference; what is the length of that part 
of the line which is without the circle ? 

Arts. 264 inches • 

6 . Suppose in the last example, the line is drawn from the 
given point to make the intercepted chord 10 inches; what 19 
the length of the part without the circle ? 

Arts. 23*7228 &c. inches . 

3 G 
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7 . In the preceding example, wliat is the length of the tan¬ 
gent to the circle drawn from the given point ? 

Ans. 28*284 &r. in. 

8 . To what extent on the surface of the sea 'exclusive of the 
effect of refraction) can a person sec from the top-mast-head of 
a man of war, his height above the water being 30 yards, and 
the earth’s diameter 7960 miles P 

Ans. 11*6 miles , nearly. 

9 . If a line 10 inches long be cut according to mean and 
extreme proportion; what are the lengths of the two parts P 

Ans . 6*18 and 3*82 in. nearlv. 

j 

10 . If the base of a triangle be 40, and the other two sidc< 
30 and 20 ; what is the length of its perpendicular? 

Ans . 14*52 &c. 

# 

11 . If the base oi a triangle be 40, and the two sides 30 and 
20 ; what are the segments of the base made by aline bisecting 
the vertical angle ? 

Ans. 24 and 16 . 

12 . If the diameter of a circle be 30; what is the side of the 
inscribed equilateral triangle ? 

Ans. 25*98 nearly. 

13. If the side of an equilateral triangle be 10 ; what arc the 
radii of the inscribed, and circumscribing circles ? 

Ans. 2*8868 and 5*7736 nearlv. 

* 

14. The side of a square being 10 ; then what is the radius 
of its circumscribing circle ? 

Ans . 7‘071 &c. 

C 

15. If the side of a regular pentagon be 10 ; what are the 
radii of its inscribed, and circumscribing circles ? 

Ans . 6*682 and 8*5Q6 nearly. 
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10. If the radius of a circle be 10; what are the sides of 
^he regular inscribed trigon, tetragon, pentagon, hexagon, oc- 
ra^n, and decagon ? 

Ans. 17*32—14*142—11*756—10—7*654—6*18, nearly. 

17. A plan of a fortified town has a scale of 100 toiscs which 
is 1*6 inches in length ; the plan is 30 inches long, and 24 
broad ; now what will be the size when it is copied to a scale 
of 6 inches the English mile ? 

Ans. 13'6i/i. long, and 10*9 broad. 

18. If the length of a pair of proportional compasses be 7 
inches; how far from the ends is the centre .uswering to the 
division 5 on the line of Lines ? 

Ans. If and 5$ inches* 

* ' 

19 . Suppose the length of a pair of proportional compasses 
to be exactly 9 inches ; how far from the ends must the centres 
be for enlarging or diminishing a plane surface twice, and a 
solid three times ? 

Ans . 3*728 and 5*272 in. in the former case. 

3*685 and 5*J15 in. in the latter. 

20. If the length of a cannon be 8 f. 10 in. its diameter at 
the breech 1 Q\in. at the mouth 14£ In. at what distance »ould 
the outer surface meet the axis of the bore supposing both 
were produced ) 

Ans . 25 /*r feel , from the muzzle. 

21. How many degrees, &c. arc contained in that arc of a 
circle whose length is equal to the radius ? 

* Ans. 57°*295779 nearly. 

22. If the line of numbers from 1 to 10 on a logarithmic or 
GunterScale is a foot; required the distance from 1 to 5.— 
And what is the distance from 10 on the line ot numbers to 40° 
oil the line of tangents ? 

Ans . 8*3876 &c. and 0*914 &c. inches . 

3 C 9 
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S3* The length of a line of chords of qo° being 4? inches j s 
then what is the length of 45° on the same line ? 

Ans . 8*3 in, nearly. 

24. If the radius of a circle be SO; what are the lengths 
of the sine , cosine , tangent, cotangent, secant, and cosecant 
of 30° ? 

Ans, 10—17*32—11 -547—34*641—23-094—40. 

25. If the base of a right-angled triangle be 4, and the per¬ 
pendicular 3 : what are the lengths of the sine, cosine , tangent , 
and cotangent of the least angle, if the radius be 1 ? 

Ans. 0*6 — 0-8 — 0-73 — 1*333 &c. 

26. If the base of aright-angled triangle be0*28, and the 
adjacent acute angle 59° 11'; what are the other sides ? 

Ans . 0-5466, and 0*4694. 

27* The base of a right-angled triangle being 74*7 yards , 
and it* opposite angle 21° 13'; what are the other sides ? 

Ans . 192*4, and 206-4 yds. 

28. The hypotenuse of a right-angled triangle being 5472 

feet, anti one of the acute angles 29 ° 5l'; then what are the 
other sides ? • 

Ans . 4746 and 2723-5/cef. 

29. If the three angles of a plane triangle are 106° 41 ; , 46° 
24', and 26 * 55', and the side opposite the greatest angle =: 
897 6 yds, then what are the other sides ? 

Ans. 225, and 140*7 yards. 

30. Suppose the angles of a plane triangle to be as in the 
preceding example, and the side*opposite the least angle 297 **6 
feet ; required the other sides ? 

Ans. 476-1 and 629*7 feet, 
i. The hypotenuse of a right.angled triangle being 
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14 f. 10 In. and the base lof. 7 in. then what is the per- 
rndicular ? 

Ans . 10/. 4*7 in. 

Two sides of a triangle being 311 and 397 yards, and 
the angle opposite the greater of those sides = 38° 33'; then 
what is the third side? 

Ans . 589*7 yds . 

33. Suppose two sides of a triangle are 311 and 221 yards, 
and the angle opposite the least of those sides is 38° 33'; re¬ 
quired the third side P 

Ans. 349'4, or 137*04 yds. 

34. If two sides of a triangle are 179‘8 and 121*6 feet, and 
the included angle 79° 51'; what is the third side ? 

Ans . 198*5 feet. 

35. The base and perpendicular of a right-angled triangle 
being 1139* and 1074 yards; required the acute angles, and 
hypotenuse ? 

Ans . 43° 19 / — 46° 41 # — hypot. = 1565*5 yds. 

36. If an angle of a triangle he 129 ° 34'; and the ratio 
of the including sides as 4 to 7; what are the other two 
angles ? 

Ans. J J’ 32' 7"—17° 53' 53". 

37. How many inches subtend an angle of l" at the distance 
• of 7 miles ? 

Ans. 2‘1 nearly. 

*38. Suppose the sides of a triangle arc 11272* 13141, and 
11799 yauls ; required the angles ? 

Ans. 69°34'4 — 59" 3&'£ — 50° 4/'. 

39 . If the sides of a triangle have the proportion of 
and i; what are the angles ? 

Ans. 117° 16' 46" — 36® 20' 10" — 26® 23' 4*. 
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40. Let the base of a right-angled triangle be 30, and the 
ratio of the other two sides as I to ; what are those sides ? 

Arts, 17*32* and 34*64 nearly. 

m. 

41. If the hypotenuse of a right-angled triangle be 100, and 
the other sides as 1 to 2; what are those sides ? 

Ans. 44*72 and 69*44 nearly. 

42. If the hypotenuse of a right-angled triangle be 40, 
and the sum of the other two sides 50; what are those sides ? 

Ans. 11 771 — 38*229 nearlv. 

m 

43. Suppose the hypotenuse of a right-angled triangle ro he 
40, and the difference of the other sides 10 ; required the 
sides ? 

Ans . 22 839 — 32*639 nearly. 

44. If the base of a right-angled triang'e be 40, and the sum 
of the other sides 60; what is the perpendicular ? 

Ans* 30. 

45. If the perpendicular of a right-angled triangle be 40, 
and the difference of the other sides 10; what are those 
sides ? 

Ans. 75 and 65. 

• 

46. Suppose a regular pentagon whose side is 170 fathoms, 
to be fortified; and that the salient angle of the bastion is 71 °, 
and its face 47 fathoms; required the flank, and curtain, sup¬ 
posing the line of defence is perpendicular to the flank ? 

Ans* Flank 25 65 
Curtain 64*57. 

4/. If a square whose side is 170 fathoms is regularly for¬ 
tified, and the salient angle of the bastion 61°; what arc the 
principal dimensions if the length oY the face of the bastion, is 
to that of the flank, as 7 to 3; the line of defence being per¬ 
pendicular to the flank ? , 

Ans % Face of bastion 46*6—Flank 20—Curtain 69*8. 
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48. If at the top of a mountain the true depression of the 
hotizon of the sea is found to be 1* 3I / ; what is themoun- 

fij, * 9 

u^g's height, supposing the earth a sphere whose diameter is 
8000 miles ? 

Ans. 1*4 miles, nearly. 

49 . In surveying with a compass an object bore NE 50°; 
and when we had gone 170 paces in a SE 55® direction, its 
bearing was NE 6°. Required its distance from each sta¬ 
tion P 

Ans, 214, and 237 paces • 

50. Wanting to know the breadth of a river, wc measured 
a straight base of 30 chains along the bank, and at its ex¬ 
tremities took the horizontal angles 64® 11', and 78° 38* to 
an object on the opposite shore. Hence the breath is re¬ 
quired ? 

Ans . 964 yards . 

51. From the top of a hill I observed two mile stones in 
the same direction on level ground ; the depression of the nearest 
was 14° 3 # ; and that of the other 3° 56* below the horizontal 
line: hence the height of the hill is required ? 

sins. 501 feet, 

52. Having observed the elevation, of an object on the 
top of a distant hill, and found it ^ 21', we measured a base 
of 520 yards on sloping ground directly towards the object, and 
at that end the object was elevated 3° 4 ; . Now the farthest 
extremity of the base was found to be 10 feet , higher than 
the other. Hence the height, and distance of the hill are re¬ 
quired } 

Ans, Height above the lowest end of the base 127 yds . 

Distance from that end 2371 yds, 

ft 

53. Tp find the height, and distance of an object on the 
top of a hill, wc measured a base of 470 yards on sloping 
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ground which was inclined to the horizon in an angle 
of 4° 44'; and then observed the horizontal angles between^ 
the base and object at the lower and upper ends of 
base, and found them to be 91® 12', and 72° 57\ respec¬ 
tively ; also at the lower end of the base, the object was 
elevated 4° 3'. Hence the height and distance of the hill are 
required ? 

jins. Horizontal dist. from the lower end of the base 1640 yds. 

Height above that end 116 yds, 

54. At the top and*bottom of a tower which stood on a 
hill near the sea shore, we observed the depressions of a ship 
at anchor to be 1 c 39', and 1 ° 9', respectively : hence the 
height of the hill, and also its distance from the vessel are 
required ; the lower itself being 72 feet high ? 

Ans. Bottom of tower above the sea 1 66 feet. 
Horizontal distance of ship 8246. 

55. To obtain the height, and distance of an object on 
the summit of a hill 1 measured a base of 450 yards on level 
ground, and set up marks at its extremities equal to the 
height of the eve. At one end of the base the angle between 
the other end and the object^ was found with a sextant to be 
74° 33'; and at the other, end 77° 41' where the elevation 
of the object was observed = 6° 29'. Hence the height of 
the hill, and its distance from each extremity o the base are 
required 7 

Ans. Height of the hill 105*3 yds. 

Distances 926*2. 

938*8. 

# 

56. In surveying with a compass , a spire bore NE 18®, 
distant 2 miles; and the bearing of ft wind-mill was NW, 20° 
now the distance of the wind-mill from the spire was known 
to be l? miles: hence its distance from the station is required ? 

Ans, 2395, or 3153 yards. 
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57-. A ladder 28 feet long will reach from one side of a 
' Jijfch which is 20 feet broad, to the top of a wall on the other 
side*'* what is the height of the wall ? 

Ans. 19*6 feet . 

58. From the top of a work 15 feet high, a point-blank 
shot struck an object on the ground at the horizontal dis¬ 
tance of 120 yards. What was the depression of the 
piece ? 

Ans. 2 ° 23'. 


59 . Two forts commanding the mouth of a harbour bore 
SE lfi°, andSW 24°-j, distant 1^ and 2\ miles, respectively : 
required the distance from one to the other, and also their 
bearing ? 

Ans. Distance 2870 yds. . 

Bearing 08°41' NE and SW. 

60. At the extremities of the base AB of 40 chains, we 
took the following angles with a theodolite to the elevated 
objects C and D : 


f C AB 51 0 0' a . n ( CBA 90 0 50 ' 
. iDAB —83 5 aij MdBA -*8 3 
clcuated 4" 17' 

( D eUvated 3 8 



Hence the distai.ee from CtoD; and also their heights are 
required ? 

An s. Dist. 212 9 yds, 

Height of C 107*1 
of D 4 7 6 


Cti. Li t W Lc West Wycombe 
church, H High Wycombe church, 
and P Penn beacon-pole: Now at the 
stations C and S we took the following 
angles with a theodolite. 
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CWCS “• 108° 14' C WSC = 4 2* 42* 

viz. atC<SCH = 28 20 atS<CSH =r 25 26 

(s CP 33 5 1. I CSP = 12G 20. 

By a previous operation the distance WH (between the 
churches) was found to be 4646 yards. Hence the distance 
from Penn beacon to West Wycombe church is required? 

Ans . 9144 yds . 

62 . In reconnoitring a county by the help of a map, we 
perceived two spires A and B in the same direction, A being 
the nearest 5 we then observed the angle subtended by A and a 
third spire C and found it 41 0 52': now the distance of A and 
B, measured on the scale to the map, was 3640 yards, of A 
and C 4280, and of B and C 5460, Required the distances to 
the spires A and C ? 

Ans. -From A 4327 yds . 

From C 6403. 

63 . In surveying with a pocket-sextant I observed the angle 
subtended by two churches A and B =: 45° 30', and that be¬ 
tween A and another church C = 25° 40', all in the hori¬ 
zontal plane nearly: The distance from A to B was 2^» from 
A to C sj-, and from B to C miles, the church A being the 
nearest. Hence the place of observation is required ? 

Ans. 3314 yards from A. 

5500 .... from B. 

7H6 .... from C. 

64* From the top of the tower A we observed the angle 
BAW between the wind-mill W and the spire B, and found 
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it S3* j but at W the tower A could not be 
:een from the ground, we therefore took the 
fing-^BWC subtended by the spires B and C, 
which was 123^°. Now the three distances 
A8 a AC, BC were known to be 5450, 4600, 
4850 yards , respectively. Hence the situation 
of the wind-mill is required ? 



Ans . Wind-mill from A 3130 yds . 

from B 2845. 
from C 2659. 


65. The distance (WE) of the stations W, E, and also the 
situation of the object O became necessary in carrying on a 
survey: n v A, B, and C, were three 
known objects, the distances being AC 
= 4060, AB — 3200, and CB — 1840 
yards ; but at the station W the object 
C could not be seen ; and an intervening 
height hid the object A at the other 
station E; we therefore set up marks at 
W and E and took the following angles: 

namely, 

IAWB 
At W-'BWE 
^OWE 



= 9fi' J 10' 
= 48 30 
= 58 44 


.(RFC 
At E <BLW 
WEO 


( 


50° 4' 
70 56 
32 50, 


Hence WE, EO, and WO are rtquircd ? 


Ans. WE ~ 2697 yds, 
EO — 2306 
WO = 1463 


66. In walking along a straight road directly west, I ob¬ 
served two spires A and B b<flh bearing NE 22-j°, the nearest 
being A; an hour afterwards a third spire C and the spire 
B appearc.1 ,m one direction; and the next hour brought 

C and A in a right line; the distance of A from B (on a 

3 0 $ 
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map) was 1* miles, of A from C 2 miles, and that of B from 
C 3f- miles. How far did I walk per hour, supposing ^the 
rate equable ? * * 

Ans . 7867 yds. the whole distance walked, or 3933 f per hour. 

67. The base of a parallelogram being 61, and its perpen¬ 
dicular 37 \J'eet ; what is the content in yards square ? 

Ans, 254f. 

t 

68. The length and breadih of a rectangular field are 13 
chains , 6 \ links, and 11 ch, 9 tin. Required the content in 

acres? 

1 

Ans. 15*12676. 

69 . The parallel sides of a trapezoid arc 37/ 10 in, and 
16/1 6 in, and their perpendicular distance 11 f. Gin, What 
is the area ? 

Ans, 313 

70. If the base of a triangle be 17 t, yards, and its perpen¬ 
dicular Ilf yards ; what is the aiea in J'eet P 

Ans. S6Sr«* 

71 . If the side of a rhombus is 29 J lcet, and the acute 

« 

angle 62 '; what is the content in yards P 

Ans. 85*38 nearly. 

72 . The sides of a triangular field being 171 , 161 , and 145 
yards; then what is the area in acres P 

Ans, 2*2527 nearly, 

73. The sides of a quadrangular field being successivcly u 20, 
20, 16, and JO poles, and the angle (taken with a theodolite) 
included by the two longest t^des = 56°. Required its 
content ? 

Ans. 287*676 poles, or I ac. 127*676 pol. 

1 

74 * The breadth of a ditch at top being 72 , at bottom 38 J, 
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the sloping sides 264 and 20 feet, and the top and bottom of 
the ditch horizontal. Required the area of the perpendicular 

SCL^OIl ? 

Ans. 885 yjeet. 

75. The area of the perpendicular section of a ditch being 
135 feet, the breadth at top 30, and at bottom 15 feet. What 
is the depth ? 

Ans. 6 feet . 

76 . If i he area of the perpendicular section of a ditch be 
154 feet, its depth 5£ feet, and the breadth at top, to that of the 
bottom, as 9 to 5 : what are those breadths ? 

Ans. 36 and 20 feet. 

77 . The area of a right-angled triangle being 605, and the 
ratio of the base to the perpendicular as 2 to 5 : what arc those 
sides ? 

Ans. 22 and 55. 


7S. What is the side of that equilateral triangle whose area 
is 100 ? 

Ans. 15*197 nearly. 

79 . If the side of an equilateral triangle be 10 ; what will 
be the side of another equilateral triangle whose area is o?ie- 
fourth of the former ? 

Ans. 5. 

80. If the area of a triangle is 1000 , and the sides are in the 
proportion of 7 , *, |; what are those sides ? 

* Ans. 40*074 } 

50*093 > nearly, 
66*7913 

61. If the hypotenuse of a right-angled triangle be 17 , and 
its area 60; what are the base and perpendicular ? 

Ans* 8 and 14. 
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82. How many acres would be contained within the boun¬ 
daries of the pentangular fortification. Examp. 46, supposing 
it completed ? r 

Ans. 126089 yds. or 26*051, &c. acres . 


83. If the equal sides of an isosceles triangle are each 17, 
and its area 120; what is the base ? 


Arts. 16. 


84. If the diameters of two concentric circles arc 20 and 30; 
what is the content of the annulus or space contained by the 
circumferences ? 

Ans . 392*7. 


85. If the area of a circle be 100; what is the area of its 
inscribed square ? 

Ans. 63*66 nearly* 

86. If the base and perpendicular of a right-angled triangle 
are each 1; what is the area ot a circle having the hypotenuse 
for its diameter ? 

Ans. 1*5708 nearly. 

87- If the circumference of a circle be 1000; what is its 
area ? 

Ans. 59577. 


88. If the area of the sector of a circle be 100, and the 
length of its arc 20; what is the angle of the sector ? 

Ans . 114° 35'5' nearly. 


89 . . If the centre of a circle whose diameter is 20, is in the 
circumference of another circle whose diameter is 40; what are 
the areas of the three included spaces ? 

Ans . 173*852. 
140*308. 
1! 16*332. 
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90 . How many square feet of board are required' to make 
a rectangular box whose length shall be 3\feet y breadth 2 fee t, 
and .Jepth 20 inches ? 

jins. 32-$-. 

91. What quantity of canvas is necessary for a conical tent 
whose height is 8 feet , and the diameter at bottom 13 feet ? 

Ans. 21 O^feet square. 

92. What would a circular reservoir whose diameter at top 
is 40 yards , at bottom 38-| yards , and the side or slant depth 
11 feet , cost the lining with brick-work at 3s. 10 d. the square 
yard ? 

Ans . 31 lZ. 18 r. 2 d. 

93. The inside of an hemispherical dome cost loo/. the 
gilding at 8 d. the foot; what was its diameter ? 

Ans . 43*7 feet. 

94. If the diameter of a globe be 8 inches ; what is the di¬ 
ameter of another globe three times as big ? 

Ans. 11*336 in. nearly. 

95. If the area of the perpendicular section of a rivulet is 
4$ feet, and the velocity of the wateV 30 feet per minute; how 
im.ch would it supply in 24 hours ; 

Ans. 1451213 gall, wine measure. 

96 . Suppose a sack when laid flat is 2 feet broad, and 5 
feet long; how many gallons, dry-measure, will it contain 
if it, has a circular bottom, and 9 inches is left for tying the 
top J 

Ans. 34*8 gall, nearly. 

97 . The outer and inner circumferences of the ring of an 
anchor bein^ respectively 50 and 25 inches; what is its 
weight, supposing 3*61648 cubic inches of iron weigh a pound 
avoirdupois ? 


Ans . 129 lb. 
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98. Suppose the triangle BCA is the base of 
a pyramid, V its vertex, the side BC — 30 feet, 

10 inches y and the angles 

VACn 20 ° 50* VAB“80° 18 VBC- 16 ° 4' 

VCA = 140 6 VBA-73 44 VCBr: 149 10 

What is the cubic content ? 

Ans. 1709*6565 cubic feet , nearly. 

99 . If a cask which is two equal conic frustums joined to¬ 
gether at the bases, has its bung diameter 34, head diameter 27, 
and depth 50 inches; how many gallons, ale measure, will it 
contain ? 

Ans. 130, nearly. 

100 . What is the difference between a bushel, rujining mea¬ 
sure 9 when measured with a Winchester-bushel which is 1 81- 
mchcs in diameter, and measured with another bushel only 12 
inches in diameter, supposing the cop or cap or conical part is £ 
of the diameter in height ? 

Aiiwer. 'I he Inner loses ^OJ cubic inchc-., or upwards 
of a gallon in every bushel by the nriuowcst measiue. 

101 . If a piece of squared timber be 25 feet long, the side 
of the greater end 20 inches, and that of the less 16 $ what 
length must be cut off the less end to make 10 cubic feet ? 

Ans. 5/. 4 in. 

102 . If the depth of a \csec 1 in the form of a conic frus¬ 
tum, be 16 inches, and the top and bottom diameters in the 
proportion 5 to 3; wlut arc those diameters, supposing the 
vessel holds 20 wine gallons P 

Ans . 23*722, and 14*233 inches. 

\ 

103. Suppose the following are the dimensions of the bed 
of a waggon. 
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viz. length ..*..7 feet. 

depth .2 

breadth at top behind.5 

-at bottom .4^ 

breadth at top in front .4j 

-at bottom .4 


How many bushels, dry measure, will it contain ? 

Ans. 405 gall, or 50 bush . 5 gall. 

104. If the salient angle of a bastion be 71 °, and each of its 
faces 50 fathoms: required the number of cubic yards in that 
part of the rampart next the faces, supposing AORS Art. 265, 
Examp. 2, is the profile or section perpendicular to the face at the 
anyle of the shoulder ? 

Ans . 13477 yds. 

105. Suppose the breadth of a circular ditch at top is 36, at 
bottom ip j, theoutei slope 10, and inner slope 13-jfeet, respec¬ 
tively ; required its capacity in cubic yariio; the diameter of the 
inner circle or edge of the ditch being600feet, and the top and 
bottom of the ditch horizontal ? 

Ans. 16433 yds. 


END OF THE FIRST VOLUME. 


IMnted bv W. Glen dinning, 
25, llatioii Garden. 
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£89 

770115 

0189 

0263 

0336 

0410 

0484 

0557 

0631 


0778 

590 

0852 

0926 

0999 

1073 

1146 

1220 

1293 

1367 

1440 

1514 

591 

1587 

1661 

1734 

1808 

1881 

1955 

2028 

2102 

2175 

2248 

592 

2392 

2395 

2468 

2542 

2615 

2688 

2762 

2835 

2908 

2981 

593 

3055 

3128 

3201 

3274 

3348 

3421 


356f 

3610 

3713 

594 

3786 

3860 

3933 

4006 

4079 

4152 

4225 

4298 

4371 

4444 

595 

4517 

4590 

4663 

4736 

4809 

4882 

4955 

5028 

5100 

5173 

596 

5246 

5319 

5392 

5465 

5538 

5610 

5683 

5756 

5829 

5902 

597 

5974 

6047 

6120 

6193 

62& 

6338 

6411 

6483 

6556 

6629 

598 

6701 

6774 

6846 

6919 

6992 

7064 

713* 

7209 

7282 

7354 

599 

. 7427 

7499 

s 

ID 

7644 

7717 

OD 

7862 

7934 


8079 

ST 

0 

1 

2 

3 

4 

1 5 

6 

7 

1 8 

9 
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600 178151 
601! 8674 

6021 95Q6 

603 7«oai 7 

604 1 1037 

603 1753 

606 2473 

607 3189 

do 8 3904 

609 4617 

610 5330 

611 6041 

612 6751 

613 7460 

614 _ 6168 

613 8875 

616. 9581 

617 790285 

618 0988 
6ig 1691 

620 23Q2 

621 3092 

622 3700 

623 4488 

624 5185 

625 5880 

626 6574 

627 7268 

628 7960 

629 8651 

630 9341 

631 800029 

632 0717 

633 1404 

634 2089 


635 2774 

636 3457 

637 4139 

638 4821 

639 3501 

6160 
6858 
7535 
8211 

_ 8886 

645 9560 

646 810233 

647 0904 

648 1375 

649 8645 





1827 

2544 

3260 

3975 

4689 


5401 

6112 

6822 

7531 

8239 


6946 

9651 

0356 

1059 

1761 


2462 

3162 

3860 

4558 

4254 


594Q 

6644 

7337 

8029 

8720 


9409 

0098 

0786 

1472 

2158 


2842 

3525 

1206 

4869 

5569 


6248 

6926 

7603 

8279 

8953 


9627 
0300 
71 
0642 
2312 


8296 

9019 

9741 

0461 

1181 


1899 

2616 

3332 

4046 

4760 


5472 

6183 

6893 

7602 

8310 


9016 

9722 

0426 

1129 

1831 


2532 

3231 

3930 

4627 

5324 


6019 

6713 

7406 

8098 

8789 


9478 

0167 

0854 

1541 

2226 


2910 

3594 

4276 

4957 

5637 


6316 
699 
7670 
8346 
9021 


9694 

0367 

1039 

1700 

2379 


2 


8368 

9091 

9813 

0533 

1253 


1971 

2688 

3403 

4118 

4831 


5543 
6254 
6964 
7673 
8381 


9087 

9792 

0496 

1199 

1901 


2602 

3301 

4000 

4697 

5393 

6088 

6782 

7475 

8167 

8858 


8441 

9163 

9885 

0605 

1324 




5615 

6325 

7035 

7744 

6451 


9157 

9863 

0567 

1269 

1971 


2672 

3371 

4070 

4767 

5463 

6158 

6852 

7545 

8236 

8927 


9616 

0305 

0992 

1678 

2363 


13513 

9236 

9957 

0677 

1396 

8585 
9308 
0029 
0749 
1468 

8658 

9380 

OlOl 

0821 

1540 

8730 

9452 

0173 

0893 

1612 

8802 

9524 

0245 

0965 

1684 

2114 

2831 

13546 

4261 

4974 

2186 

2902 

3618 

4332 

50-15 

2258 

2974 

3689 

4403 

5116 

2329 

3046 

3761 

4175 

5187 

2401 

3117 

3632 

4546 

5259 

5686 

6396 

7106 

7815 

8522 

5757 

6467 

7177 

7885 

8593 

5828 

6538 

7248 

7956 

8663 

5899 

6609 

7319 

8027 

8734 

5970 

6680 

7390 

9098 

8804 

9228 

9933 

0637 

1340 

2041 

9299 

0004 

0707 

1410 

2111 

9369 

0074 

0778 

1480 

2181 

9140| 9510 
0144 0215 
0848-0918 
1550 1620 
2252 2322 

2742 

3441 

4139 

4836 

5532 

2812 

3511 

4209 

4906 

5602 

2882 

5581 

4279 

4976 

5672 

2952,3022 
36513721 
4349 4418 
5045,5115 
5741,5811 

6227 


6366.6436 

6505 


2979 

3662 

4344 

5025 

5705 


6384 

.7061 

7738 

8414 

9088 


9762 

0434 

1106 

1776 

2445 



5093 

5773 


6451 

7129 

7806 

8481 

9156 


9829 

0501 

1173 

1843 

2512 


4 


9685 

0373 

1061 

1747 

12432 


3116 

3798 

4480 

5161 

5841 


6519 
7197 
873 
8549 
9223 


'9896 

j0569 

1240 

1910 

2579 


6990 

7683 
8374 
906 5 

9754 9823 
0442 0511 
1129 1198 
1815 1884 
2500 2568 


3184 

3867 

4548 

522Q 

5908 


6587 

7264 

7941 

8616 

9290 


9964 
0636 
1307 
1977 
2646 


3252 

3935 

4616 

5297 

5976 


6655 

7339 

8008 

8684 

9358 


9892'9961 
0580 0648 
1266 1335 
1952 2021 
2637 2705 


3321 

4003 

4685 

5365 

6044 

6723 

7400 

8076 

8751 

9425 


POQ8 

0770 

1441 

2111 

2780 



6790 

7467 

8143 

8818 


0165 

0837 

1508 

2178 

9847 
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N. 

650|8129131298013047 
65 i -1—- 

652 

653 

654 


655 


3581 3648 3714 
4248 4314 4381 
4913 4980 5046 
5578 5644 5711 


6241 6308 6374 



656 ' 6904 6970 7036 

657 7565 7631 7698 

658 8226 8292 8358 

659 8885 8951 9017 


9544 9610 9676 
820201 0267 0333 
0858 0924 0989 
1514 1579 >645 
664| 2168 2233 2299 


665 2822 2887 295 

666 3174 3539 360 

667 4126 4191 425 

668 4776 4841 

669 54 26 5491 

6/0 6075 6140 6204 

6723 678? 6852 
73 69 7434 7499 
8015 8080 8144 
866018724 8789 


9368 9432 
OOll 0075 
0653 0717 
1294 1358 
1934 1998 


680 2509 2573 2637 

681 3147 3211 3275 

682 3784 3848 3912 

683 4421 4484 4548 

684 5056 5120 5183 

685 5691 5754 5817 

686 6324 6387 6451 

687 6957 7020 7083 

688 7588 7652 7715 

68p 8219 8282 8345 

8849 8942 8975 
9478 9541 9604 
840106 0169 0232 
0733 0796 0859 
133911429 1485 


1985* 

2609 

3233 

3855 

4477 


6440 

7102 

7764 

8424 

9083 

9741 

0399 

1055 

1710 

2364 


3018 
3670 
4321 
4971 
5 


6269 

6917 

7363 

8209 

8853 


9497 

0130 

0781 

1422 

2062 


2700 

3338 

3975 

4611 

5247 


5881 

6514 

7146 

7778 

8408 


0038 

9667 

129* 

0921 

1547 


3179 

5843 


6506 

7169 

7830 

8490 

9149 


9807 
0464 
1120 
1775 
2430 


3083 

3735 

4386 

5036 

5686 

6334 

6981 

7628 

8273 

8918 


9561 

0204 

0845 

1486 

2126 


2764, 

3402 

4039 

4675 

5310 


5944 

6577 

7210 

7841 

8471 



2235 

2859 

348* 

4104 

4726 


3247 

9914 

4581 

5246 

5910 


3381 

4048 

4714 

5378 

6042 


6573 6639 6705 
7235 7301 7367 
7896 7962 8028 
8556 8622 8688 
9215 9281 9346 


9873 993910004 
0530 0595 0661 
1186 1251 1317 
1841 1906 1972 
2495 2560 2626 


3148 3213 3279 
3800 3865 3930 
4451 4516 4581 
5101 5166 5231 
5751 5815 5880 


6399 6464 6538 
7046 7111 7175 
7692 7757 7821 
8338 8402 8467 
8982 9046 9111 


9625 9690 9754 
0268 0332 0396 
0909 0973 1037 
1550 1614 1678 
2189 2253 2317 


2828 2802 2 
3466 3530 
4103 4166 
4739 4802 
5373 5437 


6007 6071 
6641 6704 
7273 7336 
7904 7967 
8534 8597 


9164 


0070 



3344 

3996 

4646 

5296 

5945, 


3 



9175 


9818 

0460 

1102 

1742 

3381 


6658 

7305 

7951 

8595 

9239 


9882 

0525 

1166 

1806 

2445 


3083 
3721 
4357 
4993 
5627 


6261 
6894 
2|7525 
8156 
8786 


9792 

0420 

1046 

1672 


2297 

2921 

3344 

4166 

4766 


9269 

9918 

0545 

1179 

1797 


0352 

9981 

0608 

1234 

18(60 


2484 

3108 

3731 

4353 

4974 


9415 

0043 

0671 

1207 

1022 
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L ■■— 

IN- 

vsn 

1 1 

EH 

EH 

4 

5 

6 

7 

8 

9 

700 i 

701 
1703 

703 

704 

9450981 

5718 

6337 

6955 

7573 

1 

5292 

5842 

6461 

7079 

7696 

8312 

8928 

9542 

0156 

0769 

5284 

5904 

6523 

7141 

7758 

5346 

5966 

6585 

7202 

7819 

5408 

6028 

6646 

7264 

7881 

5470 

6090 

6708 

7326 

7943 

5532 

6151 

6770 

7388 

8004 

5594 

6213 

6832 

7449 

8066 

5656 
6275 
6894 
7511 
8128 

8374 

8Q89 

9604 

0217 

0830 

8435 

9051 

9665 

0279 

0801 

8497 

9112 

9726 

0340 

0952 

8559 

9174 

9788 

0401 

1014 

8620 

9235 

9«4Q 

0462 

1075 

8682 

9297 

9911 

0524 

1136 

8743 

,9358 

9972 

0585 

1197 

705 

706 

1707 

1708 

709 

710 

711 

712 

713 

714 

8189 

8805 

9419 

850033 

0646 

8251 

8866 

9481 

0095 

0707 

1258 
1870 
2480 
3090 
369 8 

1320 

1931 

2541 

3150 

3759 

1381 

1992 

2602 

3211 

3820 

1442 
2053 
2 663 
3273 
3881 

1503 

2114 

2724 

3333 

3941 

1564 
2175 
2785 
3394 
4002 

1625 

2236 

2846 

3455 

4063 

1686 

2297 

2907 

3516 

4124 

1747 

2358 

2968 

3577 

4185 

1809 

2419 

3029 

3637 

4245 

715 

716 

717 

718 
719 

4306 

4913 

5519 

6124 

6729 

4367 

4974 

5580 

6185 

6789 

4428 

5034 

5640 

6245 

6850 

4488 

5095 

5701 

6306 

6910 

4549 

5156 

5761 

6366 

6970 

4610 

5216 

5822 

6427 

7031 

4670 

5277 

5882 

648/ 

7091 

4731 

5337 

5943 

6548 

7152 

4792 

5398 

6003 

6608 

7212 

4852 

5459 

6064 

0668 

7272 

720 

721 

722 

723 

724 

725 

726 

727 

728 
729 

1730 

731 

1732 

1733 
734 

7332 

7935 

8537 

9138 

9739 

860338 

0937 

1534 

2131 

2728 

3323 

3917 

4511 

5104 

5606 

7393 

7995 

8597 

9196 

9799 

0398 

0996 

1594 

2191 

2787 

3382 

3977 

4570 

5163 

5755 

7453 

8056 

8657 

9258 

9859 

7513 

8116 

8719 

9318 

9918 

7574 

8176 

8778 

9379 

9978 

7634 

8236 

8838 

9439 

0038 

76g4 

8297 

8898 

9499 

0098 

7755 

8357 

8958 

9559 

0158 

7815 

8417 

9018 

9619 

0218 

7875 

8477 

9078 

9679 

0278 

0458 

1056 

1654 

2251 

2847 

0518 

1116 

1714 

2310 

2906 

0578 

1176 

1773 

2370 

2966 

0637 

1236 

1833 

2430 

3025 

O697 

1295 

1893 

2489 

3085 

3680 

4274 

4867 

5459 

6051 

0757 

1355 

1952 

2549 

3144 

3739 

4333 

4926 

5519 

6110 

0817 

1415 

2012 

2608 

3204 

3799 

4392 

4985 

5578 

6169 

0877 
1475’ * 
2072 
2668 
3263 

3858 
4452 
5045. 
5637 
6228 

3442 

4036 

4630 

5222 

5814 

6405 

6996 

7585 

8174 

8762 

3501 

4096* 

46S9 

5282 

5874 

6465 

7055 

7644 

8233 

8821 

3561 

4155 

4748 

5341 

5933 

3620 

4214 

4808 

5400 

5992 

6524 

7114 

7703 

8292 

8879 

9466 

0053 

0638, 

1223 

1806 

2389 

2972 

3553 

4134 

4714 

6583 

7173 

7762 

8350 

8038 

6642 

7232 

7821 

8409 

8997 

6701 

7291 

7880 

8468 

9056 

6760 

7350 

7939 

8527 

9114 

6819 

7409 

7998 

8586 

9173 

735 

736 

737 

738 

739 

740 

741 

742 

1743 

1744 

6287 

6878 

7467 

8056 

8644 

6346 

6937 

7526 

8115 

8703 

9525 

Olll 

0696 

1281 

1865 

9584 
0170 
0755 
1339 
1923 

9642 

0228 

0813 

1398 

1981 

9701 

0287 

0872 

1456 

2040 

SP760 

0345 

0930 

1515 

2098 

9232 
9818 
870404 
> 0989 

1573 

9290 

9877 

0462 

1047 

1631 

9349 

9935 

0521 

1106 

1690 

9408 

9994 

0579 

1164 

1748 

2448 

3030 

3611 

4192 

4772 


2564 

3146 

3727 

4308 

*225 

2622 

3204 

3785 

4366 

4945 

2681 

3262 

3844 

m 

.1745 

1746 

1747 
|74£ 

Am 

8156 

9739 

3321 

3«PS 

t. 

9215 
2797 
3379 
3960 
r 4540 

2273 

2855 

3437 

4013 

4598 

2331 
2913 
3495 
4076 
l 4656 


I 

r r 

9 

' _ 

. 3 

4' 

5 

|6\7 

8 

st 1 




'-gf? 
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741 

752 

753 

754 

755 

756 

757 

758 

759 

760 
761 

762 

763 

764 

765 

766 
767 
7m 

769 

770 

771 

772 

773 

774 

775 

776 

777 
|778 
j 779 
780 

781 

782 
783 


785 

786 

787 

788 

789 

790 

791 

792 

793 

794 









1 1 

2 1 

JLJ 

5119 5177 
5698 5756 
6276 6333 
6853 6910 
7429, 7487 

5235 

5813 

6391 

6968 

7544 

8004'8062 
8579 8637 
9153 9211 
9726 9784 
0299 0356 

8119 

8694 

9268 

9841 

0413 

0871'' 0928 
1442; 1499 
2012 2069 
2581 2638 
3150 3207 

0985 

1556 

2126 

2695 

326-1 

3718 

4285 

4852 

5418 

5983 

3775 

4342 

4909 

5474 

6039 

3832 

4399 

4965 

5531 

6096 

6547 

7111 

7674 

8236 

8797 

6604 

7167 

7730 

8292 

8853 

6660 

7223 

7786 

8348 

8909 

9358 

9918 

0477 

1035 

1593 

9414 

99741 

0533 

1091 

1649 

9470 

0030 

0589 

1147 

1705 

2150 

2707 

3262 

3817 

4371 

2206 

3762 

3318 

3873 

4427 

2262 

2818 

3373 

3928 

4482 

4925 

5478 

6030 

6581 

7132 

4980 

5533 

6085 

6636 

7187 

5036 

5588 

6140 

6692 

7242 






5 

5351 

5929 

6507 

7083 

7659 

8231 

8809 

9383 

9956 

0528 

1099 

1670 

2240 

2809 

3377 


3945 

4512 

5078 

5644 

6209 


6773 

7336 

7898 

8460 

9021 


9582 

0141 

0700 

1250 

1816 


IKtt 

7 

5409 
5987 
6564 
7141 
77 * 7 

5466 

6015 

6622 

7199 

7774 

8292, 

8866 

9140 

0013 

0585 

8319 

8924 

9497 

0070 

0642 

1156 

1727 

2297 

2866 

3434 

1213 

1784 

2351 

2923 

3491 


8 


5524 
6102 
6680 
7256 
7832 
8407 
8981 


5582 

6160 

6737 

7314 

7889 

8464 

9039 

9612 

0185 

0756 



1271 

1841 

2411 

2960 

3548 


15 
82 
5248 


6829 

7392 

7955 

8516 

9077 


9638 

0197 

0756 

1314 

1872 


6885 

7449 

8011 

8573 

9134 


9 


9 03 


203 



7627 7682 7737 7792 7847 
8176 8231 8286 8341 8396 
8725 8780 8835 889O 8944 
9273 9328 9383 9437 9492 
9821 9875 9930 9985 0039 


0422 0476 0531 0586 
0966 1022 1077 1131 
1513 1567 1622 1676 
2057 2112 2166 2221 
2601 2655 2710 2764 


6802 

7352 


7902 

8451 

8999 

9547 

0094 

0640 

1186 

1731 

2275 

2818 


8 


5201 

5754 

6306 

6857 

7407 


7957 

8506 

9054 

9602 

0149 


0695 

1240 

1785 

2329 

2873 


5257 

580*) 

6361 

6912 

7462 


8012 

8561 

9109 

9656 

0203 


0749 

1295 

1840 

2384 

2927 


0804 

1349 

1894 

2438 

2981 


0859 

1404 

1948 

2492 

3036 
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BOO 903090 3144 

801 3633 3687 

802 4174 4229 

803 4716 4770 

804 _3256 5310 

805 5796 5850 

806 6335 6389 

807 6874 6927 

608 7411 7465 

809 7949 8002 

810 8485 8539 

811 9021 9074 

812 9556 9610 

813 910091 0144 

814 0624 0678 

815 1158 

616 1690 

817 2222 

818 2753 

819 3284 3337 

820 3814 3667 

821 4343 4396 

822 4672 4925 

823 5400 5453 

824 _ 5927 5 980 

825 64 34 6507 

626 6980 7033 

627 7506 735 S 

828 8030 80S3 

829 _8555 86OJ 

830 9078 9130 

831 9601 9653 

832 920123 0176 

833 0645 0697 

834 _H 66 1218 

835 16b6 1738' 

836 2206 2258 

637 2725 1 2777 

838 3244 3296 

839 _3/62 3814 

840 4279 4331 

841 4 796 4848 

84 2 5312 5364 

843 5828j 5679 

844 J(i342|6394 

845 " 6857 ~ ~ 

846 7570 

847 7883 

848 8396 

84Q 8908 

- - in mi - 


N. O 


3199 3253 
3741 3795 
4283 4337 
4824 4878 
5364 5418 

5904 5958 
6443 6497 
6981 7035 
7519 7573 
8056 8110 

8592 8616 
9128 9181 
9663 9716 
0197 0251 
0731 0784 
1264 1377 
1797 1850 
2323 2381 
2859 2913 
3390* 3443 

3920 
4449 
4977 
5505 
6033 

6559 6612 
7085 7138 
7611 7663 
8135 8188 
8659 8712 
9183 9235 
9706 9758 
0228 0280* 
0749 C601 
1270 1322 

1790 T 842 
2316 2362 
2829 2bS 1 
3346 3399 
3665 

4383 4434 
4899 4951 
5415 5467 
5931 5982 
6415 6497 

6959 70U 
7473 7524 
7986 8037 
84Q8 8549 
9010 9061 


2 


3307 

384b 

4391 

4932 

5 472 

6012 

6551 

7089 

7626 

8163 


8699 

9235 

9770 

0304 

0838 

13 71 
1903 
2435 
2966 
3496 

4026 

4555 

5083 

5611 

6138 

6664 

7190 

7716 

8240 

8764 


3451 
3 


6034 

6548 


7062 
7576 



6066 
6604 
7143 
7680 
8217 
8753 
9289 
9823 
0358 
0891 
1424 
1956 
2488 
3019 
3549 


6717 
7243 
7768 
8293 
8816 

9340 
9862 
0364 
! 0906 
1426 

1946 

2466 

2985 

3503 

4021 

4538 

5054 

«570 

6085 

6600 


7114 

7627 

8140 

8652 

916 3 

5 


3416 

3956 

4499 

5040 

5580 


6119 

6658 

7196 

7734 

8270 

8807 

9342 

9877 

0411 

0944 


1477 
2009 

2541 

3072 

3602 

4132 
4660 
5189 
5716 
6243 

6770 

7295 

7820 

8345 

886 9 

9392 

9914 

0436 

0958 

1478 

1998 

2518 

3037 

3555 

4072 


3470 

4012 

4553 

5094* 

5634 


6173 

6712 

7250 

7787 

8324 

8860 

9396 

9930 

0464 

0998 


1530 
2063 
2594 
3125 
3655 


3524 

4066 

4607 

5148 

5688 


6227 

6766 

7304 

7841 

8378 


8914 

9449 

9984 

0518 

1051 


1584 

2116 

2647 

3178 

3708 


3578 

4120 

4661 

5202 

5742 


6281 

6820 

7358 

7895 

8431 


8967 

9503 

0037 

0571 

1104 

1637 

2169 

2700 

3231 

3761 

4290 

4819 

5347 

5875 

6401 





5621 

6137 

6651 

7165 

t678 

8191 

8703 

9215 


6 


9444 

9967 

0489 

IOIO 

1530 


2050 

2570 

3089 

3607 

4124 


4641 

5157 

5673 

6188 

6702 


7216 

•7730 

8242 

6754 

9266 


9496 

0019 

0541 

1062 

1582 


2102 

2622 

3140 

3658 

4176 

4693 

5209 

5725 

6240 

6754 

7268 

7781 

8293 

8805 

9317 


9549 

0071 

0593 

1114 

1634 


2154 

2674 

3192 

3710 

4&28 




6805 

7319 

7832 

8343 

8857 

9368 


9 


3 




























2 


3 


( 19 > 


83(1 929419 

851 9930 

852 930440 

853 0949 

854 1458 

855 1966 

856 .2474 

857 2981 

858 3487 

859 3993 


860 

861 

862 

863 

864 


865 

866 

867 

868 
869 


8 ' 


9521 9372 9623 
0032 0083 0134 
0542 0592 0643 
1051 1102 1153 
1560 1610 1661 


2068 2118 
2575 2626 
3082 3133 
3589 3639 3690 
4094 4145 419 > 


4549 4599 4650 4700 
5054 5104 5154 5205 
5558 5608 565 8 5709 
6061 6111 6162 6212 
6564 6614 6665 6715 


7016 7066 7117 716*7 7217 
7518 7568 7618 7668 7718 
8019 8069 8119 8169 8219 
8520 8570 8620 8670 8720 
9020 9070 9120 9170 9220 


9569 9619 9669 
0068 0118 0168 
0566 0616 0666 
1064 1114 1163 
1511 1561 1611 1660 

2008 2058 2107 
2504 2554 2603 
3000 3049 3099 |3 
3495 3544 3593 
3989 4038 4088 


4483 '4532 
4976 
5469 
5961 
6452 


6943 6992 7041 7090 7140 
7434 7483 7532 7581 7630 
7924 7973 8022 8070 8119 
8413 8462 8511 .8560 S609 
l 8999 9048 9097 

9390 9439 9488 9536 9585 
9878 9926 9975 0024 0073 


2207 

2702 

3198 

3692 

4186 


893 

8£4 

895 

896 

897 

898 

899 

N. 


967419725 9776 9827 
0236 0287 j0338 
0745 0796 0847 
1254 1305 1356 
1763 1814 1865 
2322 
2829 


2220 

2727 

3234 

3740 

4246 


4852 

5356 

5860 

6363 

6865 


7317 7367 
7819 7869 
8320 8370 
8820 


389 

439 


4902 

5406 

5910 

6413 

6916 


9 


9879 

0389 

0898 

1407 

1915 

2423 

2930 

3437 

3943 

4448 

4953 

5457 

5960 

6463 

6966 


W | V 

9769 

0267 

1/ ^ w 

9819 

0317 

986 

036 

0765 

081 

15 

086 


875 

876 

877 

878 
879 


880 
881 
882 

883 

884 

885 

886 

887 

888 
889 

890 9390 9439 9488 

891 9878 9926 9975 0024 

892 950365 0414 0462 0511 0560 

893 0851 0900 0949 0997 1046 

flOA 1338 1386 1435 1483 1532 

TI55 1872 1926 1969 2017 

2308 2356 2405 2453 2502 
2792 28*41 2889 2938 2986 
3276 3325 3373 3421 3470 
1 3760 3808 3856 3905 9953 

2 3I4 



172914779 


5715 1764 5813 5862 
620716256 6305 6354 
669b 6747 679616845 


■7189 7238 7287 7336 
7679 7728 7777 7826 
8168 8217 8266 8315 
8657 8706 8755 8804 
9146 911)5 9244 9292 


9634 9683 
0121 0170 
0608 0657 
1095 1143 
15S0 1629 


2066 2114 2163 
2550 2599 2647 
3034 3083 3131 
3518 3£66 3615 
4001 4049 4098 


6 


15912 

',6403 

'6894 


73b 5 
7875 
8364 
8853 
9341 






































( so > 


903 

906 

907 

908 
909 



954343 4391 
4735 4773 
5207 5255 
5688 5736 
6168 6216 


6649 
7128 
7607 
8086 
8564 


9041 908 
9518 956 
9995 004 
960471 051 
0916 



6697 
7176 
7655 
8134 
8612 


6745 

7224 

7703 

8181 

8659 


6793 
7272 
7751 
8229 
670 7 


915 

916 

917 

918 

919 


IPTTn! 


921 

922 

923 

924 

923 

926 

927 

928 
929 


3788,3835 
4260 4307 
4731 4778 
5202 5249 
5672 5/19 


1516 1563 
1990 2038 
2464 2511 
2937 2985 
3410:345 7 


3882 3929 
4354; 4401 
4825)4872 
529G 1 5343 
5766 5813 


4435 

4918 

5399 

5880 

6361 


6840 

7320 

7799 

8277 

8755 


9232 

9709 

0185 

0661 

1136 


1611 

2085 

2559 

3032 

3504 


6888 

7368 

7847 

8325 

8803 


4532 

5014 

5495 

5976 

6 457 

6936 

7416 

7894 

8373 

8650 


9328 
9804 
0280 
0709|0756 
1184 1231 


1658 

2132 

2606 

3079 

3552 


1706 

2180 

2653 

3126 

3599 


4024 

4195 

4966 

5437 

40>1 

4542 

5013 

5484 

3907 

1 5954 

03 7 6 

6423 

6815 

6892 

7 314 
7782 

7361 

7929 

8219 

i 8296 

87TJ 

9183 

19649 

8763 

9229 

9695 


0161 

■0579 

0626 


4580 4626 
5062 5110i 
5543 5592 
6024 6072 
6505 655316601 


6984 7032 7080 
7464 7*12L7559 
7942 7990 8038 
8421 8468 8516 
8898 8 946 8994 

9375 9423 9471 
9852 9900 9947 
0326 0376 0423 
0804 0851 0890 
1279 1326 1374 


1753 1801 
2227 2275 
2701 2748 
3174 3221 
3646 3693 


4118 4165 
4590 4637 
5061 5108 
5531 5578 
6001 6048 

6470 6517 
6939,6986 
8 


/ 
8 

9 


910 

941 

942 
913 
944 


0812 0858 
1276 1322 
1710 1786 
2203 2249 
2666 2712 s, 

3128 3174 32 
3590 3636 368213 728 
4051 4097 4113(41 S9 
4512 4558l 
4972 5018(5064 5 


5524 5570 
5983 6029 
6142 6488 
6900 6946 
1358 7403 


3313 
3 771 
4235 
4696 
5156 

5616 

6075 

6533 

6992 

7449 


1044 

1508 

1971 

2134 

3897 

33591 

3820 

4281 

4742 

5202 

5662 
6121 
6579 
7037 
7495 


5 


IO90 

1554 

2018 

2481 

2943 


3405 
6 


6 


1137 

1601 

2064 

2527 

2989 


1183 

1647 

2110 

2573 

3035 


3497 

3959 

4420 

4880 

5340 


4212 

4684 

5155 

56251 

6095 

*6561 

7033 

7501 

7969 

8436 


8903 

9369 

9835 

0300 

0765 


1229 

1693 

2157 

2619 

3082 














































( 21 ) 


7769 

8226 

8683 

9138 

9394 


953 980003 0049 
956 .0458 0503 
091340957 
1366 1411 
1819 1864 
2271 3316 
2723 2769 
3175 3220 
3626 36/1 
4122 


7861(7906 7953 7998 
8317 8363 8409 8434 


957 

958 

959 

960 
961 
962 

963 

964 

965 

966 
9 67 
968 
96 

9 


•Til 

Hi] 


8774 8819 
9230 9275 
9685 9730 


0140 

0594 

1048 

1501 

1954 


2407 2452 
2859 2904 
3310 3356 
3762 3807 
4212 4257 



8911 

9366 

9821 



8135 

85Q1 

9047 

9503 

9958 




0276 

0730 

1184 

1637 

2090 

0322 

0776 

1229 

1683 

2135 

2543 

2994 

3446 

3897 

4347 

2588 

3040 

3491 

3942 

4392 

4797 

5247 

5696 

6144 

6593 

4842 

5292 

5741 

6180 

6637 


9|7353 7398 7443 7488 
7800 7845 7890 7934 
8247 8291 8336 8381 
8693 8737 8782 8826 


980 

981 

982 

983 

984 

985 

986 
987 
'988 

989 

990 

991 

992 


9005 901919091 
9450 9H)l|0539 
.0895 093919983 
990339 0383 10428 
0783 082710871 


1226 1270 1315 
I66907I3 1758 
2111 2156 2200 
L554 2598 2612 
2995 3039 3083 
3436!3480 3524 



[S] 


1403 

1846 

2288 

2730 

3172 


4361,4405 144914493 
1801 J4845 4 889 
524015284 532S 


5679 

6117 

6555 

6993 

7430 


T867 7910 
8303 8347 
8730 8782 
9174 0218 
9952 


5767 
6203 
6643 
7080 
7517 


9227 
9672 
0117 
0561 0605 
1004 1049 


II92 1536 
1935 1979 
2377 242 * 
2819 2863 
3260 3304 


65 7 
4097 
4537 

4977 

5116 


5831 
6293 633 


8024 
8470 8514 
8016 8900 


9105 
9850 
0294 
1 0738 
37 1182 

1625 , 

20671 
2509 
2051 


16731 

7168 

7605 


SO 
818 


6030 

'6468 

0906 

7343 

7779 


8041 8085 8129 8172 8216 
617 7 8521 8564 8608 8652 
6913 8956 9000 9043 9097 
9348 9392 0435 9479 9^22 
9783(0826 9870 9919 [995 


































